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Abstract

Integrable coupling of the well-known Kaup Newell hierarchy is
obtained by constructing a higher loop algebra and using a relation of
direct sum between two subalgebras. As a reduction case, an integrable
coupling of a generalized MKdV equation is presented.

1. Introduction

Integrable couplings are an interesting aspect in the field of soliton
theory. A central and very important topic in the study of integrable
system is to search for integrable models as many as possible and such
that they be associated with certain evolution equations with physical
meaning. It originates from an investigation on centerless Virasoro
symmetry algebras of integrable systems or soliton equations [1]. Let

u = K(u) 1)
be a known integrable system. Then the following system
u;, = K(u)
v; = S(u, v)
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is called integrable coupling from (1), if (2) is also integrable, and
contains explicitly derivatives. The reference [3] consists of a theory for
constructing integrable coupling of soliton equations by using various
perturbations around solutions of perturbed soliton equations. Actually,
two approaches have been developed for searching integrable couplings
[1-4]: The common characteristics of above methods are that isospectral
problem gives rise to the integrable couplings for only one equation.
Recently, Tu [5] proposed a new method which is based on the analysis of
loop algebra. It is called as the Tu model. His key idea is to construct a
loop algebra. In this paper, a direct method is proposed by considering an
isospectral problem. Integrable couplings for the corresponding equation

hierarchy can be obtained by constructing a suitable loop algebra G. In
what follows, integrable coupling for Kaup Newell hierarchy will be
established by means of an example illustrating our method.

2. Integrable Coupling for Kaup Newell Hierarchy

Consider the basis of the loop algebra ;11 as follows:

h(n) = [731 _(;)JL ], e(n) = (8 Xg j, f(n) = (7?1 8)

[A(m), e(n)] = 2e(m + n), [h(m), f(n)] = = 2f(m + n), [e(m), f(n)] = h(m + n),

deg(h(n)) = deg(e(n)) = deg(f(n)) = n
and let

T
WYy :U\V’ 7‘15 :07W:(W1’ WZ) ’

U = — ih(2) + ge() + rf(1) = (‘;7;2 l’;gj

Then the Kaup Newell hierarchy is derived from it as

(q\ _ yrn-afir (0 0
=7 = iah =6 3

l[w-q@]qa —ro~Yro J

L =
2 —go'q¢  -io-qgotro

3
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Let the loop algebra G possess two subalgebras 51 and 52 which
satisfy the following:

C~?1 1s isomorphic to A~1 and

[Gy, Go] € Gy 4)

from which a corresponding isospectral problem is established and the
derived integrable equation hierarchy becomes integrable coupling for

Kaup Newell hierarchy. Set G to be a linear space with basis {e;, g, €3,

ey, e5}, where

1 0 0 0O 1 0 0O 0 O
e1=]0 -1 Oley=|0 0 Oleg=|1 0 0}
0 0 0 0O 0 O 0O 0 O
0O 0 1 0O 0 O
e, =|0 0 Oles=|0 0 1}
0O 0 O 0O 0 O
The commutation relations are defined as
[er, eg] = 2eq, [eg, e3] = — 2e3, [eg, e3] = ey, [e1, eq] = ey,

[e1, e5] = —e5, [eg, e4] = 0, [eg, e5] = ey,
les, es] = e5, [es, e5] =0, [eq, e5] = 0.
Put a = 2?:1 ae;, b= 2?:1 bie;, c = 2?:1 cie;, where q;, b, and c; are
constants (or functions). Then we have the Jacobi identity
la, [b, c]]+ [b, [c, all + [c, [a, b]] = 0.
Thus, G is a Lie algebra with basis
e;(n)=¢A\", i =1,2,3, 4,5
[e;(m), ej(n)] = [e;, ;]

deg(e;(n))=n,i=1,2,3,4,5
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which consists of loop algebra G. Let the subalgebras C~}1 and CN}Z of the
loop algebra G have for bases {e;(n), es(n), e3(n)} and {e,(n), es(n)},

respectively. It is easy to find that C~?1 and 52 satisfy (4).

Consider a linear problem as follows:
\Px = [U, lP], 7\.t = O,
)

‘Pt = [V, \P],

where ¥ = 2?:1 W.e;, W, is arbitrary, U = U(u, A)e G, V = V(u, M) e G,
u = (U, Ug, ..., Uy )T, A is a spectral parameter. Then the compatibility
condition in (5) reads as

Wy = [Ut’ \P] + [U’ \Pt] = [Ut7 \P]+ [U7 [V’ ‘P]]

=¥y = [Vx’ \P]"' [V’ \Px]
= [Vx’ ‘P]"_ [V’ [U’ lP]]’
[Ut’ \P] + [U’ [V7 ‘P]] - [Vx’ \P] - [V7 [U’ \P]] = 0.

In terms of Jacobi identity, the compatibility condition of (12) reduces

to the zero curvature equation

U -V, +[U,V]=0.
Consider the following isospectral problem

{(Px = [U’ (P], 7\')5 =0,

U = —ie)(2) + ugeq(1) + uges(1) + ugey (0) + uqes(0),

(6)

and set

V= (amer(= m)+ byes(= m) + cpes(- m)

m2>0

+ dpeq(= m)+ fnes(= m)).
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Solving the stationary zero curvature equation V, = [U, V], gives

rise to the recursion relations as follows:

Upy = UiCpy1 — Ugbyyy = _%(ulcrwlx + ugbp 1),
bpy = = 2ibpyo — 2u1Qy 41, Cpy = 2iCh 9 + 2U90y 4,
dpy = = idyy2 + Uifpi1 — U3y — Ugby, o
frx = Unso + Ugdy i1 — UsCy + UgQy,
bp =co=do=/fo=0,0a9 =1,
Agps1 = bop = Cop = dops1 = fors1 =0,k =0,1,2, ...
Denote
n
v = [aer(n—m)+b,eq(n—m)+c,es(n—m)
m=0
+deq (n—m)+ fpes(n —m))
v =y - v,
Then zero curvature equation can be written as
v+ U, vV = v —[U, vV, ®)

A direct calculation gives that the terms on the left-hand side in (8)
are of degree (deg)> 0, while the terms on the right-hand side are of

degree (deg) < 1. Therefore, both sides of (8) are of degrees 0 and 1. It is
easy to see that for V" = A"V), + A,, taking n = 2m, A, = 0, a direct

calculation provides that
— VIR +[U, V] = = by _1e(1) = can-1503(1) — donyes (0) = fonyes (0).
Thus, the zero curvature equation

U, -v® U, v®]=0 9)
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leads to the following Lax integrable system

U b2n—1x 0 0 0 0 b2n—1 b2n—1

2 Con-1x g 0 0 O0}]cep J Con-1 10)
U = = = = ,

Us dan 0 0 0 0 d2n d2n

Ug )y f2nx 0 0 0 0 f2n f2n

where o/ is the Hamiltonian operator.

From (7), a recurrence operator is given by

Ugd w0 -0 ugd lugd 0 0

L1 w0 1wy 0 o lugd +i0 0 0

2 usd uy 0 usd lugd 200 0
uy 0 luy 0 uy 0 Lugd 0 -2

Therefore (10) can be rewritten as

iu2

1|
w, = JLH (11)

lug

iLL4
Since the hierarchy (11) is derived from the zero-curvature equation (9),
it is integrable. From the comparison of the construction of </ and L with
that in (3), we find that (11) is integrable coupling for Kaup Newell

hierarchy (3). Of course, (11) is also a type of expanding integrable model
of (3).

In particular, taking n = 3, (8) and (10) lead to the reduction of (11)

as follows:
U b5y
u c
ut = z = o ’ (12)
us dex

Uy )y fo
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where

be = i 3 9 3 3
5x = _Zulxxx _Zulxu@ _ZululeZx - Zulu.‘zu’lxx
9 9 2 3 3
+§u1 UgUy +Zu1 UglUgy
o 3 9 3 3
Cox =~ Uowxx + 7 Yexla + 7 thxtox + 7 loloxy

9 9 2 3l 3
+§u2u1 Uy +Zu2u1u1x
de = _i 1 5
6x — — W3xxx — 1 U Uy U3 — UpxUsxU3 — ZuZuleQx

3 3 1
1 U UgxUzy — 1 UgUgUyxy — 9 U UUZxy

3t 9 3l 9 31 2 2
+ 4 Ytgxtiatis +Zu2u1xu1u3 + g UUalsy

. 1 3
fox = — Wagpy + 1 UgUp Uy + UppUoylly + 1 UgUyxUsgy

3 5 1
+ 7 Wlhoxxlly + 7 lloxUax + g Ulollsxy

3l 9 3
— UTUgulolUy +—

2 2
UTUQUY -
4 8 1%2%4x

i
+ z ululxu§u4 +

It is easy to find that (12) is reduced to the integrable coupling for the
generalized MKdV equation when vy = u, ug =1,

1 9 9 3 3 9
Uy ——Zuxxx+§u2ux—zuuxx—zu ,
. 5 3 1 i 3l 9 13
Ugp =~ Wgpey — 4 Unl3y — 7 Ullyy 5 Ullgey + 7 Uliglly + U U3y, (13)
. 1 3 1 31 3 9
Ugp = — Wypny +Zu4uxx + Zuxu4x + EUU4xx + Zuuxu4 +§u Uyy -
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