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Abstract

In this paper, we study the existence of almost automorphic solutions
for some neutral first-order functional integrodifferential equations

with S P -almost (Stepanov-like) automorphic coefficients.

1. Introduction

The concept of Stepanov-like almost automorphy was first introduced by
Casarino [3] and the historic development of automorphy was discussed by
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Xia and Fan [24]. N’Guerekata and Pankov [22] utilized S? -almost
automorphy to study the existence of weak almost automorphic solutions
to some parabolic evolution equations and Diagana and N’Guerekata [4]
studied the existence and uniqueness of almost automorphic solutions to the

semilinear differential equations
u'(t) = Au(t) + F(t, u(t)) for t € R, (D

where 4 : D(4) © X — X is a densely defined closed linear operator on a
Banach space X, which also is the infinitesimal generator of an exponentially

stable Cy -semigroup (7(¢));5p on X and F:Rx X — X is S, -almost

automorphic for p > 1 and jointly continuous.

In this paper, we investigate the existence and uniqueness of an almost
automorphic solutions to the neutral first-order functional integrodifferential

equations

s st [ st |

= Au(t) + g(t, u, I; h(s, u(s))dsj, Vt € R, ()

where u; : (—o0, 0]x X defined by u,(t) = u(z + t) belongs to some abstract

phase space B, which is defined axiomatically, and the coefficients f, g are

SP -almost automorphic for p > 1 and jointly continuous.

The application of our result will be utilized to study the existence of
almost automorphic solutions to a slightly modified integrodifferential
equation which was considered in Diagana et al. [9] in the pseudo almost

periodic case.

The existence of almost automorphic, almost periodic, asymptotically
almost periodic and pseudo almost periodic solutions is certainly one of the
most attractive topics in qualitative theory of differential equations due

to their significance and various applications. The concept of almost
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automorphy was first introduced by Bochner [1] and is a natural
generalization of almost periodicity. It has generated several developments
and extensions. For the recent developments, we refer the book by
N’Guerekata [20]. Recently, the authors [14, 18] studied the existence of
almost periodic and asymptotically almost periodic solutions to ordinary
neutral differential equations and abstract partial neutral differential
equations. The study of existence of almost automorphic solutions to
functional-differential equations with delay was initiated by [5, 10, 11, 16].
The applications of neutral differential equations arise in many areas of
applied mathematics. For this reason, those equations have been of a great

interest for several mathematicians during the past few decades.

This work is organized as follows: In Section 2, we recall some

definitions and notations come from [5] and also we obtain very general
results on the existence of S -almost automorphic solutions for neutral

functional integrodifferential equations. In Section 3, we obtain the existence

and uniqueness of S? -almost automorphic mild solutions for neutral
functional integrodifferential equations. Finally, in Section 4, an example is
provided.

2. Preliminaries

In this section, we introduce notations, definitions, lemmas and
preliminary facts which are used throughout this work. Most of these

definitions and notations come from [5].

Let (Z,|-|,). #,|-[,;) be Banach spaces. The notation L(Z, W)

stands for the Banach space of bounded linear operators from Z into W

equipped with its natural topology; in particular, this is simply denoted L(Z)
when Z = W. The spaces C(R, Z) and BC(R, Z) stand, respectively, for

the collection of all continuous functions from R into Z and the Banach space
of all bounded continuous functions from R into Z equipped with the sup

norm defined by
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£ 1, = sup[ f() ||
eR

t
We have similar definitions as above for both C(RxZ, W) and
BC(Rx Z,W).

In this paper, (X, ||-||) stands for a Banach space and the linear operator
A is the infinitesimal generator of a Cj-semigroup (7(s)),so, which is

asymptotically stable. There exists some constants M, & > 0 such that

| ()| < Me™, for every ¢ > 0.
Definition 2.1 (Bochner). A function f € C(R, X) is said to be almost
automorphic if for every sequence of real numbers (s},) acN there exists a

subsequence (s, ),y such that

g(l‘) =lim,_,,, f(t + Sn)

is well defined for each ¢ € R, and

lirnn—)oo g(t - Sn) = f(t)
for each ¢ € R.

Remark 2.2. The function g in Definition 2.1 is measurable, but not
necessarily continuous. Moreover, if g is continuous, then f is uniformly
continuous [21, Theorem 2.6]. If the convergence above is uniform in ¢ € R,

then f is almost periodic. Denote by A4A4(X) the collection of all almost
automorphic functions R — X. Note that 44(X) equipped with the sup
norm, |- | »» turns out to be a Banach space. Among other things, almost

automorphic functions satisfy the following properties.

Theorem 2.3 ([2], [19, Theorem 2.1.3)). If f, fi, f>» € AA(X), then

() fi + /2 € 44(X),

(il) A f € AA(X) for any scalar M,
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(iil) fy € AA(X), where fy : R — X isdefined by f, ()= f(-+a),

(iv) the range Ry ={f(¢):t € R} is relatively compact in X, thus f is
bounded in norm,

~v) if f, > f wuniformly on R, where each f, € AA(X), then
f e AA(X) too,

(vi) if g € L'(R), then f * g € AA(R), where f * g is the convolution
of fwith g on R.

For more on almost automorphic functions and related issues, we refer
the reader to the following books by N’Guerekata [19, 20].

We will denote by AA4,(X) the closed subspace of all functions
f € AA(X) with g € C(R, X). Equivalently, f/ € 4A4,(X) if and only if /
is almost automorphic and the convergence in Definition 2.1 is uniform on

compact intervals, i.e., in the Fréchet space C(R, X). Indeed, if f is almost

automorphic, then, by Theorem 2.1.3(iv) [19], its range is relatively compact.
Obviously, the following inclusions hold:
AP(X) ¢ AA4,(X) < AA(X) < BC(X),

where AP(X) stands for the collection of all X-valued almost periodic

functions.

Definition 2.4. The Bochner transform f°(z, s), t € R, s €[0,1] of a
function f : R > X is defined by

1 )= fle+).

Remark 2.5. Note that a function (¢, s), te€ R, se[0,1] is the

Bochner transform of a certain function f(¢),

(p(l‘, S) = fb(ta S)’
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if and only if o(t+ 71, s—1)=¢(s,?) for all te R, se€[0,1] and 1€
[s — 1, s].

Definition 2.6 [23]. Let p € [l, «). The space BS?(X) of all Stepanov
bounded functions, with the exponent p, consists of all measurable functions

fon R with values in X such that e I”(R, L”(0, 1; X)). This is a Banach

space with the norm

t+1 I/p
17 lsp =17 iy = son{ [ o) 17t
te

Definition 2.7 [22]. The space ASP(X) of Stepanov-like almost
automorphic functions (or S? -almost automorphic) consists of all f e

BSP(X) suchthat f” e AA(LP(0, 1; X)).

In other words, a function f e L (R; X) is said to be S? -almost

automorphic if its Bochner transform f b R IP (0, 1; X) is almost

automorphic in the sense that for every sequence of real numbers (s}, )n N>

there exists a subsequence (s, ),_, and a function g € L} (R; X) such that

U:H | /s, +5)—g(s)|? ds}l/p -0,

t+1

I/p
UI ||g(s—sn)—f(s)||pds} -0
as n — oo pointwise on R.

Remark 2.8. It is clear that if 1< p<g <o and f e L! (R; X) is

loc
S9 -almost automorphic, then f is S -almost automorphic. Also, if

f € AA(X), then fis S¥ -almost automorphic for any 1 < p < 0.
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It is also clear that f € AA4,(X) if and only if f b e 44(1(0, 1; X)).

Thus, A4, (X) can be considered as AS™(X).
Example 2.9 [22]. Let x = (x,),_, € [*(X) be an almost automorphic

sequence [21] and let gg e (O, %) Let f(t)=x, if te(n—¢gg, n+¢gp)

and f(t) = 0, otherwise. Then f € ASP(X) for p >1 but f ¢ AA(X), as

fis discontinuous.

Theorem 2.10 [22]. The following statements are equivalent:

(i) f e ASP(X);

(i) f* € A4, (LF (0, 1; X));
(iii) for every sequence (sy),_ of real numbers, there exists a

subsequence (s,) such that

g(t) =lim, o, f(t +s,) (3)
exists in the space L7 (R; X) and

f(t) = lim,, g(t - Sn) (4)

in the sense of Lt (R; X).

loc

In view of the above, the following inclusions hold:
AP(X) c AA4,(X) c AA(X) < ASP(X) < BSP(X).
Definition 2.11. A function F: Rx X x X — X, (t,u, v) = F(t, u, v)
with F(, u, v) e L (R; X) for each u, v e X is said to be S”-almost
automorphic in t € R uniformly in u, ve X if t - F(t,u,v) is S?-

almost automorphic for each u, v € X that is, for every sequence of real
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numbers (s,),_y. there exists a subsequence (s,),_, and a function

G(-, u,v) e L (R; X) such that

loc

t+1 I/p
U | F(s, + s, u, v)— G(s, u, v) ||pds} — 0,
t

t+1 I/p
U | G(s = s, u, v) = F(s, u, v) ||pds} -0
t
as n — oo pointwise on R for each u € X.
The collection of those S7 -almost automorphic functions F : R x X x
X — X will be denoted by AS?(Rx X x X, X).

The following theorem is the composition theorem which is a slight
generalization of [3, Theorem 2.15].

Theorem 2.12. Let F:RxZ —> W be a S?-almost automorphic.
Suppose that there exists a continuous function Lr : R — (0, o) satisfying

Lr =sup,cg Lp(t) < o and such that
| F(t, u) = F(t,v)|,, < Lp@)|u—-v]|, (%)

forall t e R, (u,v)e Z x Z.

If ¢ € ASP(Z), then T : R — W defined by I'(-) = F(-, ¢(-)) belongs
to ASP(W).
We will herein define the phase space B axiomatically, using ideas and

notions developed in [17]. More precisely, B will denote the vector space of

functions defined from (—co, 0] into X endowed with a seminorm ||- |, and

such that the following axioms hold:

(A)If u:(-o,6+a)—> X, a>0, ¢ R, is continuous on [c, G + a)

and us € B, then for every ¢ € [o, 6 + a), the following hold:
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(i) u, is in B;
(i) [ u(@) | < Hu, || g3
(iii) || u; ||z < K(t = o)sup{|u(s)|: 6 < s <t} + M(t - 0)| ug | 5

where H > 0 is a constant; K, M : [0, o) — [l, o), K is continuous, M is

locally bounded and H, K, M are independent of u(-).

(B) For the function u(-) appearing in (A), its corresponding history

t — u, is continuous from [c, © + a) into B.
(C) The space B is complete.

(D) If (v;),cy is a uniformly bounded sequence in C((—c0, 0], X)

given by functions with compact support and v,, - ¢ the compact-open

topology, then v € B and || v, —v|z — 0 as n — oo
In what follows, we let By = {v € B : v(0) = 0}.

Definition 2.13. Let S(¢): B — B be the C,-semigroup defined by
S(¢)v(0) = v(8) on [, 0] and S(¢)v(0) = v(t + 0) on (—oo, —t]. The phase
space B is called a fading memory if | S(t)v|z — 0 as ¢ — o for every
v € By. Now, B is called uniform fading memory whenever | S(t)| L(By)
—> 0 as t > o,

Remark 2.14 (See [16, Proposition 7.1.1]). In this paper, we suppose
Q >0 is such that |v|; < Qsupge|v(8)| for each v e B bounded
continuous. Moreover, if B is a fading memory, then we assume that

max{K(¢), M(t)} < Q' for ¢ > 0.

Remark 2.15. It is worth mentioning that in [16, p. 190], it is shown that
the phase B is a uniform fading memory space if and only if axiom (D) holds,
the function K(-) is then bounded and lim,_,,, M(¢) = 0.
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Example 2.16 (The phase space C, x LP(p, X)).Let r >0, 1< p <
and let p: (-, =] - R be a nonnegative measurable function which
satisfies the conditions [16, (g5)-(g¢)]. Basically, this means that p is

locally integrable and there exists a nonnegative locally bounded function
y on (—oo, 0] such that p(§+0)<y(€)p(0) for all £<0 with 0 ¢

(=0, =r)/ Ng, where Ng < (-0, —r) is a subset whose Lebesgue measure

is zero. The space B = C, x LP(p, X) consists of all classes of functions
@: (-0, 0] > X such that ¢ is continuous on [-7, 0], Lebesgue-
measurable, and p| ¢ ||” is Lebesgue integrable on (—o0, —r). The seminorm

in C, x LP(p, X) is defined as follows:

_r I/p
ol = sl (o)1 0.2 0+ [ p@)l o))

The space B = C, x LP(p, X) satisfies axioms (A), (B) and (C). Moreover,

when =0 and p =2, one can then take H =1, M(t)= y(—t)l/2 and
0 1/2
K@t)=1+ U—t p(G)dG) for ¢t > 0 (see [16, Theorem 1.3.8] for details).

It is worth mentioning that if the conditions [16, (g5)-(g7)]. hold, then

B is a uniform fading memory.

3. Existence of Almost Automorphic Solutions
This section is devoted to the search of an almost automorphic solution
to the neutral functional integrodifferential equation (2).

Definition 3.1. A continuous function u :[c,c+a)—> X for a >0

is said to be a mild solution to the neutral functional integrodifferential

equation (2) on [, 6 + a) whenever the function

5 o> AT() s [ (1)
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is integrable [o, ¢) forevery 6 < ¢ < 6 + a, and

u(t) = T(t — 0)(0(0) + £(5, ¢)) - f(t, e [ s () de
[ a0 [ g ey u(y))dyjds

+ I; T(t - S)g[s, Uug, J.(: h(y, u(y))dy}ds, t €lo, o +a).

Let p>1 and ¢ =1 be such that %+é =1. From now on, let

(Y,]-[ly) denote a Banach space continuously embedded into X and we

make the following assumptions:

(Hp) The function s — AT (¢ — s) defined from (—o0, ¢) into L(Y, X)

is strongly measurable and there exist a non-increasing function H : [0, o)

— [0, ) and v > 0 with s > e ¥ H(s) e L'[0, )N L]0, o) such that
” AT(S)”L(Y,X) < e_ySH(S), s>0
and T(¢) is asymptotically stable.

(H,) The function f, g € ASP(Rx X x X, X), fis Y-valued, f : R x
X xX —7Y is continuous and there is a constant L, € (0, 1) and a
continuous function L, : R — (0, ») satisfying L, = sup,cp Lq(#) < % and

such that
" f(t: X1 yl) - f(t’ X2, y2)”Y = Lf[” X — X2 ” + " 1= X2 ”]’

et xi, ») = g(t, 2, ) Iy < LgO[| 1 —x2 [+ 31 =32 [, £ e R

foreach x;, y; € X, i =1, 2.
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(H3) The function /#: Rx X — X is an almost automorphic function

in ¢t uniformly in x € X and satisfies
| Az, x) = h(z, y)|| < Ly| x = y||, foreach x, y € X.

Remark 3.2. Note that the assumption on fand (H;) are linked to the
integrability of the function s — ST(¢ — s) f(s, ug) over [0, ¢). Observe, for
instance, that except trivial cases, the operator function s — AT(s) is not

integrable over [0, a]. If we assume that AT(-) e L'([0, ¢]), then from the

relation
t t
T(t)x—x = AJO T(s)ds = JO AT(s)ds,

it follows that the semigroup is uniformly continuous and as a consequence
that 4 is a bounded linear operator on X, which is not interesting, especially

for applications. On the other hand, if we assume that (H;) is valid, then

from the Bochner’s criterion for integrable functions and the estimate

7= [ it e |

< H(s)e_Y(t_S)

b

Y

s J, e

it follows that the function s — AT(r — S)f(S, ug, J.(j h(y, u(y))dy) is
integrable over (—oo, ¢) for each ¢ > 0.

Lemma 3.3 [5]. Let u = AA,(X) c ASP(X). Then the function t — u,
belongs to AA,(B) = AS?(B).

: !
Proof. For a given sequence (s},) qen Of real numbers, fix a subsequence

(5n),en Of (s),cy and a function v e BC(R, X) such that u(s +s,)
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— v(s) uniformly on compact subsets of R. Since B satisfies axiom C,,

from [17, Proposition 7.1.1], we infer that u;,; — vy in B for each s € R.

Let Q = R be an arbitrary compact and let L > 0 such that Q < [-L, L].
For € > 0, fix Ng 1 € N such that

[u(s +s,)—v(s)|<e, sel-L,L]
lu_pes, —vor <
whenever n > Ne 1
In view of the above, for 1 € Q and n > N, 1, we get
I Utrs, ~Vt g < M(L+1)] ULts, ~V-L I

+K(L+t) sup [u(®+s,)—v(0)]
0e[-L, L]

<20,
where Q' is the constant appearing in Remark 2.14.

In view of the above, u;,; converges to v, uniformly on Q. Similarly,
one can prove that v, ~converges to u, uniformly on Q. Thus, the function
s —> ug belongs to A4.(B).

Lemma 3.4. Under assumption (H;), define the function ¢, for

ue ASP(Y), by
t
o) = J. AT(t = s)u(s)ds
foreach t € R and suppose
X en I/q
h = “MHA(F) dr | < o,
g ;Uﬂ_le (r) r} 0

Then ¢ € AA(X).
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Remark 3.5. Note that there are several functions A for which the

assumption hc}/’H < oo appearing in Lemma 3.4. is achieved. For instance
when Hy(s) = ¢ P forall B > 0, then hg’HO < o,

Proof of Lemma 3.4. Define for all n =1, 2, 3, ..., the sequence of

integral operators
n
$,() = I AT (s)u(t — s)ds, for each ¢ € R.
n-1

Now, let » =t — s, dr = —ds.

To find the limits of »: when s=n-1, r=¢t-n+1, and s =n,

r=t-—n.

It follows that

o,() = I:—l AT(s)u(t — s)ds
= j:::ﬂ AT(t = r)u(r)(=dr)
= _.[:—_nn+1 AT(t - r)u(r)dr

t—-n+l
= J. AT(t — r)u(r)dr, forall t € R.
t-n
From the Bochner’s criterion on integrable functions and the estimate
| AT = r)u() | <1 AT = )|y, x) 1)y

< e_Y(t_r)H(t —r)| u(r) ||Y, (6)

it follows that the function s — AT(¢ — r)u(r) is integrable over (—oo, ¢)

for each ¢ € R, by assumption (H).
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Using Holder’s inequality, it follows that

t—n+l
loa =] [ AT(t=rulr)dr

—n

ct—n+l

IA

1 AT = r) [ u(r) | ar

IA

cr—n+l
[0 AT6 =) Ly o)y

t—n+l 1/q t—n+l 1/q
< [L_n e =) ga (t- r)dr) . U‘t—n [ u(r) ||)lf drj
t—n+l l/q
< [L_n e =) pra (t- r)drj lu|gp

< [ [7 e (r)(dr)j/qll ulgp.

I/q
Using the assumption hg’H = Z:lozl ( I :_1 e H@(,,)(dr)j < oo, we then

deduce from the well-known Weierstrass theorem that series Z;OZO 0, () is
uniformly convergent on R. Furthermore,

n+l

0() = D 6u(0), ¢ € C(R, Y) and

o) =

D o)
n=1

E Z:;II MOl
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X I/q
SZ_;U 13“1Y5Hq(s)ds] lu|gr

n—

< h}l"H”u |g», foreach ¢ € R.

The next step consists of showing that ¢,,(¢) € 44(X). Indeed, let (s,),, .y

be a sequence of real numbers. Since u € AS?(Y), there exist a subsequence

(Smy Jken Of (5),,cy and a function v € ASP(Y) such that

141 I/p
Uf | u(sy, +0)=v(o) ||§7d(5} — 0 as k > oo

Define

0= [ " ATV - )

Here we use

0, (1) = j:—l AT (s)u(t — s)ds and
O + 5y ) = J.:_l AT(E)u(t + s, — E)E,

wal)= [ AT@W - B

Here 1 =1 +35,, and s =&

Then using the Holder’s inequality, we get

" ¢n(t + Smk)_ \Vn(t) ”

) H j:—1 ATE)ult + sy, _é)d&,_J‘n

AT - 2)ee
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<" 1AT@ I ule + 5, —8) = vle -8 e

<[ EHE 5, -8 == ) Iy

1/q

U L q(i)d‘ij U R R R L d&jl/p

IA

n I/p
S Nl sm ~2) ot D) |

1/q
where gg’H = sup,,“:_1 e_qyqu(S)dS:' < o0, as h;/’H < o0, Obviously,

| 0t + Sy, ) =W (t) | = 0 as k — oo,

Similarly, we can prove

” \Vn([ + Smk)_ ¢n([) ”

|7 AT@e+ sy, —0)de— [ ATE)ulr -2 H

IA

[ NAT@I e + 5, ~8) = ule =)

IA

CEHE 0+ 5 ~E) = ult =) |y

/p

I, e‘qﬂm@)dajl/q[ [7 I+ 50 -0 -ut-2) ||f;daj1

IA

n I/p
S 7 10t 9 -ule- D)1
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Obviously,

| Wt + S ) = 0(0) | = 0 as k — oo

Therefore, each ¢,(¢) € A4(X) for each n and hence their uniform limit
d € AA(X), by using [19, Theorem 2.1.10].

Lemma 3.6. If u € ASP(X) and if E is the function defined by
t
2(1) = j T(t - s)u(s)ds
—00

foreach t € R, then = € AA(X).

Proof. Define the sequence of operators
n
=,(¢) = j T(s)u(t — s)ds for each ¢ < R.
ne
Let r=t—5s, dr=—ds whens=n-1, r=t—-n+land s=n, r=t—n,

=0 = [ Tt (-dr)

t—n+l
= I T(¢t — r)u(r)dr foreach t € R.
t—n

From the asymptotic stability of 7'(z), it follows that the function s —

T(t — r)u(r) is integrable over (—oo, t) for each ¢ € R. Furthermore, using

the Holder’s inequality, it follows that

Iz201=| [ 1=ty

—n+1
<[ () ar
t—n
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t—n+l 1/q
SMU n e_q6(t_r)d”j ugr

t—n

n 1/q
I e‘qSSdsj lulgr

—gds " Y
e
P

e—an e—qB(n—l) 1/q
. } e

—q0 qd

q eq8 _1 o0 —dn

< oo, we deduce from the well-known

Weierstrass theorem that the series 220:1 =,(¢) is uniformly convergent on

R. Furthermore,

e}
E(t)= Y B,(t), EeC(R,Y), and

n=l1

EQIEDNENG]
n=l

o, M
<kg T lulse,

eq8 -1
qo

where kg”M =M1 Zzozl ¢ > 0 is a constant, which depends on

the parameters ¢, 6 and M only.
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The next step consists of showing that =,(z) € A4(X). Indeed, let

(Sm)en be a sequence of real numbers. Since u € AS¥(X), there exists a

subsequence (s,,, )iy Of (s37),,cy and a function v e ASP(X) such that

t+1 I/p
U I u(sp, +0)—v(c) ||pdcs} — 0 as k — oo,
t

Define

0,0 =[" TEM -tz

Then using the Holder’s inequality, we get

1220+ 5m) = 040 = | [ T+ 50 -0 0 - 2|
Y e T R

n l/p
< MS’MUH_I |t + s, = &)=t =€) ”pd‘%} ’

e® 1

5, M
h M= Mg
whnere mq qs

. Obviously,

I, + 5, ) = Q2u(0) | > 0 as k — .

Similarly, we can prove that

€2, (¢ + 5, ) = En(@) | > 0 as k — oo.

Therefore, each E, € AA(X) for each n and hence their uniform limit

E(t) € AA(X), by using [19, Theorem 2.1.10].
Definition 3.7. A function u € 44(X) is a mild solution to the neutral

system (2) provided that the function s — AT (¢t —s) f (s, ug, jé h(s, u(s)) ds)
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is integrable on (—o0, ¢) for each 7€ R and

u(t) =~ f[t, u, | 0 H(z, u(t))dtj
B J'_too AT(t - s)f(s, u;, jot (s, u(s))dsjds

. J._too (0 - s)g(S, g, I; h(s, u(s))dSst

for each 7 € R.

Theorem 3.8. Under previous assumptions and if (Hy)-(H3) hold, then

there exists a unique almost automorphic solution to (2) whenever

C = {Lf(l + LyH) + Ly sup jt e IH (- 5) (1 + L,H)ds
teR®~®

+ M sup .[ t e IL (s)(1+ LhH)ds}Q <1
teR®~®

whenever Q is the constant appearing in Remark 2.14.

Proof. In AS?(X), define the operator T': AS”(X) — C(R, X) by

setting

Tu(t) = - f(t, u,, IO h, u(t))dtj

" ar-s) f(s, u,, j; (s, u(s))dsts

—0

t t
+ I T(t - s)g(s, ug, JO h(s, u(s))ds) ds, for each ¢t € R
—00

since T'u 1s well-defined and continuous. Moreover, from Lemmas 3.3, 3.4

and 3.6, we infer that I’ maps AS”(X) into AA4(X). In particular, I maps

AA(X) < ASP(X) into AA(X). Next we prove that T is a strict contraction
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on AA(X). Indeed, if Q is the constant appearing in Remark 2.14 for
u, ve AA(X), then we get

| Tu() = Tv() |
_ H —f[z, s | O (t, u(t))dtj - j_tw AT(t - 5) f(s, s, | ; (s, u(S))dsde
+ :_too T(t - S)g(S, ug, I; h(s, u(s))dsj ds + f(t, v, J' Os h(t, v(t))dtJ

+ :too AT(t —S)f[s, Vs, J.(z h(s, V(S))dSst

_ .~_foo T(t - s)g(s, Vg, I; h(s, V(S))dS]ds

f (z‘, Vi I; h(t, v(t))dt] -f (z‘, u, j ; h(z, u(t))dtj

[0 are-s)

<

‘f (s, v | ; (s, v(s))dsjds

- f(s, s, | 0’ (s, u(s))dsj ds

[ -9 ds

g(s, s, | ; (s, u(s))dsjds - g(s, v | ; (s, v(s))dsj

< Lyl v, —u || + Ly v(t) = u(@)]]

w1 e = )L vy - |+ 2] o) - u(s) | Jds

[ ML) g~y 1+ Ly 5) () s

= Lf” u — v | g +LthH” u = v ||g
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t
+J‘ ey - Lplus = vg g + LyLpH| ug = vg ||g1ds
L §(t-s)
e[ NIy vy g+ HLylu = vy s

t
< Lf{l + HLj, + fu}g J.—oo e R (e - 5)[1 + LhH]ds}Q" u—vl,
S

t
+ {M supJ. e_é(t_s)Lg(s)[l + HLh]ds} Olu-v]|,
teR® ~®
< clu-vl,.
The assertion is now a consequence of the classical Banach fixed-point
principle.

4. Example

In this section, we provide with an example to illustrate our main result.
We study the existence of almost automorphic solutions to a nonautonomous
integrodifferential equation which was considered in Diagana et al. [9] in the

pseudo almost periodic case. Consider

%[(P(t, x) + J _’OO J‘Ofr b(t — s, m, x)o(s, n)dnds}

2
B ;—Z(P(t, x) + Veolt, x) + J._too ay(t = 5)¢(s, x)ds + ay (¢, x), (7)
¢(t, 0) = ¢(t, 1) = 0, ®)

forte R and x e I =0, n].

It is worth mentioning that systems of the type (7)-(8) arise in control
systems described by abstract retarded functional differential equations with

feedback control governed by proportional integrodifferential law [12].
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The existence and qualitative properties of the solutions to (7)-(8)
was recently described in [12, 13] for the existence and regularity of mild
solutions, [12] for the existence of periodic solutions, [14] for the existence
of almost periodic and asymptotically almost periodic solutions, [9] for
pseudo almost periodic solutions, and [5] for the existence of almost
automorphic solutions. For similar works, we refer the reader to Hernandez
[13] and Diagana and N’Guerekata [7, 8].

To establish the existence of almost automorphic solutions to equations
(7)-(8), we need to introduce the required technical tools.

Let X = I°[0, n] and B = Cy x L*(p, X) (see Example 2.16). Define

the linear operator by
2 " 2
D(4) = {p € L7[0, n]: ¢" € L7[0, =], 9(0) = o(m) = 0},
Ap = ¢" + Vo forall ¢ € D(A),
where V' is a constant satisfying V' < 1.

The operator A is the infinitesimal generator of an analytic semigroup

(T(1));50 on L12[0, 7] satisfying

[T(s)| < e 1773 for every s > 0,
For the rest of the paper, we assume that the following conditions hold:
ai
(i) The functions b(-), —, b(t,n, ) for i=1,2, are Lebesgue
G

measurable, b(t, , ©) =0, b(t, 1, 0) = 0 forevery (1, n), and

ne0 pnf Al 2
Ly = max{jo I_OO -[0 (:—CZ b(t, m, Q)J dndtdC; i =0, 1, 2} < o0,

(i) The functions a;, a,, b are continuous, S¥ -almost automorphic and

0o 2 1/2
L, = U_w lpgef) dej < oo,
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Additionally, we define the operators f, g : B — I*[0, nt] by setting

0 i
)@= [ [ b x)wls, nydnds, ©

0

gt ) = [ as)wls, x)ds + a(r, x). (10)

which enable us to transform the system (7)-(8) into an equation of the
form (2). Obviously, f, g are continuous. Moreover, using a straightforward
estimation, which can be obtained with the help of both (i) and (ii), it is then
easy to see that f has values in ¥ = (D(4), |-|,), where the norm |- |, is

defined by: ||, = A¢| for each @ € D(A4). Furthermore, fis a Y-valued
bounded linear operator with || /|| L(8.y) S Ly Note also that g is Lipschitz
with respect to the second variable y whose Lipschitz constant is L.
The next result is a direct consequence of Theorem 3.8.

Theorem 4.1. Under the previous assumptions, the system (7)-(8) has a

unique almost automorphic solution whenever

Q[Lf(l + l—lV)+Lg} <1.
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