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Abstract

In this paper, the exponential stability with guaranteed domain of
attraction (DA) is studied for a class of uncertain Takagi-Sugeno (T-S)
fuzzy time-varying systems. Based on the time-domain approach, a
simple criterion is derived to guarantee the exponential stability of
such systems. An estimate of the exponential decay rate of such stable
systems is also presented. Besides, we will provide a simple way to
calculate the guaranteed DA by finding the unique positive root of a
polynomial equation. Finally, numerical simulations are provided to
illustrate the feasibility and effectiveness of the obtained result.

l. Introduction

In recent years, fuzzy systems have attracted much interest and have
been widely studied. This is due to theoretical interests as well as to a
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powerful tool for system analysis and practical control design. In particular,
T-S fuzzy system models frequently appear in various engineering systems

and these models can be viewed as complex nonlinear systems.

During the past several years, the stability analysis and control design of
T-S fuzzy systems have been an active area of research and have been
extensively discussed; see, for instance, [1-2, 4-6, 8-22], and the references
cited therein. Over the past decades, various techniques have been reported in
robust stability analysis and control design of T-S fuzzy system, such as LMI
approach, Lyapunov-based methodology, frequency-domain approach, time-
domain approach, and others. Many important results in discrete-time T-S
systems have been presented. In [19], the problems of stability analysis
and stabilization for a class of discrete-time T-S fuzzy systems have been
investigated. Based on a novel fuzzy Lyapunov-Krasovskii functional
method, a delay partitioning method has been developed for the delay-
dependent stability analysis of discrete-time fuzzy time-varying systems. In
[4], the stability analysis and stabilization for a class of discrete-time T-S
fuzzy systems has been studied. By defining a new fuzzy Lyapunov
functions and by making use of novel techniques, a delay-dependent stability
condition has been established in terms of LMIs, which is dependent on the
lower and upper delay bounds. Besides, a new method has been developed in
[22] to test stability of discrete-time fuzzy large-scale systems based on
piecewise quadratic Lyapunov functions.

It is well known that both exponential stability criterion and guaranteed
DA are of importance in checking the stability of closed-loop control
systems. Meanwhile, in practical uncertain discrete-time T-S fuzzy time-
varying systems, all of searching the exponential stability criterion,
estimation of guaranteed DA, and calculation of the exponential decay
rate are not easy tasks. This motivated us to investigate such problems
simultaneously for a class of uncertain T-S fuzzy systems. In this paper, the
robust stability with guaranteed DA for a class of uncertain discrete-time T-S
fuzzy time-varying systems will be investigated. Based on the time-domain
approach, a simple criterion will be derived to guarantee the exponential
stability of such systems. An estimate of the exponential decay rate of such
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stable systems is also presented. Furthermore, a simple way will be provided
to calculate the guaranteed DA. Finally, a numerical example is provided to
illustrate the use of the main result.

This paper is organized as follows. The problem description, necessary
notation, and main result are presented in Section II. Numerical simulations
are given in Section III to illustrate the main result. Finally, conclusion is

made in Section IV.
I1. Problem Formulation and Main Result
Nomenclature
Z"  the set of all non-negative integers
K™ the set of all real m by n matrices

|x|  the Euclidean norm of the vector x € R"*!

Amax(4)  the maximum eigenvalue of the matrix A4 with real

eigenvalues
A" the conjugate transpose of the matrix A4
| 4]  the induced Euclidean norm of the matrix 4, | A|=
[ (4" )]
m {1, 2, .., m}

m {0, 1, ..., m}

Consider the following uncertain discrete-time nonlinear time-varying

systems:
x(k +1) = Af(x(k), k), VkeZ", (1a)

x(0) = xo, (1b)
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where x € R™, Af e R is the uncertain term with Af(0,) =0, and

X represents the initial condition.

The exponential stability, guaranteed DA, and the exponential decay rate

of the nth order system (1) are defined as follows.

Definition 1. The equilibrium point x* = 0 is said to be exponentially

stable, if there exist three positive numbers &;, B and a, with 0 < a <1

such that every solution x(k) to system (1) with || x(0)| < B satisfies

| x(k)|| < ky - o, vk e z*.

In this case, the positive number o is called the exponential decay rate and

the set of Q = {x € R™|| x| < B} is called the guaranteed DA.

Takagi and Sugeno have proposed a fuzzy model to represent complex
nonlinear systems. We consider, in this paper, the following uncertain
discrete-time fuzzy time-varying systems, which is represented by a T-S
fuzzy model and composed by a set of fuzzy implications. Each implication
is expressed by the discrete-time uncertain time-varying systems and the ith

rule of the T-S model is written in the following form:

Rule j. If zj(¢) is about ) ;, zp(¢) is about S, ;,..., and z.(¢) is
about S, ;, then

x(k +1) = A (k) x(k) + Af;(x(k), k), Vk e Z", (2a)

%(0) = xo, (2b)

where z(t), z,(t), ..., z,(t) are premise variables, S; ;, Vier, jem, are

j>
fuzzy sets, m is the number of If-then rules, x e R is the state, AA j €
R, Vj e m, are uncertain matrices, Af; € R Vi e m, are system

uncertainties or parameter mismatchings, and x; is the initial value.
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The following assumption is made on the nth order system (2)

throughout this paper.

(A1) There exist nonnegative constants a;, b; ; and p € N such that

forevery k € AR jem,

| Ad() || < a,

1 .
| Af;Ge), ) [ < D byl x|

i=1

For brevity, let us define

a= max a; and b; = max b
1<j<m 1<j<m

,j» Viep. 3)
If we use the standard fuzzy inference method [11], i.e., minimum fuzzy

inference and singleton fuzzifier, system (2) is inferred as follows:
x(k +1)
1 m
= L3 w0 [ (0)x(K) + A (k). K. Yk e 27, (4)
3 ul=(r)) 7!

i=1

-
where u;(z(2)) = Hd),-j(z ;(#)) and @;;(z;(¢)) is the grade of membership
j=1
u;(2(2))

m

2 ui(=(1))
i=1

of zj(t) in fuzzy set S;;. Define Xj(z(t)) = , Vjem and we

m
assume, in this paper, u;(z(¢))> 0 for each j e m and Zuj(z(t)) > 0.
j=1

Thus, the system (4) can be represented as
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x(k+1)= ij(z(t)) : [AAj(k)x(k) + Afj(x(k), k), VkeZ", (5a)
j=1

x(0) = D" [1;(z(0)) - xo] (5b)
j=1

m
with 0 <2 ;(z(r)) <1, Vj e m and Y % ;(2(1)) = 1.
j=1

Remark 1. Let

g(x) = byx? + b, x4 b, HxP?
1
+...+b2x -——x, x>0, (6)

. L.
where 0 < a4 + b; <1 and p is defined in (Al). In the case of Zb,-z # 0, by
i=2
Descartes’ rule of signs [7], it is easy to see that the polynomial equation

g(x) = 0 has a unique positive root, denoted as 1.

The objective of this paper is to derive a simple criterion with guaranteed
DA such that the exponential stability for a class of uncertain T-S fuzzy
time-varying systems can be achieved. Now we are in a position to present
the main result.

Theorem 1. The uncertain T-S fuzzy time-varying system (2) with (A1) is
exponentially stable provided that

G+b <1 (7)
In this case, the guaranteed exponential decay rate is given by

o= #. (®)
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Furthermore, the guaranteed DA is given by

Q= {x e ™| x| < B}, ©9)
where
p ~
n, i ) B #0,
B = ,-;z (10)
w, if ZB} =0
=2

and m is defined in Remark 1.
Proof. Assume that x; € Q. Then it can be readily obtained that

x(0) € Q, in view of (5b). Two cases are separably discussed as follows:

P, .
(1) In case of Zbi # 0 and a + b <1, by Descartes’ rule of signs in
i=2

(6), it is obvious that the polynomial equation g(x) =0 has a unique

positive root, denoted as m. Moreover, it is easy to see that

2(0)=0, g(x)<0,V0O<x<B, g(B)=0, and g(x) >0, Vx > B. (1)
V22N A

(ii) In case of Zbl- =0 and a + b < 1, by (6), we have
i=2

g(0)=0 and g(x)<0, VO<x<B. (12)

Hence, from (11) and (12), one has g(x) < 0, V0 < x < B. It follows that

N n -1, 7 -2
bpllx 1P + byl x |77 + byaf x|

bt bz P-4 <0, vreo (13)
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From (5), (8), (13) with (A1), it is easy to see that

Dk (2(0)) - [ () x(k) + Afi(x(k), k)]

J=1

| x(k +1) [ =

< D () - [ Ay (k) - %K) [+ A7 (x(k), 5[]
Jj=1
m p )
< () [aj X0 ] + i x(k)”l}
j=1 i=1
m m p )
<{§:a-pﬂdgynxw)@+- &Adﬁ»{}j@JnﬂkWJ
j=1 j=1 i=1
m p .
= | x(k) | + D2 (=(0) - {Z by, | x(k) ||’]
j=1 i=1

P .
< al x(k) | + Y bl x(k) |
i=1

A L A ;
G EGIEDNAEG]

i=2
l+a+b
ARG
= of x(k) |, Vk = 0, | x(k) || € Q. (14)

Consequently, from (14), we conclude that
| x(k)|| < of x(k =1)|| < &?| x(k = 2)|| < -+ < ¥ x(0) |, Vk e Z".

This completes the proof. O
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122 -
Remark 2. In case of Zbl- # 0 and a + b < 1, it is not difficult to see

i=2
that g| 1+ 1_2—_131 > 0. It follows that the value of m can be directly
2Y b,
i=2
evaluated by using the Newton’s method in g(x) = 0 with the starting value
x| = 1+ u
P,
2> b,
i=2

Remark 3. In what follows, we present an algorithm to find the
exponential decay rate and the guaranteed DA stated in Theorem 1.

INPUT: a class of uncertain T-S fuzzy time-varying systems (2).
OUPUT #1: the exponential decay rate of (8).

OUPUT #2: the guaranteed DA of (9).

Step 1. Determiner n and m, from (2).

Step 2. Choose a;, b; ;, and p € N such that (Al) is satisfied.
Step 3. Calculate @ and Bi from (3).

Step 4. If a+ l;1 >1, then OUTPUT= “Search for another

stability criteria.” and go to Step 7, otherwise, calculate the
parameter 3 from (10) with Remark 1.

Step 5. OUPUT #1: the exponential decay rate is given by o =
1+a+h
—

Step 6. OUPUT #2: the guaranteed DA is given by Q =

{x e R I x| < B}
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Step 7. Stop.

Step 8. Search for another stability criteria.
I11. Numerical Simulations

A T-S fuzzy model of predator-prey interactions ([3, 17]) is given by
Rule 1. If x,(k) is about 0.1, then

x(k +1)

_ {Acl(km(k) + Acy (k)% (k) + Acy (k) [sm(k)]xﬁ(m} e Zb (5
Acs (k) x (k) + Acg (k) xy (k) + Acg (k) x| (k)

Rule 2. If x,(k) is about 0.5, then

x(k +1)

_ [Acsuc)xl(k) + Acg(k)xa(k) = Aco (k) )" (K) } vk e Z*, (15b)
Ay (k) [eos(k)]n (k) + Acg(k)xa (k) + Acio(k)x} (k)
where x(k) =[x (k) x(K)]f e ®R*,

¥1(¢) := the population at time 7 of a species of fish called prey,
ya(t):

the population at time ¢ of a species of fish called the predator,

V1,eq = the nominal population of the prey,
Y2, eq = the nominal population of the predator,
x(t) = »(t) - N, eq> x(t) = yp(t) - Y2, eq
with
-0.5 < Aci(k) < 0.5, Viedl, 2, 4,7,10},

-0.4 < Acj(k) < 0.4, Vie{3, 6,8, 9},
—0.6 < Acs(k) < 0.6.
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Step 1. Comparison of (15) with (2), it yields

n=2 m=2,
AAl(k) _ {Acl(k) ACz(k):|’ AAz(k) _ |:A6‘5 (k) AC6(k):|,
AC3 (k) AC4 (k) AC7 (k) COS(k) ACg (k)
Acy (k) [sin(k)]x3 (k) ~Aco(k)xy (k)
Afi(x(k), k) = { ! } A (x(k), k) = { }
1 Acs(6){° (k) ’ Acyo (k)< (k)

Step 2. Clearly, we have
| A4y (k)| < 0.9525, | Ady(k)| < 0.9635,

a; = 0.9525, a, =0.9635,
bg1 =05 bo;=04 b;=0 Vie{l 23456709},
bg 2 =05, by,=04, b,=0 Vie{l 234,506,709},
p =10.

Step 3. From (3), it can be readily obtained that

4 =maxa; = 09635, by =maxhg; =05, by =maxby,; =04,
ie2 ie2 ie2 ’

b =0, Vie{l,2,3,4,56,7, 9}

Step 4. Clearly, one has a + 231 = 0.9635 < 1. This shows that (7) is
evidently satisfied. By (6), we obtain

2(x) = 0.4x'" + 0.5x® - 0.0183x.

The unique positive solution of g(x) = 0 is given by n = 0.6012. From
(10) with Remark 1, we deduce B = 0.6012.

Step 5. From (8), the guaranteed exponential decay rate is given by
o = 0.9818.
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Step 6. From (9), the guaranteed DA is given by Q = {x € R**! Il x |
< 0.6012}.

Finally, it can be easily deduced that

k x(k)+y y
lim |:y1( ):| — 1lim 1( ) 1, eq _ 1, eq ’ VXO c Q,
k—w| ya (k)| k—oo| X2 (k) + 2, ¢ Y2, eq
in view of

lim {xl(k)
x; (k)

The typical state trajectories of the system (15) are depicted in

}zO, Vxy € Q.

k—o0

Figures 1-2. From the foregoing simulations results, it is seen that the
system (15) is exponentially stable. It is noted that the exponential stability
of system (15) cannot be guaranteed by the main results of [4], [17], [18],
and [21].

0.05

x1(K)

0 5 10 15 20 25 30 35 40 45 50
k

Figure 1. x;(k) of the system (15).
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Figure 2. x, (k) of the system (15).

IV. Conclusion

In this paper, the exponential stability with guaranteed DA for a class of
uncertain T-S fuzzy time-varying systems has been investigated. Based on
the time-domain approach, a simple criterion has been derived to guarantee
the exponential stability of such systems. An estimate of the exponential
decay rate of such stable systems has also been presented. Besides, we have
provided a simple way to calculate the guaranteed DA by finding the unique
positive root of a polynomial equation. Finally, numerical simulations have
also been provided to illustrate the feasibility and effectiveness of the

obtained result.
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