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Abstract 

The images and preimages of fuzzy conformable relations and fuzzy 
difunctional relations are studied under the so-called semibalanced 
maps. 

1. Introduction 

Ounalli and Jaoua [4] extended difunctional relations in the framework 
of fuzzy relations with max-min composition for the purpose of gaining a 
better understanding of their properties and their structure. Seo et al. [5] 
characterized fuzzy difunctional relations on a set and proved there exists a 
relationship between fuzzy equivalence relations and fuzzy difunctional 
relations. Kuroki [2] first introduced the concept of fuzzy congruences on a 
groupoid and characterized fuzzy congruences on a group in terms of fuzzy 
normal subgroups. In the present note, we apply the idea of difunctional 
relation in the setting of semibalanced mappings and studies images and 
preimages of fuzzy conformable relations and fuzzy difunctional relations 
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under semibalanced maps. In Section 2, we briefly define fuzzy conformable 
relations and fuzzy congruence relations. Section 3 describes our main 
results. 

2. Preliminaries 

For details we refer to [4-6]. 

Definition 2.1. Let f be a mapping from the set X into the set Y. 

If R is a fuzzy subset of X, then the image ( )Rf  of R is the fuzzy subset 

of Y defined by 

( ) ( ) ( )
( ) ( )

⎪⎩

⎪
⎨
⎧ ≠

=
−

∈ −

.otherwise,0

,0if, 1
1

yfxR
yRf yfx

∨
 

If R is a fuzzy subset of Y, then the preimage ( )Rf 1−  of R is the fuzzy 

subset of X defined by ( )( ) ( )( ) .,1 XxxfRxRf ∈=−  

Definition 2.2. Let X and Y be two nonempty sets. 

A mapping YYXXf ×→×:  is called a semibalanced mapping if 

 (i) given ,Xa ∈  there exists Yu ∈  such that ( ) ( ).,, uuaaf =  

(ii) ( ) ( )uuaaf ,, =  and ( ) ( ),,, vvbbf =  where ,,,, YvuXba ∈∈  

implies that ( ) ( ).,, vubaf =  

Definition 2.3. Let f be a map from XX ×  into .YY ×  

A fuzzy relation R on X is f-invariant, if ( ) ( )bafbaf ,, 1=  implies 

( ) ( ).,, 1 baRbaR =  

A fuzzy relation R on X is weakly f-invariant, if ( ) ( )11,, bafbaf =  

implies that ( ) ( ).,, 11 baRbaR =  

Theorem 2.4 [4, Proposition 7]. If a fuzzy relation R is fuzzy symmetric 
and fuzzy transitive, then R is fuzzy difunctional. 
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Definition 2.5. Let R be a fuzzy relation on a groupoid X. R is fuzzy left 
conformable if ( ) ( )baRccR ,, ≥  implies ( ) ( )baRcbcaR ,, ≥  for all a, b, 

,Xc ∈  and R is fuzzy right conformable. If ( ) ( )baRccR ,, ≥  implies 

( ) ( )baRbcacR ,, ≥  for all .,, Xcba ∈  

Definition 2.6. Let R be a fuzzy relation on a groupoid X. R is fuzzy left 
compatible if ( ) ( )baRcbcaR ,, ≥  for all ,,, Xcba ∈  and R is fuzzy right 

compatible if ( ) ( )baRbcacR ,, ≥  for all .,, Xcba ∈  R is fuzzy compatible 

if ( ) ( ) ( )dcRbaRbdacR ,,, ∩≥  for all cba ,,  and .Xd ∈  

Definition 2.7. A fuzzy relation R on a set X if fuzzy difunction if and 

only if. It satisfies condition ,1 RRRR ⊆−  which is equivalent to .1 RRRR =−  

3. Main Results 

In this section, we deal with the images and preimages of fuzzy 
difunctional relations and fuzzy conformable relations under semibalanced 
maps. 

Theorem 3.1. If R is a right (left) conformable fuzzy relation on a group 
Y and f is a group homomorphism from XX ×  into ,YY ×  which is a 

semibalanced map, then ( )Rf 1−  is a right (left) conformable fuzzy relation 

on X. 

Proof. Let ( )( ) ( )( )baRfccRf ,, 11 −− ≥  for .,, Xcba ∈  Then ( )( )ccfR ,  

( )( )., bafR≥  And we have, 

    ( )( ) ( )( )bcacfRbcacRf ,,1 =−  

( ) ( )( )ccfbafR ,, ⋅=  

( )( ),, bafR≥  as R is a right conformable 

( ) ( ).,1 baRf −=  



Yeoul Ouk Sung 126 

Which yields ( )Rf 1−  is a right conformable. Also, we can prove in the same 

manner that ( )Rf 1−  is a left conformable fuzzy relation on X. 

Theorem 3.2. If R is a right (left) conformable fuzzy relation on a group 
X and f is a group homomorphism from XX ×  into ,YY ×  which is a 

semibalanced map, then ( )Rf  is a right (left) conformable fuzzy relation               

on Y. 

Proof. Let ( )( ) ( )( ) .,,,,, YwvuvuRfwwRf ∈≥  Then we show that 

( )( ) ( )( ).,, vuRfvwuwRf ≥  In the case when ( )vuf ,1−  is empty. This 

means ( )( ) .0, =vuRf  Then we have ( )( ) ( )( ).,, vuRfvwuwRf ≥  Next,                 

we consider the case when ( )vuf ,1−  is nonempty. Then ( )wwf ,1−  is 

nonempty, and so ( )vwuwf ,1−  is nonempty. We then have 

 ( ) ( )
( ) ( )

( )xxRvwuwRf
vwuwfxx

′=
−∈′

,,
,, 1

∨  

( ) ( )
( )bcacR

vwuwbcacf
,

,, =
≥ ∨  

( ) ( ) ( ) ( )
( ) ( )( )ccbaR

wwvuccfbaf
,,

,,,,
⋅=

⋅=⋅
∨  

( ) ( )
( )baR

vubaf
,

,, =
≥ ∨  as R is conformable 

( ) ( )., vuRf=  

Which yields ( )Rf  is a right conformable relation on Y. Also, we can prove 

in the same manner that ( )Rf  is a left conformable on X. 

Theorem 3.3. Let f be a semibalanced map from XX ×  into .YY ×  If R 

is a fuzzy difunctional relation on Y, which is fuzzy reflexive, then ( )Rf 1−  is 

a fuzzy difunctional relation on X. 
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Proof. It suffices to show that ( )Rf 1−  is fuzzy symmetric and fuzzy 

transitive. First, now let ( ) ( ).,, vubaf =  Then 

( ) ( ) ( )( )bafRbaRf ,,1 =−  

( )vuR ,=  

( ),, uvR=  as R is fuzzy symmetric 

( )( ),, abfR=  as f is semibalanced map 

( ) ( )abRf ,1−=  for all ., Xba ∈  

Which yields ( )Rf 1−  is fuzzy symmetric. 

Further, for ( ) ( ).,, vubaf =  We have 

 ( ( ) ( )) ( ) ( ( ) ( ) ( ) ( ))bxRfxaRfbaRfRf
Xx

,,, 1111 −−

∈

−− ∧= ∨  

( )( ) ( )( )( )bxfRxafR
Xx

,, ∧=
∈
∨  

( ) ( )( )vtRtuR xx
Xx

,, ∧=
∈
∨  

( ) ( )( )vwRwuR
Yw

,, ∧≤
∈
∨  

( ) ( )vuRR ,D=  

( )vuR ,≤  

( ) ( )baRf ,1−=  for all ., Xba ∈  

Which yields ( )Rf 1−  is fuzzy transitive. This completes the proof. 

Theorem 3.4. Let f be a semibalanced map from XX ×  into .YY ×  If 
R is a fuzzy difunctional relation on X, which is fuzzy reflexive and weakly     
f-invariant, then R is f-invariant. 
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Proof. Let ( ) ( ) ( ),,,, 11 vubafbaf ==  where Xbbaa ∈11 ,,,  and 
., Yvu ∈  

Given ,Xx ∈  since f is a semibalanced map, there exists unique Ytx ∈  

such that ( ) ( ),,, xx ttxxf =  and so ( ) ( ),,, xtuxaf =  ( ) ( ),,,1 xtuxaf =  

( ) ( )vtbxf x ,, =  and ( ) ( ).,, 1 vtbxf x=  Hence, we have ( ) ( )xafxaf ,, 1=  

and ( ) ( ).,, 1bxfbxf =  

Since R is weakly f-invariant, we get ( ) ( )xaRxaR ,, 1=  and ( ) =bxR ,  

( )., 1bxR  We must prove that ( ) ( ).,, 11 baRbaR =  By earlier result, we note 

that R is a fuzzy equivalence relation on X. And we have 

 ( ) ( )baRRbaR ,, =  

( ) ( )( )bxRxaR
Xx

,, ∧=
∈
∨  

( ) ( )( )11 ,, bxRxaR
Xx

∧=
∈
∨  

( )11, baRR=  

( )11, baR=  for all ., Xba ∈  

Which yields R is f-invariant. 

Theorem 3.5. Let f be a semibalanced map from XX ×  onto .YY ×  If 
R is a fuzzy difunctional relation on X, which is fuzzy reflexive and weakly     
f-invariant, then ( )Rf  is a fuzzy difunctional relation on Y. 

Proof. It suffices to show that ( )Rf  is fuzzy symmetric and fuzzy 

transitive. 

Let ., Yvu ∈  Since f is an onto semibalanced map, there exist ,, Xba ∈  

such that ( ) ( ).,, vubaf =  Hence, we have 

( ) ( )
( ) ( )

( )yxRvuRf
vufyx

,,
,, 1−∈

= ∨  

( ),, baR=  as R is f-invariant 



Notes of Fuzzy Difunctional Relations 129 

( ),, abR=  as R is fuzzy symmetric 

( ) ( )uvRf ,=  for all ., Yvu ∈  

Which yields ( )Rf  is symmetric. 

Further, let Xx ∈  be given. Then there exists a unique Ytx ∈  such that 

( ) ( ) ( ) ( ) ( ) ( ).,,,,,,,, xxxx ttxxfvtbxftuxaf ===  

And we have 

( ) ( )( ) ( ) ( ) ( ) ( ) ( )( )vwRfwuRfvuRfRf
Yw

,,, ∧=
∈
∨  

( ) ( ) ( ) ( )( )vtRftuRf xx
Xx

,, ∧=
∈
∨  

( ) ( )( )bxRxaR
Xx

,, ∧=
∈
∨  

( )baRR ,=  

( )baR ,≤  

( ) ( )vuRf ,=  for all ., Yvu ∈  

Which yields ( )Rf  is fuzzy transitive. This completes the proof. 

Theorem 3.6 [7, Theorem 3.1]. Let R be a fuzzy relation on a group X 
such that R is fuzzy reflexive and fuzzy transitive. Then R is compatible iff R 
is right and left compatible. 

Theorem 3.7 [7, Theorem 3.3]. Let R be a fuzzy relation on a group X 
such that R is fuzzy reflexive. Then R is right (left) compatible iff R is right 
(left) conformable. 

Theorem 3.8. Let f be a semibalanced map and a group homomorphism 
from XX ×  into .YY ×  If R is a fuzzy difunctional on Y such that R is fuzzy 

reflexive and right and left compatible, then ( )Rf 1−  is a fuzzy congruence 

on X. 
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Proof. Let Xx ∈  be given. Since f is a semibalanced map, there exists 

unique Ytx ∈  such that ( ) ( )xx ttxxf ,, =  and ( ) ( ) ( )( )xxfRxxRf ,,1 =−  

( ) .1, == xx ttR  This means ( )Rf 1−  is fuzzy reflexive. Due to Theorem 3.3, 

( )Rf 1−  is a fuzzy difunctional relation on X. 

Further, we show that ( )Rf 1−  is compatible. Now let .,, Xcba ∈  Then 

( ) ( ) ( )( ) ( )( ) ( ) ( )baRfbafRbcacfRbcacRf ,,,, 11 −− =≥=  and  

( ) ( ) ( )( ) ( )( ) ( ) ( ).,,,, 11 baRfbafRcbcafRcbcaRf −− =≥=  

This completes the proof. 

Theorem 3.9. Let f be a semibalanced map and a group homomorphism 
from XX ×  onto .YY ×  If R is a fuzzy difunctional relation on X such              
that R is fuzzy reflexive and right and left conformable, which is weakly               
f-invariant, then ( )Rf  is a fuzzy congruence on Y. 

Proof. Let Yu ∈  be given, but f being an onto semibalanced, there exist 

Xaa ∈1,  such that ( ) ( ).,, uuaaf =′  And so ( ) ( ).,, uuaaf =  This leads 

to ( ) ( ).,, aafaaf =′  Since R is f-invariant, we then have 

( ) ( )
( ) ( )

( )xxRuuRf
uufxx

′=
−∈′

,,
,, 1

∨  

( )aaR ,=  

.1=    Hence, ( )Rf  is fuzzy reflexive. 

By earlier result, we have ( )Rf  is a fuzzy difunctional relation on Y. 

Therefore, ( )Rf  is a fuzzy equivalence relation on Y. Due to Theorem 3.6 

and Theorem 3.7, we see that R is compatible. 

This completes the proof. 
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