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Abstract 

In this paper, we introduce a type of Riemannian manifolds (namely, 
extended birecurrent manifold) and study its various geometric 
properties. Also the existence of such a manifold is ensured by a 
proper example. 

1. Introduction 

During the last six decades, the notion of locally symmetric manifolds 
which are a natural generalization of manifolds of constant curvature has 
been weakened in various ways such as recurrent manifold [13], 2-recurrent 
manifold [5], generalized recurrent manifold [1, 3, 4, 7, 12], generalized 
2-recurrent manifold [8], quasi generalized recurrent manifold [10] and 
weakly generalized recurrent manifold [11]. 

The present paper introduces a type of Riemannian manifolds called 
extended birecurrent manifold realizing the following relation: 
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( ) ( )WZYXRVU ,,,∇∇  

 ( ) ( ) ( ) ( ) ( ),,,,,,,,, WZYXggVUBWZYXRVUA •+=  (1.1) 

where ∇ and R denote the Levi-Civita connection and the curvature tensor 
respectively, A and B are ( )2,0 -tensors of which B is nonzero, the symbol • 

is the Nomizu-Kulkarni product of symmetric ( )2,0 -tensors generating a 

curvature type tensor: 

( ) ( ) ( ) ( ) ( ) ( )ZXkWYhWYkZXhWZYXkh ,,,,,,, +=•  

( ) ( ) ( ) ( ).,,,, WXkZYhZYkWXh −−  

In particular, if ,0=B  then the manifold reduces to a birecurrent 
manifold. This justifies the name extended birecurrent manifold. In this 
paper, we study some properties of extended birecurrent manifold and give a 
proper example. 

2. Some Properties of Extended Birecurrent Manifold 

First, we have 

Theorem 2.1. Let ( )gM n ,  be an extended birecurrent manifold of 

dimension n. Then its scalar curvature s does not vanish, and the associated 
( )2,0 -tensor A in (1.1) is symmetric if and only if the associated ( )2,0 -

tensor B in (1.1) is symmetric. 

Proof. In local coordinates, (1.1) can be expressed as 

 ( ) ,; ijklpqijklpqqpijkl ggBRAR •+=  (2.2) 

where the “semicolon” denotes covariant derivative with respect to the 
metric. 

Contracting (2.2) over i and l, and then contracting the relation obtained 
thus over j and k, we obtain 

 ( ) .12; nnBsAs pqpqqp −+=  (2.3) 
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Suppose ,0=s  then we have from (2.3) ,0=B  which is inadmissible by the 
defining condition of extended birecurrent manifold. Therefore we conclude 

.0≠s  On the other hand, it follows from (2.3) that 

 ( ) ( ) ( ) ,120 nnBBsAA qppqqppq −−+−=  (2.4) 

which yields 

( ) ( ).12
qppqqppq BBs

nnAA −
−

=−  

And so from the last relation we conclude that 

qppq AA =  

is equivalent to 

.qppq BB =  

This completes the proof of Theorem 2.1. 

Theorem 2.2. Let ( )gM n ,  be an extended birecurrent manifold. If its 

scalar curvature s is constant, then either the associated ( )2,0 -tensors A, B 

in (1.1) are symmetric or the manifold is a space of constant curvature. In 
addition, if A is skew-symmetric, then B is skew-symmetric, and vice versa. 

Proof. Taking account of (2.3), we have 

 ( ) ( ) ( ) .12;; nnBBsAAss qppqqppqqppq −+++=+  (2.5) 

From constant=s and (2.5), it follows that 

 ( ) ( ),12
qppqqppq BB

s
nnAA +

−
=+  (2.6) 

which implies that 

qppq AA −=  

is equivalent to 

.qppq BB −=  
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Furthermore, by virtue of (2.3) and ,constant=s  we have 

 ( ) .12 pqpq Ann
sB
−

=  (2.7) 

Considering both (2.2) and (2.7), we get 

 ( ) ( ) .12; ⎥⎦
⎤

⎢⎣
⎡ •

−
+= ijklijklpqqpijkl ggnn

sRAR  (2.8) 

By virtue of (2.8), we have 

 ( )
( )

( ) .
12;; ⎥⎦

⎤
⎢⎣
⎡ •

−
+−=− ijklijklqppqpqijklqpijkl gg

nn
sRAARR  (2.9) 

From Walker’s lemma [13] and (2.9), it follows 

klpqijlkpqijijklpqjiklpqpqijklqpijkl RRRRRR ;;;;;;0 −+−+−=  

( )
( )

( ) ⎥⎦
⎤

⎢⎣
⎡ •

−
+−= ijklijklqppq gg

nn
sRAA

12
 

( )
( )

( ) ⎥⎦
⎤

⎢⎣
⎡ •

−
+−+ klpqklpqjiij gg

nn
sRAA

12
 

( )
( )

( ) .
12 ⎥⎦

⎤
⎢⎣
⎡ •

−
+−+ pqijpqijlkkl gg

nn
sRAA  (2.10) 

Note that ( ) ( )ijklijklijkl ggnn
sRL •
−

+= 12  is a symmetric ( )4,0 -tensor 

with respect to the first pair of two indices and the last pair of two indices. 
Using Walker’s lemma [13] we immediately deduce that either qppq AA −  

0=  (and so 0=− qppq BB  by (2.7)) or ,0=ijklL  showing that either the 

associated ( )2,0 -tensors A, B in (1.1) are symmetric or the manifold is a 

space of constant curvature. This completes the proof of Theorem 2.2. 

A Riemannian manifold ( )gM n ,  is said to be Einstein [2] if its Ricci 
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tensor r is proportional to the metric g, that is, .gn
sr =  Note that if ,3≥n  

then its scalar curvature s is constant [2]. We call a Riemannian manifold 
Einstein and extended birecurrent if the manifold is simultaneously an 
Einstein manifold and an extended birecurrent manifold. 

Theorem 2.3. Let ( )gM n ,  ( )3>n  be an Einstein and extended 

birecurrent manifold. Then the associated ( )2,0 -tensors A, B in (1.1) are 

collinear, and the associated ( )2,0 -tensor A does not vanish. 

Proof. By virtue of the second Bianchi identity, we have 

( ) ( ) ( ) ( )ZVYXRWZYXR WV ,,,,,, ∇+∇  

( ) ( ) ,0,,, =∇+ VWYXRZ  (2.11) 

which implies 

( ) ( ) ( ) ( )ZVYXRWZYXR WUVU ,,,,,, ∇∇+∇∇  

( ) ( ) .0,,, =∇∇+ VWYXRZU  (2.12) 

Taking account of (1.1) and (2.12), we have 

( ) ( ) ( ) ( ) ( )WZYXggVUBWZYXRVUA ,,,,,,,, •+  

( ) ( ) ( ) ( ) ( )ZVYXggWUBZVYXRWUA ,,,,,,,, •++  

( ) ( ) ( ) ( ) ( ) .0,,,,,,,, =•++ VWYXggZUBVWYXRZUA  (2.13) 

Contracting (2.13) on X, W and then contracting the relation obtained 
thus on Y, Z, we obtain from the Einstein condition 

 ( ) ( ) ( ) ( ) ( ) ( ) .0,312,2 =−−−+− VUBnnVUAnn
s  (2.14) 

Taking account of ,0≠B  3>n  and (2.14), we have 

0≠A  
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and 
( )

( ) ( ) .312
2 Annn

snB
−−

−=  

This completes the proof of Theorem 2.3. 

A Riemannian manifold ( )gM n ,  is said to be extended Ricci birecurrent 

if its Ricci tensor r satisfies the relation 

 ( ) ( ) ( ) ( ) ( ) ( ),,,,,, ZYgVUEZYrVUDZYrVU +=∇∇  (2.15) 

where D and E are the associated ( )2,0 -tensors of which E is nonzero. Now 

we have 

Theorem 2.4. Every extended birecurrent manifold is extended Ricci 
birecurrent. 

Proof. By contracting (1.1) on X and W, we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ),,12,,,, ZYgnVUBZYrVUAZYrVU −+=∇∇  

showing that the manifold is extended Ricci birecurrent. This completes the 
proof of Theorem 2.4. 

The Weyl curvature tensor C of type ( )4,0  is defined as follows: 

( ) ( ) ( ) [ ( ) ( )WXrZYgnWZYXRWZYXC ,,2
1,,,,,,
−

−=  

( ) ( ) ( ) ( ) ( ) ( )]WYgZXrWXgZYrWYrZXg ,,,,,, −+−  

( ) ( ) ( ) ( ) ( ) ( )[ ].,,,,21 WYgZXgWXgZYgnn
s −

−−
+  

 (2.16) 

Notice that 0=C  if and only if ( )gM n ,  is conformally flat [2]. 

A Riemannian manifold is called Weyl birecurrent if its Weyl curvature 
tensor C satisfies the relation 

( ) ( ) ( ) ( ).,,,,,,, WZYXCVUAWZYXCVU =∇∇  
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Then we have 

Theorem 2.5. Every extended birecurrent manifold is Weyl birecurrent. 

Proof. Contracting (1.1) on X and W, we get 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ).,12,,,, ZYgnVUBZYrVUAZYrVU −+=∇∇  (2.17) 

Again contracting (2.17) on Y and Z, we obtain 

 ( ) ( ) ( ) .12,, nnVUBsVUAsVU −+=∇∇  (2.18) 

From (2.16), it follows that 

( ) ( )WZYXCVU ,,,∇∇  

( ) ( ) ( ) [ ( ) ( ) ( )WXrZYgnWZYXR VUVU ,,2
1,,, ∇∇
−

−∇∇=  

( ) ( ) ( ) ( ) ( ) ( )WXgZYrWYrZXg VUVU ,,,, ∇∇+∇∇−  

( ) ( ) ( )]WYgZXrVU ,,∇∇−  

( ) ( ) ( ) ( ) ( ) ( )[ ].,,,,21 WYgZXgWXgZYgnn
sVU −
−−

∇∇
+  (2.19) 

Taking account of (1.1), (2.16), (2.17), (2.18) and (2.19), we have 

( ) ( ) ( ) ( ).,,,,,,, WZYXCVUAWZYXCVU =∇∇  

This completes the proof of Theorem 2.5. 

A Riemannian manifold ( )gM n ,  is called generalized recurrent if its 

curvature tensor R satisfies the relation 

( ) ( )WZYXRV ,,,∇  

 ( ) ( ) ( ) ( ) ( ),,,,,,, WZYXggVWZYXRV •β+α=  (2.20) 

where α and β are the associated 1-forms of which β is nonzero. 

Then we have 
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Theorem 2.6. Every generalized recurrent manifold is extended 
birecurrent. 

Proof. From (2.20), it follows that 

( ) ( )WZYXRVU ,,,∇∇  

( ) ( ) ( ) ( )( ) ( )WZYXRUVVU ,,,αα+α∇=  

( ) ( ) ( ) ( )( ) ( ) ( )WZYXggUVVU ,,,•βα+β∇+  

( ) ( ) ( ) ( ) ( ),,,,,,,,, WZYXggVUBWZYXRVUA •+=  

which implies that the manifold is extended birecurrent. 

Theorem 2.7. Let ( )gM n ,  be an extended Ricci birecurrent manifold. 

If ( )gM n ,  is conformally flat, then the manifold is extended birecurrent. 

Proof. From (2.16) and conformal flatness, it follows that 

( ) ( )WZYXRVU ,,,∇∇  

( ) [ ( ) ( ) ( ) ( ) ( ) ( )WYrZXgWXrZYgn VUVU ,,,,2
1 ∇∇−∇∇
−

=  

( ) ( ) ( ) ( ) ( ) ( )]WYgZXrWXgZYr VUVU ,,,, ∇∇−∇∇+  

( ) ( ) ( ) ( ) ( ) ( )[ ].,,,,21 WYgZXgWXgZYgnn
sVU −
−−

∇∇
−  (2.21) 

Contracting (2.15) on Y and Z, we get 

 ( ) ( ) .,, nVUEsVUDsVU +=∇∇  (2.22) 

Taking account of (2.15), (2.21) and (2.22), we have 

( ) ( )WZYXRVU ,,,∇∇  

( )
( ) [ ( ) ( ) ( ) ( ) ( ) ( )WXgZYrWYrZXgWXrZYgn

VUD ,,,,,,2
, +−
−

=  
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( ) ( )] ( )
( ) ( ) [ ( ) ( )WXgZYgnn

sVUDWYgZXr ,,21
,,,

−−
−−  

( ) ( )] ( )
( ) [ ( ) ( )WXgZYgn

VUEWYgZXg ,,2
,,,
−

+−  

( ) ( ) ( ) ( ) ( ) ( )]WYgZXgWXgZYgWYgZXg ,,,,,, −+−  

( )
( ) ( ) ( ) ( ) ( ) ( )[ ],,,,,21

, WYgZXgWXgZYgnn
nVUE −
−−

−  

which reduces to 

( ) ( )WZYXRVU ,,,∇∇  

( ) ( ) ( ) ( ) ( ),,,,,,,,, WZYXggVUBWZYXRVUA •+=  

where DA =  and ( ) .12
1 EnB
−

=  

Therefore the manifold is extended birecurrent and this completes the 
proof of Theorem 2.7. 

A Riemannian manifold is said to be an extended Weyl birecurrent 
manifold if its Weyl curvature tensor C satisfies the relation 

( ) ( )WZYXCVU ,,,∇∇  

 ( ) ( ) ( ) ( ) ( ),,,,,,,,, WZYXggVUGWZYXCVUF •+=  (2.23) 

where F and G are the associated ( )2,0 -tensors. 

Now we have 

Theorem 2.8. Let ( )gM n ,  be an extended Weyl birecurrent manifold. If 

( )gM n ,  is Einstein, then the manifold is extended birecurrent. 

Proof. Taking account of (2.16) and the Einstein condition ,gn
sr =  we 

get 
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( )WZYXC ,,,  

( ) ( ) ( ) ( ) ( ) ( )[ ].,,,,1,,, WYgZXgWXgZYgnn
sWZYXR −
−

−=  (2.24) 

From (2.23) and (2.24), it follows that 

( ) ( )WZYXRVU ,,,∇∇  

( ) ( ) ( )
( ) [ ( ) ( )WXgZYgnn

sVUFWZYXRVUF ,,1
,,,,,
−

−=  

( ) ( )] ( ) ( ) ( )WZYXggVUGWYgZXg ,,,,,, •+−  

( ) ( ) ( ) ( ) ( ),,,,,,,,, WZYXggVUBWZYXRVUA •+=  

where FA =  and ( ) .12 GFnn
sB +
−

=  

This shows that the manifold is extended birecurrent and so completes 
the proof of Theorem 2.8. 

Theorem 2.9. On an extended birecurrent manifold, there does not exist 
a nontrivial parallel vector field. 

Proof. Suppose that a vector field P is parallel, that is, 0=∇P  [9, 14], 
then from the definition of curvature tensor R we have 

( ) [ ] 0, , =∇−∇∇−∇∇= PPPPYXR YXXYYX  

and so 

 ( )( ) ( ) .0,,,,, == WPYXRWPYXRg  (2.25) 

By virtue of (1.1) and (2.25), we have 

( ) ( )WPYXRVU ,,,0 ∇∇=  

( ) ( ) ( ) ( ) ( )WPYXggVUBWPYXRVUA ,,,,,,,, •+=  

( ) ( ) ( ).,,,, WPYXggVUB •=  (2.26) 
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Contracting (2.26) on X, W and then putting PY =  in the relation 
obtained thus, we get 

( ) ( ) ,0,12 2 =− PVUBn  

which yields 0=P  because 0=B  is inadmissible by the defining condition 
of extended birecurrent manifold. Therefore the manifold does not allow a 
nontrivial parallel vector field. This completes the proof of Theorem 2.9. 

3. An Example of Extended Birecurrent Manifold 

In this section, the existence of an extended birecurrent manifold is 
ensured by the following nontrivial example. 

Example. We define a Riemannian manifold ( )gR ,4
+  as follows: 

{( ) },1,,, 1
4321

4 >|=+ xxxxxR  

( ) ( ) ,1
1

ij
x

ij egg δ+==  

where 4...,,1, =ji  and ijδ  is the Kronecker delta ( ).if1,if0 jiji =≠  

The only nonvanishing components of the Christoffel symbols, the 
curvature tensor and their covariant derivatives (of second order) are 

,
12

1
1

1
1
44

1
33

1
22 ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

+
−=Γ=Γ=Γ

x

x

e

e  

,
12

1
1

1
4

14
3
13

2
12

1
11 ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

+
=Γ=Γ=Γ=Γ

x

x

e

e  

,
12

1
1

1

144113311221 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

+
===

x

x

e

eRRR  

,
14

1
1

12
344324422332 ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

+
===

x

x

e

eRRR  
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( )

( )
,

12

21
21;14411;13311;1221 1

11

x

xx

e

eeRRR
+

−===  

( )

( )
,

14

2
2

2
1;34431;24421;2332 1

11

x

xx

e

eeRRR
+

−===  

( )

( )
,

14

10152
3

2
11;144111;133111;1221 1

111

x

xxx

e

eeeRRR
+

+−===  

( )

( )
,

18

3168
3

22
11;344311;244211;2332 1

111

x

xxx

e

eeeRRR
+

+−===  

and the components obtained by the symmetry properties. 

We consider the ( )2,0 -tensors A and B as follows: 

If ,1== ji  

c
dBa

bA ijij == ,  

and otherwise 

,0,0 == ijij BA  

where 

( ) ,2
1

2
118

1111 32 ⎟
⎠
⎞⎜

⎝
⎛ +−−+= xxxx eeeea  

,672768
1111 432 xxxx eeeeb +−+−=  

( ) ⎟
⎠
⎞⎜

⎝
⎛ +−−+=

1111 324
2
1

2
1116 xxxx eeeec  

and 

.76
111 543 xxx eeed −−=  
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Notice that a and c are nonzero on .4
+R  It follows from straightforward 

computations that the above tensors satisfy the relation 

( ) ,; ijklpqijklpqpqijkl ggBRAR •+=  

showing that the manifold is extended birecurrent. 
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