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Abstract 

The purpose of this paper is to introduce an operation ( ) →UP:F  

( )UP  induced by ←F  and a given soft set ( )XF ,  over a common 

universe set U, and to study some basic properties of the operation. 

1. Introduction 

In 1999, Molodtsov introduced the concept of soft set [8] to solve 
complicated problems and various types of uncertainties. He introduced that 
a soft set is an approximate description of an object precisely consisting of 
two parts, namely predicate and approximate value set. Soft set theory is a 
mathematical tool for dealing with uncertainties which is free from the 
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difficulties of theory of fuzzy sets [11], theory of vague sets [3], and theory 
of rough sets [9]. Maji et al. [5] introduced several operators for soft set 
theory: equality of two soft sets, subset and superset of soft set, complement 
of a soft set, null soft set, and absolute soft set. More, new operations [2] in 
soft set theory were investigated by using the notions defined in [1]. In [4], 

we introduced the notions of ,FA  FA  and ←F  on a parameter subset A, 

and study some properties of such notions. We also studied various types                   
of subsets on a universe parameter set for a given soft set. In [7],                                             
we investigated a monotonic operation ( ) ( )XPXPuF →:  defined by                      

,FA  ←F  in any soft set ( )XF ,  ( )XA ⊆  as the following: ( ) =AuF  

( )( )AFFAF
←∪  for ( ).XPA ∈  Naturally, we have very attentive to 

research for any operation defined in a given common universe set U. For 
one of the goals of this research, we are going to introduce an operation 

( ) ( )UPUP →:F  induced by ←F  and a given soft set ( )XF ,  over a 

common universe set U, and to study some basic properties of the operation. 

2. Preliminaries 

Let U be an initial universe set and E be a collection of all possible 
parameters with respect to U, where parameters are the characteristics or 
properties of objects in U. We will call E the universe set of parameters with 
respect to U. 

Definition 2.1 [8]. A pair ( )AF ,  is called a soft set over U if EA ⊂  

and ( ),: UPAF →  where ( )UP  is the set of all subsets of U. 

Definition 2.2 [10]. Let U be an initial universe set and E be a universe 
set of parameters. Let ( )AF ,  and ( )BG,  be soft sets over a common 

universe set U and ., EBA ⊆  Then ( )AF ,  is a subset of ( ),, BG  denoted 

by ( ) ( ),,~, BGAF ⊆  if 

 (i) ;BA ⊂  

(ii) for all ( ) ( )., eGeFAe ⊆∈  
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( )AF ,  equals ( ),, BG  denoted by ( ) ( ),,, BGAF =  if ( ) ⊆~, AF  

( )BG,  and ( ) ( ).,~, AFBG ⊆  

Definition 2.3 [5]. A soft set ( )AF ,  over U is said to be a null soft set 

denoted by ,Φ  if ( ) ., ∅=∈∀ eFAe  

Definition 2.4 [5]. A soft set ( )AF ,  over U is said to be an absolute soft 

set denoted by ,~A  if ( ) ., UeFAe =∈∀  

Definition 2.5 [6]. Let ( )XF ,  be a soft set over a universe set U. For 

,XA ⊆  we define ( ) ( ){ }.: AaaFAF ∈= ∪  

Definition 2.6 [4]. Let ( )XF ,  be a soft set over a universe set U. For 

EXA ⊆⊆  and ,US ⊆  

( ){ } ( ){ };:;: ∅≠∈=∅=∈= aFAaAaFAaA F
F  

( ) ( ) ( ){ }.and: ∅≠⊆∈=← aFSaFXaSF  

Lemma 2.7 [6]. Let ( )XF ,  be a soft set over a universe set U. Then for 

,, XBA ⊆  

  (i) BA ⊆  implies ( ) ( );BFAF ⊆  

 (ii) ( ) ( ) ( );BFAFBAF ∪∪ =  

(iii) ( ) ( ) ( ).BFAFBAF ∩∩ ⊆  

Theorem 2.8 [4]. Let ( )XF ,  be a soft set over a universe set U. Then 

for ,, XBA ⊆  

  (i) ;F
F AAA ∪=  

 (ii) ( ) ( );FAFAF =  

(iii) ( )( );AFFAF ←⊆  
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(iv) if ,BA ⊆  then FF BA ⊆  and ;FF BA ⊆  moreover, ( )( )AFF←  

( )( ).BFF←⊆  

Theorem 2.9 [4]. Let ( )XF ,  be a soft set over a universe set U. Then 

  (i) ( ( )) SSFF ⊆←  for ;US ⊆  

 (ii) ( ( )( )) ( )AFAFFF =←  for ;XA ⊆  

(iii) ( ( ( )( ))) ( )( )AFFAFFFF ←←← =  for .XA ⊆  

3. Main Results 

In this section, for a fixed parameter subset EX ⊆  and a common 

universe set U, we study an operation ( ) ( )UPUP →:F  induced by ←F  

and a given soft set ( )XF ,  over a common universe set U. 

Definition 3.1. Let ( )XF ,  be a soft set over a universe set U. We define 

an operation ( ) ( )UPUP →:F  as follows: 

( ) ( ( ))SFFS ←=F  for ( ).UPS ∈  

Theorem 3.2. Let ( )XF ,  be a soft set over a universe set U. Then the 

operation ( ) ( )UPUP →:F  satisfies the following: 

 (i) ( ) .∅=∅F  

(ii) ( ) SS ⊆F  for ( ).UPS ∈  

Proof. Obvious. � 

Lemma 3.3 [7]. Let ( )XF ,  be a soft set over a common universe U and 

., 21 UVV ⊆  Then we have the following: 

 (i) ( ) ( ) ( ).2121 VVFVFVF ∩∩ ←←← =  

(ii) ( ) ( ) ( ).2121 VVFVFVF ∪∪ ←←← ⊆  
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Proof. (i) For ,Xa ∈ ( ) ( )21 VFVFa ←←∈ ∩  iff ( )1VFa ←∈  and ∈a  

( )2VF←  iff ( ) 1VaF ⊆  and ( ) 2VaF ⊆  for ( ) ∅≠aF  iff ( ) 21 VVaF ∩⊆  

for ( ) ∅≠aF  iff ( ).21 VVFa ∩←∈  

(ii) For ,Xa ∈  ( ) ( ) ( )121 VFaVFVFa ←←← ∈⇒∈ ∪  or ( )2VFa ←∈  

( ) 1VaF ⊆⇒  or ( ) 2VaF ⊆  for ( ) ( ) 21 VVaFaF ∪⊆⇒∅≠  for ( ) ≠aF  

( ).21 VVFa ∪←∈⇒∅  � 

Example 3.4. Let { }4321 ,,, xxxxU =  and a parameter set { ,, 21 eeE =  

}., 43 ee  Consider { }321 ,, eeeX =  and a soft set ( )XF ,  defined as follows: 

( ) ( ) { } ( ) { }.,;; 313221 xxeFxeFeF ==∅=  

Let { }211 , xxV =  and { }.,, 4322 xxxV =  Then ( ) { }., 3221 eeVVF =← ∪  

Note that ( ) ., 213 VVeF  So ( )13 VFe ←∉  and ( ).23 VFe ←∉  It implies 

that ( ) ( ) ( ).2121 VFVFVVF ←←← ≠ ∪∪  

Theorem 3.5. Let ( )XF ,  be a soft set over a universe set U. Then the 

operation ( ) ( )UPUP →:F  satisfies the following: 

( ) ( ) ( )2121 SSSS FFF ∩∩ ⊆  for ( )., 21 UPSS ∈  

Proof. Let ( )., 21 UPSS ∈  Then by (iii) of Lemma 2.7 and Lemma 3.3, 

we have 

( ) ( ( ))2121 SSFFSS ∩∩ ←=F  

( ( ) ( ))21 SFSFF ←←= ∩  

( ( )) ( ( ))21 SFFSFF ←←⊆ ∩  

( ) ( ).21 SS FF ∩=  

So ( ) ( ) ( ).2121 SSSS FFF ∩∩ ⊆  � 



Young Key Kim and Won Keun Min 118 

Example 3.6. Let { }8764321 ,,,,,, xxxxxxxU =  and a parameter set 

{ }.,,,, 54321 eeeeeE =  Consider EX =  and a soft set ( )XF ,  defined as 

follows: 
( ) { } ( ) { } ( ) { };;,,;,, 3343223211 xeFxxxeFxxxeF ===  

( ) { } ( ) { }.,,;,, 63255324 xxxeFxxxeF ==  

Let { }743211 ,,,, xxxxxS =  and { }.,,,, 865322 xxxxxS =  Note that: 

( ( )) ( { }( )) { }( ) { };, 333221 xeFxxFFSSFF === ←← ∩  

( ( )) { }( ) { } ;,,,,, 143213211 SxxxxeeeFSFF ⊆==←  

( ( )) { }( ) { } .,,,,, 265325432 SxxxxeeeFSFF ⊆==←  

So ( ( )) ( ( )) ( ( )).2121 SFFSFFSSFF ←←← ≠ ∩∩  

Theorem 3.7 (Monotonicity). Let ( )XF ,  be a soft set over a universe 

set U. Then the operation ( ) ( )UPUP →:F  satisfies the following: 

( ) ( )2121 SSSS FF ⊆⇒⊆  for ( )., 21 UPSS ∈  

Proof. For ( ),, 21 UPSS ∈  let .21 SS ⊆  Then for each ( ),1SFs ←∈  by 

hypothesis, ( ) 21 SSsF ⊆⊆  and so ( ).2SFs ←∈  Hence, from Lemma 2.7, 

we have ( ) ( ).21 SS FF ⊆  � 

Theorem 3.8. Let ( )XF ,  be a soft set over a universe set U. Then the 

operation ( ) ( )UPUP →:F  satisfies the following: 

( ) ( ) ( )2121 SSSS ∪∪ FFF ⊆  for ( )., 21 UPSS ∈  

Proof. From Theorem 3.7, it is obvious. � 

Example 3.9. Let { }8764321 ,,,,,, xxxxxxxU =  and a parameter set 

{ }.,,,, 54321 eeeeeE =  Consider EX =  and a soft set ( )XF ,  defined as 

follows: 
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( ) { } ( ) { } ( ) { };;,,;,, 3343223211 xeFxxxeFxxxeF ===  

( ) { } ( ) { }.;,, 658544 xeFxxxeF ==  

Let { }43211 ,,, xxxxS =  and { }.,,, 87652 xxxxS =  Note that: 

( ( )) ( ( )) ( ) { };,,,,,, 865432121 xxxxxxxEFUFFSSFF === ←← ∪  

( ( )) { }( ) { };,,,,, 43213211 xxxxeeeFSFF ==←  

( ( )) { }( ) { }.652 xeFSFF ==←  

Hence, we know that ( ( )) ( ( )) ( ( )).2121 SFFSFFSSFF ←←← ≠ ∪∪  

Theorem 3.10 (Idempotent). Let ( )XF ,  be a soft set over a universe set 

U. Then the operation ( ) ( )UPUP →:F  satisfies the following: 

( )( ) ( )SS FFF =  for ( ).UPS ∈  

Proof. It is obviously obtained ( )( ) ( )SS FFF ⊆  from Theorem 3.2 and 

the monotonicity of .F  

For the other part of proof, first we show that 

( ) ( ( ( ))).SFFFSF ←←← ⊆  

Let ( ).SFz ←∈  Then ( ) ∅≠zF  and ( ) ( ( )).SFFzF ←⊆  From the 

definition of ,←F  we have ( ( ( )))SFFFz ←←∈  and finally ( ) ⊆← SF  

( ( ( ))).SFFF ←←  From this fact and (i) of Lemma 2.7, it follows 

( ( )) ( ( ( ( )))).SFFFFSFF ←←← ⊆  Hence, we have ( ) ( )( ).SS FFF ⊆  � 

Theorem 3.11. Let ( )XF ,  be a soft set over a universe set U. Then for 

∅≠∈ Ji  and ( ) ( )( )., iii AAXA FFF ∪∪ =⊆  

Proof. Let ∅≠∈ Ji  and .XAi ⊆  Then by ( ) ( ),ii AA FF ∪⊆  

monotonicity and idempotent of ,F  ( ) ( )( ) ( )( ) ⊆⊆= iii AAA FFFFF ∪  
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( ),iAF∪  and ( ) ( )( ) ( ).iii AAA FFFF ∪∪∪ ⊆⊆  Hence ( ) =iAF∪  

( )( ).iAFF ∪  � 

Theorem 3.12. Let ( )XF ,  be a soft set over a universe set U. If 

( )ii AA F=  for ∅≠∈ Ji  and ,XAi ⊆  then ( ).ii AA ∪∪ F=  

Proof. It is straightforward from Theorem 3.11. � 

Definition 3.13. A soft set ( )AF ,  is said to be distinct over U if for 

,, 21 Aaa ∈  Aaa ∈≠ 21  implies ( ) ( ) .21 ∅=aFaF ∩  

Theorem 3.14. Let ( )XF ,  be a soft set over U. If the soft set ( )XF ,  is 

distinct over U, then ( ) ( ) ( ).BFAFBAF ∩∩ =  

Proof. From Lemma 2.7, ( ) ( ) ( ).BFAFBAF ∩∩ ⊆  For the proof of 

converse inclusion, let ( ) ( ).BFAFz ∩∈  Then for some Aa ∈  and ,Bb ∈  

( )aFz ∈  and ( ).bF  So ( ) ( ) ∅≠∈ bFaFz ∩  and by the law of 

contrapositive, .ba =  This implies BAa ∩∈  and ( ).BAFz ∩∈  Hence 

( ) ( ) ( ).BAFBFAF ∩∩ ⊆  � 

Theorem 3.15. Let ( )XF ,  be a soft set over a universe set U. If ( )XF ,  

is distinct, the operation ( ) ( )UPUP →:F  satisfies ( ) =21 SS ∩F  

( ) ( )21 SS FF ∩  for ( )., 21 UPSS ∈  

Proof. For ( ),, 21 UPSS ∈  by Lemma 3.3, ( ) ( ) ∩∩ 121 SFSSF ←← =  

( ).2SF←  From Theorem 3.14, it follows ( ( )) ( ( ) ∩∩ 121 SFFSSFF ←← =  

( )) ( ( )) ( ( )).212 SFFSFFSF ←←← = ∩  Hence, we have ( ) =21 SS ∩F  

( ) ( ).21 SS FF ∩  � 

Let U be an initial universe set. If a topology τ  is given on the universe 

U, we call U a topological universe [6] with a topology τ  ( ).bydenoted τU  

The member of τ  is said to be open in U. 



Remarks on Monotonic Operations Induced by a Soft Set 121 

Definition 3.16 [6]. Let ( )AF ,  be a soft set over a topological universe 

set .τU  We say that ( )AF ,  is a quasi-open soft set if ( ) { ( ) :aFAF ∪=  

}Aa ∈  is open in .τU  

Theorem 3.17. If ( )AF ,  is a quasi-open soft set over the topological 

universe set ,τU  then ( ( )( ))AFFF ←,  is quasi-open such that 

( ( )( )) ( ).AFAFFF =←  

Proof. We know that a soft set ( ( )( ))AFFF ←,  is well defined. From 

(ii) of Theorem 2.9, it follows that ( ( )( )) ( ).AFAFFF =←  By hypothesis, 

( )( )AFF←  is open, and so ( ( )( ))AFFF ←,  is quasi-open. � 

In Theorem 3.17, ( ( )( ))AFFF ←,  is not always a soft subset of ( )AF ,  

as shown in the next example: 

Example 3.18. Let { }54321 ,,,, xxxxxU =  and a parameter set =X  

{ }.,,, 4321 eeee  Consider a soft set ( )XF ,  defined as follows: 

( ) ( ) { } ( ) { } ( ) { }.,;,;; 214313221 xxeFxxeFxeFeF ===∅=  

For { }321 ,, eeeA =  and a soft subset ( )AF ,  of ( ),, XF  ( )( )AFF←  

{ } Aeee 432 ,,=  and so ( ( )( ))AFFF ←,  is not a soft subset of ( )., AF  

Lemma 3.19. Let ( )XF ,  be a soft set over a universe set U. If ( )XF ,  

is distinct, then for XA ⊆  and ,Xx ∈  ( ) ( )AFxF ⊆  implies .Ax ∈  

Proof. For XA ⊆  and ,Xx ∈  let ( ) ( ).AFxF ⊆  Then since ( )AF  

( ){ },: AaaF ∈= ∪  there exists an element a in A such that ( ) ( )aFxF ∩  

.∅≠  By hypothesis and the law of contrapositive, ax =  and so .Ax ∈  � 

Theorem 3.20. Let ( )XF ,  be a soft set over a universe set U. If ( )XF ,  

is distinct, then for ( )( ) ., FAAFFXA =⊆ ←  
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Proof. From (iii) of Theorem 2.8, it is obtained that ( )( ).AFFAF ←⊆  

Now we show the other inclusion ( )( ) .FAAFF ⊆←  For the proof, let 

( )( ).AFFx ←∈  Then from the definition of ,←F  ( ) ∅≠xF  and ( ) ⊆xF  

( ).AF  From the above lemma, ,Ax ∈  and since ( ) ,∅≠xF  we have 

.FAx ∈  � 

Theorem 3.21. If ( )AF ,  is a soft subset of ( )XF ,  and if ( )XF ,  is 

distinct, then ( ( )( ))AFFF ←,  is a soft subset of ( )AF ,  such that 

( ( )( )) ( ).AFAFFF =←  

Proof. From the above theorem and (ii) of Theorem 2.9, ( )( ) =← AFF  

AAF ⊆  and ( ( )( )) ( ).AFAFFF =←  Since ( ( )( ))AFFF ←,  is a well 

defined soft set as ( )xF  for ( )( ),AFFx ←∈  ( ( )( ))AFFF ←,  is a soft 

subset of ( )AF ,  satisfying the condition. � 

In summary, we have the following theorem from the above lemma and 
theorems: 

Theorem 3.22. If ( )AF ,  is a quasi-open soft set over the topological 

universe set τU  and if ( )XF ,  is distinct, then ( ( )( ))AFFF ←,  is a quasi-

open soft subset of ( )., AF  
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