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Abstract

Let Eg be the integral operator defined by

1
Ey(2) = | B MO RO () PP 0

where each of the functions f;, and B are, respectively, analytic

functions and functions with positive real part defined in the open unit
disk for all i =1, ..., n. The object of this paper is to obtain several

univalence conditions for this integral operator. Our main results
contain some interesting corollaries as special cases.
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1. Introduction and Definitions

In the past few years, integral operators have been a circle of interests to
many young researchers in the area of univalent function theory. Too many
developments in creating new operators can cause a lot of confusions as well.
However, it is an interesting topic to be discussed and studied. We start by
defining a general integral operator based on previous operators.

Let A denote the class of functions of the form

f(z) = Z+Zanz”, (1)
n=2

which are analytic in the open unit disk U={z:z2eC:|z|<1}:S =
{f € A: f isunivalentin U}. Also, let P be the class of all functions which
are analytic in U and satisfy P(0) =1, R{P(z)} > 0. Frasin and Darus [3]
defined the family B(3), 0 <5 <1 so that it consists of functions f € A
satisfying the condition

221"(2)_1

1-08(z € U). 2
et ALY @)

In this paper, we obtain new sufficient conditions for the univalence of the

general integral operator EB(Z) defined by

1

. B
Ep(2) = {B I ) ORER (t)dt} , 3
i=0

where B € C*, a;, v, (i €C, fje Aand B e P foralli=1,2,3,..,n.

Here and throughout in the sequel, every multi-valued function is taken
with the principal branch.

Remark 1.1. Note that the integral operator Eg generalizes the following

operators introduced and studied by several authors:
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(i) For aj = 0 forall i =1, ..., n, we obtain the integral operator
1
- 2B T RS (||
5RI@ =|B] P TR @)
i=0

introduced and studied by Frasin [4].

(i) For =1, & =v;j=0 forall i =1,.., n, we obtain the integral

operator

Fop oy (2) = [ ()™ - (F{0) e )

introduced and studied by Breaz et al. [1].

(iii) For B=1, n=1 aj=a, yj=_ =0, we obtain the integral

operator

6(2) - [ (1)t ©

studied in [8].

In order to derive our main results, we have to recall here the following

lemmas.

Lemma 1.2 [9]. Let n € C with 2R(n) > 0 if h € A satisfies

1-] 2P0 | zh(2)

Am | ) | = @
for all z € U, then the integral operator
1
ZB—1/¢r B
ORI GOTY ®

is in the class S.



188 Nasser Alkasbi and Maslina Darus

Lemma 1.3 [7]. Let B € C with R(B) > 0, c € C with [c| <1, ¢c# -1
if h e A satisfies

zh"(z)
ph'(z)

for all z € U, then the integral operator Fg(z) defined by (16) is in the

2P+ +]zPP) <1, 9)

class S.

Lemma 1.4 [5]. If P(z) € P, then

zP'(z) 2|z
o0 | =122 (10
Lemma 1.5 [2]. If f(z) € B(3), then
2#f"(z)| _ 1-8)(2+]z))
) | 1-12] amn

Also, we need the following general Schwarz lemma.

Lemma 1.6 [6]. Let the function f be regular in the disk Ug =z :|z|
<R, with| M | < R for fixed M. If f(z) has one zero with multiplicity order
bigger than m for z = 0, then

If(z)lsg"—mlzlm (z € Up). (12)

The equality can hold only if

f(z) = ei®(ﬂjzm, (13)

Rm
where © is constant.

2. Univalence Conditions for the Operator Eg

We first prove the following theorem.
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Theorem 2.1. Let f(z) e B(;), 0<8; <1, R(z)e P forall i=1,
., N, and n e C with ®(n) =a > 0. If

n
D Blail-8)+2¢ < min{a; %} (14)
i1

then the integral operator Eg defined by (3) is in the class S.

Proof. Define the regular function h(z) by

() = [ T po et (1)
i=0
Then it is easy to see that
W(2) = [TICf@)“ RS ©)] (16)
i=0

and h(0) =1-h'(0) = 0. Differentiating both sides of equation (16)

logarithmically, we obtain

@) N (H@), N, (@)
(2) ‘é“'( fi’(Z))+,§'C'( ) 4
Thus, we have
hn n f!l
s <2l | T s Zlc. (8)

Since f(z) € B(8;), R(z) e P forall i =1, ..., n, from (18), (10) and (11),

we obtain

‘zh(z)
h'(z

SZ|OC||(1—5|)((fj||ZZ||)j Z|C| [1(;2|| DJ

i=1 =1

IA
I

RTINS B T M BT
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1-|z |25R(n)

Multiply both sides of (19) by BECORE

, we get

1_|Z|29‘{(T]) zh"(2) 1_|Z|2§R(n) ) n . N |
R(n) ‘h'(z) = U [z)RW) §[3| A=8)+2/G 1 (20)

forall z € U.
Let us denote |z|=X, xe[0,1), R(n)=a>0, and P(x)=
(1 - x*)/(1 = x). It is easy to prove that

1, O<acxl,
d(x) s{ I @1)

2a, —<a<owo,
2

From (20), (21), and the hypothesis (14), we have

_aXiBeil-s)+2g) o<a<i

2 B8+ 2

1_|Z|2a
a

zh"(z)
h'(z)

—_—

<a<o

L 2
<1 (22)
for all z € U. Applying Lemma 1.2 for the function h(z), we prove that

EB(Z) e S.

Letting n=1, §; =9, o4 =a, §; = in Theorem 2.1, we obtain the

following corollary.

Corollary 2.2. Let f(z) e B(8),0<8<1,P(z)e P, and n, o, L € C
with R(m) = a > 0. If

Jaf(1-8)+2/¢|< min{a; %}, (23)

then the integral operator EE"Q defined by
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L
e = B[ PP en

is in the class S.

If we set 8 = 0 in Corollary 2.2, we have the following.

Corollary 2.3. Let f(z) e S, P(z) e P, and n, a, { € C with R(n) =
a>o0.If

Jal+2 < min{a; %}, (25)

then the integral operator EE"C defined by (33) is in the class S.

Next, we prove the following theorem.

Theorem 2.4. Let aj, ; € C forall i=1,2,..,n and each fj e A
satisfies 2( fj(z)) > 0, and

zf'(z)
fil'(Z) < R(n) (26)
forall z e U. If
n
Dail+|gh<t 27)
i=1

then, for any complex number o, with 2R(c)> %R(n) > 0, the integral

operator Eg defined by (4) is in the class S.
Proof. Suppose that RR(fj(z)) > 0 forall i =1, ..., n. Thus, we have

fi(z) = R(2), (28)

where B € P for all i=1, .., n Differentiating both sides of (27)

logarithmically, we obtain



192 Nasser Alkasbi and Maslina Darus

2(2) _ R(2)

1ty 29
i) " R@) @)
Define the regular function h(z) as in (15). Thus, from (17) we have
n
f”
Z aj + Gj )(Zf ((ZZ))) (30)
and so
zh"(z) STPINE ()
‘ h'(Z) et (al + CI)( fi’(z) . (31)
. _ 1-|z PR .
Multiplying both sides of (31) by TR/ from Lemma 1.2 with
S =0, we get
1-|z R0 h'(2) | _ 1—|z|2m” f{'(z)
ek ioi e O NCIRETE 1o

1_|Z|29”i(n) n

R(n) ;q ai |+ G NRM)

<> (o +1G).
i=1

Using the hypothesis (27) we readily get

zh"(z)
h'(2)

Finally, by applying Lemma 1.2, we conclude that the integral operator Eg
defined by (4) is in the class S.

<. (32)

Letting n=1, §; =9, o4 =a, & = in Theorem 2.1, we obtain the

following corollary.
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Corollary 2.5. Let a, { € C for f e A satisfies 2R(fj(z)) > 0, and

= mm (33)
forall z € U. If

n

Dal+|gh st (34)

i=1

then, for any complex number o, with 9(c) > %R(n) > 0, the integral

operator Eg’g defined by (4) is in the class S.

Using Lemma 1.3, we derive the following theorem.

Theorem 2.6. Let a;, ;, BeC forall i=1,2,..,n, RP)>0, ce
C(z|<1) andeach fj € A satisfies R(fj(z)) > 0, and

zf{'(z)
iy | < ) (35)
forall z € U. If
n
D> (oil+lGh<1-]c| (36)
i=1

then, for any complex number o, with 9R(c) > %R(n) >0, the integral

operator Eg defined by (4) is in the class S.
Proof. From (30), we have

(@) _ |y, 08, |z|2 < . 7f{(z)
d ] z<.+c.(f()j‘

ph'(z)

oz +a-|z)

IA

* gy e+ DIBL (37)
i=1
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Now by using the hypothesis (27) we obtain

2P +(1-|z |2B)—é';]':8 <1,

Finally, by applying Lemma 1.3, we conclude that Eg € S.
Letting n=1, 8 =9, o =a, { =& in Theorem 2.1, we obtain the
following corollary.

Corollary 2.7. Let o, {,Be C forall i=1,2,..,n, R(P)>0, ce
C(z|<1) andeach fj € A satisfies R(fj(z)) > 0, and

zf"(2)
) < R(n) (38)
forall z € U. If
n
D (al+gh<1-]c| (39)
i=1

then, for any complex number o, with 2(c) > %R(n) > 0, the integral

operator EE"C defined by (4) is in the class S.
Remark. Other results related to univalence criteria can be read in [10].
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