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Abstract 

In this paper, we derive necessary and sufficient conditions for the 
solvability to the systems of matrix equations and matrix inequalities 
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1. Introduction 

In recent years, some optimization problems on ranks and inertias of 
Hermitian matrix expressions have attracted much attention from both 
theoretical and practical points of view. Chu et al. [2] and Liu and Tian [4] 
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derived the maximal and minimal ranks and inertias of 

( ) ( ) ,∗−−= BXCBXCAXg  (1.1) 

Chu et al. [2] and Liu and Tian [5] provided the maximal and minimal ranks 
and inertias of 

( ) ., ∗∗ −−= CYCBXBAYXh  (1.2) 

Tian [7] presented the maximal and minimal inertias of the Hermitian matrix 
expression 

( ) ....,, 1111
∗∗ −−−= kkkkk BXBBXBAXXf  (1.3) 

Chen [1] derived the maximal rank of (1.3). 

Our goal of this paper is to give some necessary and sufficient conditions 
for the solvability to the systems of matrix equations and matrix inequalities 

( ) .,,,,, 332211
∗∗∗ ++≤≥<>=== DZDCYCBXBABZABYABXA  

In order to do it, we need to derive the maximal rank and extremal inertias of 
the Hermitian matrix expression of 

( ) ,,, ∗∗∗ −−−= DZDCYCBXBAZYXf  (1.4) 

where X, Y and Z are Hermitian solutions of the matrix equations 

.,, 332211 BZABYABXA ===  (1.5) 

Throughout this paper, we denote the complex number field by .C  The 

notations nm×C  and mm
h
×C  stand for the sets of all nm ×  complex matrices 

and all mm ×  complex Hermitian matrices, respectively. The identity matrix 
with an appropriate size is denoted by I. For a complex matrix A, the symbols 
∗A  and ( )Ar  stand for the conjugate transpose and the rank of A, 

respectively. The Moore-Penrose inverse of ,nmA ×∈ C  denoted by ,†A  is 
defined to be the unique solution X to the following four matrix equations: 

(1) ,AAXA =  (2) ,XXAX =  (3) ( ) AXAX =∗  and (4) ( ) .XAXA =∗  
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Furthermore, AL  and AR  stand for the two projectors AAILA
†−=  and 

†AAIRA −=  induced by A, respectively. It is known that ∗= AA LL  and 

.∗= AA RR  For ,mm
hA ×∈ C  its inertia 

( ) ( ) ( ) ( )( ),,, 0 AiAiAiAn −+=I  

is the triple consisting of the numbers of the positive, negative and zero 
eigenvalues of A, counted with multiplicities, respectively. The two numbers 
( )Ai+  and ( )Ai−  are usually called the positive and negative signatures, 

respectively. It is easy to see that ( ) ( ) ( ).ArAiAi =+ −+  

2. Preliminaries 

In this section, we give some lemmas which are used in this paper. 

Lemma 2.1 [6]. Let ,nmA ×∈ C  ,kmB ×∈ C  ,nlC ×∈ C  ,pmD ×∈ C  
kmnq QE ×× ∈∈ 1, CC  and 1nlP ×∈ C  be given. Then 

(1) ( ) ( ) ( ) ( ) [ ].BArARrBrBRrAr BA =+=+  

(2) ( ) ( ) ( ) ( ) .⎥⎦
⎤

⎢⎣
⎡=+=+
C
A

rALrCrCLrAr CA  

(3) ( ) ( ) ( ) .
0⎥⎦
⎤

⎢⎣
⎡=++
C

BA
rALRrCrBr CB  

Lemma 2.2 [3]. The matrix equation BAX =  has a Hermitian solution 

if and only if [ ] ( )ArBAr =,  and .∗∗ = BAAB  In this case, the general 

Hermitian solution can be expressed as 

( ) ,AAWLLABAABABAX +−+= ∗ ††††  (2.1) 

where ∗= WW  is arbitrary. 

Lemma 2.3 [1]. Let CBAA ,,∗=  and D be given. Then 

[ ] [ ].,,,max
,,

DCBArDZDCYCBXBAr
ZZYYXX

=−−− ∗∗∗

=== ∗∗∗
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Lemma 2.4 [7]. Let CBAA ,,∗=  and D be given, and denote 

.

000
000
000

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

∗

∗

∗

D
C
B

DCBA

M  

Then 

[ ] ( ),max
,,

MiDZDCYCBXBAi
ZZYYXX

±
∗∗∗

±
===

=−−−
∗∗∗

 

[ ] [ ] ( ).,,,min
,,

MiDCBArDZDCYCBXBAi
ZZYYXX

∓−=−−− ∗∗∗
±

=== ∗∗∗
 

3. Maximal Rank of (1.4) Subject to (1.5) 

Our goal of this section is to derive the maximal rank of (1.4) subject to 
(1.5). For convenience of representation, we adopt the following notation: 

{ } { },, 222111 BYAYYJBXAXXJ =|===|== ∗∗  

{ }.333 BZAZZJ =|== ∗  

Theorem 3.1. Let ii BADCBAA ,,,,,∗=  ( )3,2,1=i  be given. 

Assume that the matrix equations in (1.5) are consistent, respectively. Then 
the maximal rank of (1.4) subject to (1.5) is 

( )[ ]

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

∗

∗

∗

∈∈∈

33

22

11

,,

00

00

00
,,max

321

ADC

ACC

ABC

DCBA

rZYXfr
JZJYJX

 

( ) ( ) ( ).321 ArArAr −−−  
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Proof. It follows from Lemma 2.2 that the general Hermitian solutions to 
the matrix equations in (1.5) can be expressed as 

,,, 332211 302010 AAAAAA LWLZZLWLYYLWLXX +=+=+=  (3.1) 

where 00, YX  and 0Z  are special solutions, and 321 ,, WWW  are arbitrary 

Hermitian matrices. Then 

( ) ,ˆ,, 332211 321
∗∗∗ −−−= DLWDLCLWCLBLWBLAZYXf AAAAAA  (3.2) 

where .ˆ
000

∗∗∗ −−−= DDZCCYBBXAA  Applying Lemma 2.3 to (3.2) 

yields 

( )[ ] [ ].,,,ˆ,,max 321
321 ,,

AAA
JZJYJX

DLCLBLArZYXfr =
∈∈∈

 

Using Lemma 2.1 and ,000 ADDZCCYBBX =++ ∗∗∗  we have 

[ ]321 ,,,ˆ
AAA DLCLBLAr  

( ) ( ) ( )321

3

2

1

000
000
000

ˆ

ArArAr

A
A

A
DCBA

r −−−

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=  

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡ −−−

=

∗∗∗

3

2

1

000

000
000
000

A
A

A
DCBDDZCCYBBXA

r  

( ) ( ) ( )321 ArArAr −−−  

( ) ( ) ( ).

00
00
00

321

33

22

11 ArArAr

ADC
ACC

ABC
DCBA

r −−−

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

∗

∗

∗
 � 
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4. Maximal and Minimal Inertias of (1.4) Subject to (1.5) 

We, in this section, consider the maximal and minimal inertias of (1.4) 
subject to (1.5). 

Theorem 4.1. Let ii BADCBAA ,,,,,∗=  ( )3,2,1=i  be given. 

Assume that the matrix equations in (1.5) are consistent, respectively. Denote 

.

000002
1

000002
1
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1

00000

00000

00000
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1
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1

33

22
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⎦

⎤
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⎢
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⎢
⎢
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⎢
⎢
⎢
⎢

⎣

⎡

=

∗

∗

∗

∗∗

∗∗

∗∗

∗∗∗

ADC

ACC

ABC

AD

AC

AB

DCCCBCDCBA

N  

Then the maximal and minimal inertias of (1.4) subject to (1.5) are 

( )[ ] ( ) ( ) ( ) ( ),,,max 321
,, 321

ArArArNiZYXfi
JZJYJX

−−−= ±±
∈∈∈

 

( )[ ] ( ).

00

00

00
,,min

33

22

11

,, 321
Ni

ADC

ACC

ABC

DCBA

rZYXfi
JZJYJX

∓−

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

∗

∗

∗

±
∈∈∈

 

Proof. It follows from Theorem 3.1 that 

( ) ,ˆ,, 332211 321
∗∗∗ −−−= DLWDLCLWCLBLWBLAZYXf AAAAAA  (4.1) 

where  

.ˆ
000

∗∗∗ −−−= DDZCCYBBXAA  
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Applying Lemma 2.4 to (4.1) yields 

( )[ ] ( ),,,max
321 ,,

MiZYXfi
JZJYJX

±±
∈∈∈

=  

( )[ ] [ ] ( ),,,,ˆ,,min 321
321 ,,

MiDLCLBLArZYXfi AAA
JZJYJX

∓−=±
∈∈∈

 

where 

,ˆ
000

∗∗∗ −−−= DDZCCYBBXAA  

.

000

000

000

ˆ

3

2

1

321
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⎦
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∗

∗
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M
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Using ,000 ADDZCCYBBX =++ ∗∗∗  we have 

( )

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
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∗
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000
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3

2

1

321
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CL
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A

A
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∓∓  

( ) ( ) ( )321

3
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3

2

1
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡ −−−

= ∗∗

∗∗

∗∗

∗∗∗

±
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AD
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   ( ) ( ) ( )321 ArArAr −−−  

⎥
⎥
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⎦

⎤
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   ( ) ( ) ( ).321 ArArAr −−−  � 

5. Solvability to Some Systems of Matrix Equations and 
Matrix Inequalities 

Theorem 5.1. Let ( ),3,2,1,,,,, =∈ × iBADCBA ii
mm

hC  N be as in 

Theorem 4.1. Assume that the matrix equations in (1.5) are consistent, 
respectively. Then: 

(a) There exist 321 ,, JZJYJX ∈∈∈  such that ∗∗ +> CYCBXBA  
∗+ DZD  if and only if ( ) ( ) ( ) ( ) .321 mArArArNi =−−−+  

(b) There exist 321 ,, JZJYJX ∈∈∈  such that ∗∗ +< CYCBXBA  
∗+ DZD  if and only if ( ) ( ) ( ) ( ) .321 mArArArNi =−−−−  
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(c) There exist 321 ,, JZJYJX ∈∈∈  such that ∗∗ +≥ CYCBXBA  
∗+ DZD  if and only if 

( ).

00
00
00

33

22

11 Ni

ADC
ACC

ABC
DCBA

r +

∗

∗

∗
=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

 

(d) There exist 321 ,, JZJYJX ∈∈∈  such that ∗∗ +≤ CYCBXBA  
∗+ DZD  if and only if 

( ).

00
00
00

33

22

11 Ni

ADC
ACC

ABC
DCBA

r −

∗

∗

∗
=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

 

(e) ∗∗∗ ++> DZDCYCBXBA  holds for any 321 ,, JZJYJX ∈∈∈  
if and only if 

( ) .

00
00
00

33

22

11 mNi

ADC
ACC

ABC
DCBA

r +=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

∗

∗

∗
 

(f) ∗∗∗ ++< DZDCYCBXBA  holds for any 321 ,, JZJYJX ∈∈∈  
if and only if 

( ) .

00
00
00

33

22

11 mNi

ADC
ACC

ABC
DCBA

r +=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

+

∗

∗

∗
 

(g) ∗∗∗ ++≥ DZDCYCBXBA  holds for any 321 ,, JZJYJX ∈∈∈  
if and only if ( ) ( ) ( ) ( ).321 ArArArNi ++=−  

(h) ∗∗∗ ++≤ DZDCYCBXBA  holds for any 321 ,, JZJYJX ∈∈∈  
if and only if ( ) ( ) ( ) ( ).321 ArArArNi ++=+  
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6. Conclusion 

We have derived the maximal rank of the Hermitian matrix expression 
(1.4) subject to (1.5). We also have presented the maximal and minimal 
inertias of the Hermitian matrix expression (1.4) subject to (1.5). We have 
presented necessary and sufficient conditions for the solvability to the 
systems of matrix equations and matrix inequalities 

,,,, 332211
∗∗∗ ++>=== DZDCYCBXBABZABYABXA  

,,,, 332211
∗∗∗ ++<=== DZDCYCBXBABZABYABXA  

,,,, 332211
∗∗∗ ++≥=== DZDCYCBXBABZABYABXA  

.,,, 332211
∗∗∗ ++≤=== DZDCYCBXBABZABYABXA  
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