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Abstract

The images and preimages of fuzzy conformable relations and fuzzy
difunctional relations are studied under the so-called semibalanced
maps.

1. Introduction

Ounalli and Jaoua [4] extended difunctional relations in the framework
of fuzzy relations with max-min composition for the purpose of gaining a
better understanding of their properties and their structure. Seo et al. [5]
characterized fuzzy difunctional relations on a set and proved there exists a
relationship between fuzzy equivalence relations and fuzzy difunctional
relations. Kuroki [2] first introduced the concept of fuzzy congruences on a
groupoid and characterized fuzzy congruences on a group in terms of fuzzy
normal subgroups. In the present note, we apply the idea of difunctional
relation in the setting of semibalanced mappings and studies images and
preimages of fuzzy conformable relations and fuzzy difunctional relations
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under semibalanced maps. In Section 2, we briefly define fuzzy conformable
relations and fuzzy congruence relations. Section 3 describes our main
results.

2. Preliminaries

For details we refer to [4-6].
Definition 2.1. Let f be a mapping from the set X into the set Y.

If R is a fuzzy subset of X, then the image f(R) of R is the fuzzy subset
of Y defined by

V. R(x), if f7Xy)=0,
F(R)(y) = {xef(y)
0, otherwise.

If R is a fuzzy subset of Y, then the preimage f_l(R) of R is the fuzzy
subset of X defined by f ~1(R)(x) = R(f(x)), x € X.
Definition 2.2. Let X and Y be two nonempty sets.

A mapping f: X x X —Y xY is called a semibalanced mapping if
(i) given a e X, there exists u € Y such that f(a, a) = (u, u).

(i) f(a,a)=(u,u) and f(b, b)=(v,Vv), where a,be X,u,veY,
implies that f(a, b) = (u, v).

Definition 2.3. Let fbe amap from X x X into Y xV.

A fuzzy relation R on X is f-invariant, if f(a, b) = f(aj, b) implies
R(a, b) = R(ay, b).

A fuzzy relation R on X is weakly f-invariant, if f(a, b) = f(ay, b))
implies that R(a, b) = R(ay, by).

Theorem 2.4 [4, Proposition 7]. If a fuzzy relation R is fuzzy symmetric
and fuzzy transitive, then R is fuzzy difunctional.
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Definition 2.5. Let R be a fuzzy relation on a groupoid X. R is fuzzy left
conformable if R(c, ¢) > R(a, b) implies R(ca, cb)> R(a, b) for all a, b,
ce X, and R is fuzzy right conformable. If R(c,c)>R(a, b) implies
R(ac, bc) > R(a, b) forall a,b,c e X.

Definition 2.6. Let R be a fuzzy relation on a groupoid X. R is fuzzy left
compatible if R(ca, cb)>R(a, b) for all a, b, c e X, and R is fuzzy right
compatible if R(ac, bc) > R(a, b) forall a, b, c € X. R is fuzzy compatible
if R(ac, bd)>R(a, b)(\R(c, d) forall a, b, c and d e X.

Definition 2.7. A fuzzy relation R on a set X if fuzzy difunction if and

only if. It satisfies condition RRIR c R, which is equivalent to RRIR=R.

3. Main Results

In this section, we deal with the images and preimages of fuzzy
difunctional relations and fuzzy conformable relations under semibalanced
maps.

Theorem 3.1. If R is a right (left) conformable fuzzy relation on a group
Y and f is a group homomorphism from X x X into Y xY, which is a

semibalanced map, then f_l(R) is a right (left) conformable fuzzy relation

on X.

Proof. Let f Y(R)(c, c)> f }(R)(a, b) for a, b, c e X. Then R(f(c, c))
> R(f(a, b)). And we have,

f ~L(R)(ac, bc) = R( f (ac, bc))
=R(f(a, b)- f(c, c))
> R(f(a, b)), as R is aright conformable

= fXR)(a b).
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Which yields f_l(R) is a right conformable. Also, we can prove in the same

manner that f ~1(R) is a left conformable fuzzy relation on X.

Theorem 3.2. If R is a right (left) conformable fuzzy relation on a group
X and f is a group homomorphism from X x X into Y xY, which is a

semibalanced map, then f(R) is a right (left) conformable fuzzy relation

onYy.
Proof. Let f(R)(w, w)> f(R)(u,v),u,v,weY. Then we show that

f(R)(uw, vw) > f(R)(u, v). In the case when fY(u, v) is empty. This
means f(R)(u,v)=0. Then we have f(R)(uw,vw)> f(R)(u,Vv). Next,

we consider the case when f~(u, v) is nonempty. Then f1(w, w) is

nonempty, and so f‘l(uw, vw) is nonempty. We then have

f(R) (uw, vw) = V R(X, X)

(x, x)e f L(uw, vw)

[\

V R(ac, bc)

f (ac, be)=(uw, vw)

R((a, b)-(c, ¢))

V
f(a,b)-f(c,c)=(u,v)-(w, w)

> V R(a, b) as R is conformable
f(a,b)=(u,v)
= f(R)(u, v).

Which yields f(R) is a right conformable relation on Y. Also, we can prove
in the same manner that f(R) is a left conformable on X.
Theorem 3.3. Let f be a semibalanced map from X x X into Y xY. IfR

is a fuzzy difunctional relation on Y, which is fuzzy reflexive, then f_l(R) is

a fuzzy difunctional relation on X.



Notes of Fuzzy Difunctional Relations 127

Proof. It suffices to show that f_l(R) is fuzzy symmetric and fuzzy

transitive. First, now let f(a, b) = (u, v). Then
f7X(R)(a, b) = R(f (a, b))
= R(u, v)

= R(v, u), as R is fuzzy symmetric

R(f (b, a)), as fis semibalanced map

f 1(R)(b, a) forall a, b e X.

Which yields f ‘1(R) is fuzzy symmetric.

Further, for f(a, b) = (u, v). We have

(Y R)FH(R))(a, b) = \/X(f_l(R)(a, X) A fHR) (%, b))

xl/X(R( f(a, x)) A R(f(x, b)))

\/X(R(u, ty) A R(ty, v))

IA

\/Y(R(u, w) A R(w, V)

= (R R)(u, v)

IN

R(u, v)

f(R)(a, b) forall a, b e X.

Which yields f_l(R) is fuzzy transitive. This completes the proof.

Theorem 3.4. Let f be a semibalanced map from X x X into Y xY. If
R is a fuzzy difunctional relation on X, which is fuzzy reflexive and weakly
f-invariant, then R is f-invariant.
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Proof. Let f(a, b)= f(a, by)=(u,v), where a, a;, b, b € X and
uvey.

Given x € X, since f is a semibalanced map, there exists unique t, € Y
such that f(x, x) = (t, ty), and so f(a, x) = (u, ty), f(a, x) = (u, ty),
f(x,b)=(ty,v) and f(x, by)=(ty, v). Hence, we have f(a, x) = f(a, X)
and f(x, b) = f(x, by).

Since R is weakly f-invariant, we get R(a, x) = R(a, x) and R(x, b) =

R(x, by). We must prove that R(a, b) = R(a, by). By earlier result, we note
that R is a fuzzy equivalence relation on X. And we have

R(a, b) = RR(a, b)

\/X(R(a, x) A R(X, b))

X\E/X(R(al, X) A R(x, by))

RR(ag, by)
= R(a, by) forall a, b e X.
Which yields R is f-invariant.

Theorem 3.5. Let f be a semibalanced map from X x X onto Y xY. If
R is a fuzzy difunctional relation on X, which is fuzzy reflexive and weakly
f-invariant, then f(R) is a fuzzy difunctional relation on Y.

Proof. It suffices to show that f(R) is fuzzy symmetric and fuzzy

transitive.

Let u, v e Y. Since f is an onto semibalanced map, there exist a, b € X,

such that f(a, b) = (u, v). Hence, we have

f(R)(u,v) = \/_l R(X, y)
(x,y)ef(u,v)

= R(a, b), as R is f-invariant
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R(b, a), as R is fuzzy symmetric

f(R)(v,u) forall u,veY.

Which yields f(R) is symmetric.

Further, let x € X be given. Then there exists a unique t, €Y such that
f(a, x) = (u, ty), F(x, b)=(tx, v), f(x, X) = (ty, ty).

And we have

(f(R)f(R))(u, v) = W\G/Y(f(R)(U, w) A F(R)(w, v))

X\E/X(f(R)(U, t) A F(R) (e, V)

\/X(R(a, x) A R(x, b))

RR(a, b)

IA

R(a, b)

f(R)(u, v) forall u,veY.
Which yields f(R) is fuzzy transitive. This completes the proof.

Theorem 3.6 [7, Theorem 3.1]. Let R be a fuzzy relation on a group X
such that R is fuzzy reflexive and fuzzy transitive. Then R is compatible iff R
is right and left compatible.

Theorem 3.7 [7, Theorem 3.3]. Let R be a fuzzy relation on a group X
such that R is fuzzy reflexive. Then R is right (left) compatible iff R is right
(left) conformable.

Theorem 3.8. Let f be a semibalanced map and a group homomorphism
from X x X into Y xY. If R is a fuzzy difunctional on Y such that R is fuzzy

reflexive and right and left compatible, then f ~X(R) is a fuzzy congruence

on X.
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Proof. Let x € X be given. Since f is a semibalanced map, there exists
unique ty, €Y such that f(x, x) = (ty, ty) and fL(R)(x, x) = R(f(x, x))
= R(ty, t,) = 1. Thismeans f Y(R) is fuzzy reflexive. Due to Theorem 3.3,

f 71(R) is a fuzzy difunctional relation on X.

Further, we show that f_l(R) is compatible. Now let a, b, ¢ € X. Then
fY(R)(ac, bc) = R(f(ac, bc)) > R(f(a, b)) = f (R)(a, b) and
f (R)(ca, cb) = R(f(ca, cb)) = R(f(a, b)) = f }(R)(a, b).
This completes the proof.

Theorem 3.9. Let f be a semibalanced map and a group homomorphism
from X x X onto Y xY. If R is a fuzzy difunctional relation on X such
that R is fuzzy reflexive and right and left conformable, which is weakly
f-invariant, then f(R) is a fuzzy congruence on Y.

Proof. Let u € Y be given, but f being an onto semibalanced, there exist
a,a’ e X suchthat f(a, a’) = (u,u). Andso f(a, a)=(u, u). This leads
to f(a, a’) = f(a, a). Since R is f-invariant, we then have

f(R)(u,u) = V R(x, )

(X, x)e f(u,u)
= R(a, a)
=1. Hence, f(R) is fuzzy reflexive.
By earlier result, we have f(R) is a fuzzy difunctional relation on Y.

Therefore, f(R) is a fuzzy equivalence relation on Y. Due to Theorem 3.6
and Theorem 3.7, we see that R is compatible.

This completes the proof.
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