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Abstract

We study basic aspects of the sums of nonpositive integral powers of
monic polynomials of degree one over a finite field. The
combinatorics of cancelation in these sums is rather complicated. The
focus is basically on the valuations of these sums in the infinite place
of Iy (t), where q is a power of a prime p. We present the concept of

integer with inner g carry over of depth j. For exponents of the form
(k +1) relative prime to p and k relative prime to g, where k presents
inner q carry over of depth j, we give a result to find the valuation at
the infinite place of [, (t) of the sums of powers under study, for any

finite field.

1. Introduction

We study some basic questions on the behavior of Sy (k) defined as the

sum of ik as a runs through all the monic polynomials of degree d in [, [t],
a
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being q the power of a prime and k a nonnegative integer. The focus is
basically on the valuation of these sums at the infinite place of Fq(t),
designated by sq(k). Guided by the fact that when the finite field is a prime
field, there exists a recursive formula to get sq (k) from s;(k) [4], we directed

our efforts to obtain a formula or method to calculate s;(k) for any finite

field. While the degree of the term ik being just —dk, has extremely simple
a

behavior, the degree we are interested in behaves quite erratically because of
complicated cancelation possibilities. Apart from their intrinsic interest, these
guestions have applications to the non-vanishing of the multizeta function
values [5] and to the zero distribution results for the Goss zeta function for
Iy [t], namely the Riemann hypothesis analog in this context, proved for q

prime by Wan [6], with another proof by Diaz-Vargas [2] and for general g
by Sheats [3]. After analysis of certain amount of s;(k) values for various

[y, we conjectured and finally proved that, under certain assumptions, when

the coefficients of the g-base expansion of k can be made to display a
particular arrangement, there is an easy way to obtain s;(k +1) from these

coefficients. That particular arrangement for the g-base expansion of k we
mentioned, leads us to define integer with inner g carry over of certain depth.
We give some examples for the existence of these particular exponents and
the way to achieve s;(k +1) from their g-base expansion coefficients.

2. Notation

Some standard notation used along the paper are settled:
7 = {integers},
Z., = {positive integers},

Zso = {nonnegative integers},

g = power of aprime p, g = pk, A >0,
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IFq = finite field with g elements,

A+ = {monicsin A},

Ag+ = {monicsin Aof degreed},

K = Fy(t),
n
[n]=t% —t,
n-1 n i
Dn = (tq — )’
i=0

I
i=1

deg = degree of a € K, deg(0) = —ox.

3. Definitions and Preliminary Results

We define the objects we work on.
Definition 1. For k € Z and d € Z, write
1
Sg(k)i= > K, sq(k):=—degSq(k) = V,,(Sq (k).

acA+ a
dega=d

Since we are in characteristic p, we have

Sq(kp") = Sg(K)P". (3.1)

The property (3.1) enables us to restrict our research to exponents not
divisible by p without loss of generality.

Proposition 1. Let k, u, v be nonnegative integers with base g expansions
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given by

m
k:Zaiq', OSOLiSq—l,
i=0
m -
u =Zl3iq|, 0<Bj<qg-1
i=0

m
v=>Y v, 0<y<q-1
i=0

suchthat k = u + qv and o, Bj, yj = 0 for i > m. Then
ap = Po
and u > ay.
Proof. If we substitute in the expression k = u + qv the respective base
g expansions, then we have

m om _ m
D oia =D gia’ +a) vid
i=0 i=0

i=0
m . m+l )
=Bo + (ZBM' + ZYi—lqlJv 3.2)
i=1 i=1

by comparing terms on both sides of (3.2), we get

ag = Bo.

As we have u > B, then u > ay. O

The occurrence of carry over in base g or in base p, when performing an
addition, is an essential fact we have to take care. The following two results
enable us, under certain conditions, to be sure of the occurrence or lack of

such carry over.
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Proposition 2. If the sum of two digits base g equals (q —1), then the
same addition performed in base p has no carry over.

Proof. For g = 2, the proposition is trivial; henceforth, we can assume
g > 2. By contradiction let us suppose that we are given two base g digits
a, b, whose sum in base q equals g —1, but the same sum performed in base

-1
p has carry over. As we have supposed ¢ = p7”, A >0, then a = Zai p',
i=0
A1
b= Zbi p' with 0 < a;, bj < p -1, are p base representations for a and b.
i=0
A1 _
Let g—-1= Z(p —1)p' be the p-base expansion for q —1. By hypothesis
i=0
-1 .
a+b=(q-1)=>(p-1) p', but at the same time, when summing the
i=0
p-base representations for a and b, there exists carry over base p. Let
j, 0 < j <X —1, the first position where there exists carry over base p when

performing a+b base p. Then a; +bj > p-1, that is, a; +bj = p+r, where

r is the base p digit that remains at the j position in the base p expansion for
a + b. Neither aj nor bj are zero, then we have

l<aj<p-l

1Sbj

IA
=)
|
P

therefore,
2<aj+b;<2p-2=p+(p-2)
Hence, r < p — 2. However, the base p representation for g — 1 is unique; so,

we must have r = (p —1), which is contradictory, and we have finished. [

Proposition 3. If the sum of two base q digits has carry over base g, then
the same sum performed in base p has carry over base p.
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Proof. Let 0<a,b<qg-1 be base q digits and by contradiction
suppose that the sum a+b > q, but the same sum performed in base p

A1 A=l

has no carry over. Again, we can take a = » ajp', b= > bip' with 0<
i=0 i=0

aj, bj < p —1 as base p representations for a and b, respectively. As we have

supposed that the sum a + b has no carry over base p, then we have

-1
a+b=Z(ai +10y)p',
i=0

because
(@+b)<p-1fori=01..,x1-1

Hence,

A1 _
a+b£2(p—1)p'
i=0

and the supposed carry over base g does not exist. We can conclude that
carry over base g implies carry over base p. O

As we mentioned in the introduction, s;(k +1) can be readily obtained

from k when it accomplishes certain conditions; the following definition
gives, explicitly, these conditions.

Definition 2. Let k be a positive integer, with base g expansion:

m
k:Zaiq',OSaiSq—l,ai:Ofori>m,
i=0

where we define ¢y = a. If we can make the following arrangement with

the aj's, forsome 0 < j <m:
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C0+Otl=(q—1)+C]_, C]_Zl

cg+os =(q-1)+cCy, cp 21

Cj1taj=(Q-1+cjc5=1
Cj +Otj+1 S(q—l),

with the sum c¢j + aj,q free of carry over base p, then we say that k has

inner g carry over of depth j.
We now give some examples of integers that fulfill Definition 2.

Example 1. For g = 9, consider k = 2725 = 3657, then
Co+tog=7+5=8+4=(q-1)+¢
c+or=4+6=8+2=(q-1)+c,
Ch+og=2+3<38,

where the last sum, ¢, + a3, has no carry over base 3. Therefore, according
to Definition 2, k = 2725 has inner 9 carry over of depth 2.

Example 2. Now, for g = 8, consider k = 253814 = 757566g, then
Cg+oy=6+6=7+5=(q-1)+¢
qt+ap,=5+5=7+3=(q-1)+¢
Cp+a3=3+7=7+3=(g-1)+c3
C3+ag=3+5=7+1=(q-1)+c¢y4
Cs+tog=1+7=7+1=(q-1)+cs5
Cs+og=1+0<7,

where the last sum, cs + ag, has no carry over base 2. Therefore, according
to Definition 2, k = 253814 has inner 8 carry over of depth 5.



148 Javier Diaz-Vargas and Eduardo Hernandez-Mezquita
Example 3. Let q = 27 with k = 825892 = (1)(14)(25)(24)(16),,. Then
Co+oq=16+24=26+14=(q-1)+¢
q+op=14+25=26+13=(q-1)+c,
Cp+a3=13+14=26+1=(q-1)+c3
C3+oay =1+1< 26,

with the last sum, c3 + a4, free of carry over base 3. Then, in concordance
with Definition 2, k = 825892, has inner 27 carry over of depth 3.

As a consequence of Definition 2, we establish the following lemma
which is going to be useful in the proof of our main result.

Lemma 1. If (k,q)=1 (k+1, p)=1 g >2 and k has inner q carry
over of depth j (Definition 2), then:

1<cy<q-2
1<c¢ <q-2
1<cj <qg-2,
and
aj—-¢ >0, i=12 ., ]

Proof. For ¢y, we have cg > 1, because, if ¢y = 0, then (k, q) # 1 which
is contradictory. Also, ¢y < q — 2, because, if ¢y = (q —1), then q|(k +1)
= (k +1, p) #1 contrary to what we have assumed. Then 1< ¢y < q - 2.
If j =0, then we have concluded. In case that j > 1, we must have

co+toy=(0-1)+¢, ¢ >1

q+ar=(q-1)+cy, cp 21
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Cj—-1ta; :(q—1)+cj, Cj >1
Cj+aji1 S(q—l),

without carry over base p in the last sum. Then

which implies

1<cg+oq <(q-1)+(q-2),
hence

q=(C+a)-(@-1)<qg-2.
Therefore,

1<g<qg-2

Following an identical procedure, we can conclude

1<cy<q-2
1<¢ <q-2
1<cj<q-2

Now, if we suppose o —¢j <0 for some i e {1, 2, ..., j}, then we should
have

Cig+(aj—¢)=(q-1),
implying that ¢;_; > (q —1), contrary to what we have just proved. O
4. Main Result

By a generating function approach, Carlitz [1] proved that
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- ks
Id ql 1
1 d d [
satr)=5 3> ||
d

i=0 i=0
Ko K1, s Kg

where the sum is made over all (d +1)-tuples (kq, kg, ..., kg ) of nonnegative

d .
integers such that Zkiq' = k. Thakur [4] pointed out and claimed that
i=0
e For S4(k +1) only terms where there is no carry over base p in the

sum of kjs need to be considered.

e When d =1, si(k+1)=(kj+ky+1)g =k +qg+Kkg(g—1), where
ko is the minimum possible such that k = kiq + kg, kj > 0, with no

carry over base p in the sum k; + kp.

o When the last two digits in the base q expansion of k add without
carry over base p, the minimum Kk is the last digit. Giving a formula

for s;(k +1) in case that k has inner g carry over of depth 0.

This last statement, together with the property (3.1), takes care of
si(k +1) for q = 2.

For convenience, let us write u and v for best kg, k;. Then k =vg+u
and sj(k +1)=(v+u+1)g=k+q+u(q-1). The following result gives

us the value of s;(k + 1) when k accomplishes the conditions of Lemma 1.

Proposition 4. Suppose (k, q) =1, (k +1, p) =1, g > 2 and k has inner
g carry over of depth j. Then sy(k +1) = k + g + (Co + €10 + Cpq° + - +

chj)(q —1), where cg, ¢, Co, ..., c;j are those from Definition 2.

Proof. By Definition 2 and Lemma 1, we have: k = o9 + oqq + - +
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.om .
ajq) + > «iq', and
i=j+1
o+t =(Q-1)+¢,1<¢<q-2,a7-¢ >0

C1+(12=(q—1)+C2,1SCZSq—2, (12—C2>0

Cj—1t0aj :(q—1)+cj,1£cj <q-2 aj—Cj >0
Cj +aji1 < (q—1) without carry over base p. 4.1)

Taking u = ¢y + ¢ + c2q2 +o chj, if we assume that k = u + qv, then

we have
v=(k-u)q?
j i S i j i -1
= D ia'+ D aid' |- D cd' |a
i=0 i=j+1 i=0

J _ m _
=Y (oi—c)a T+ D g
i1

i=j+1
Note that, by construction k = u +qgv, u, v= 0 and the sum u +Vv has no

carry over base p because
j i j i-1 '
i Zciq = Zci—lq +cjq’,
i=0 i=1

i _ _ 0 |
U+v = (Ciog+ (o —6))g T+ (cj +aju)al + > g
= i=j+2

j . _ m :
= @-0a" (e +aja)al + D e
i-1 i=j+2
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where we have made use of (4.1) in the last step. The sums (cj_j +
(oj —¢j)) for j=1, .., j are free of carry over base p by Proposition 2,
because digits add to (q —1) exactly. The sum (cj + a.j,q) also is free of

carry over base p by definition, given that k has inner q carry over of depth j.
Then we have integers u, v > 0, such that k = u + qv and the sum u + v is

free of carry over base p. Let us see that the proposed u is the minimal one
that accomplishes k = u + qv, u, v > 0 and the sum u + v has no carry over

base p. By contradiction suppose that there exist integers u’ < u, V', such
that k =u’+qv' and the sum u’ + V' is free of carry over base p. As we
have supposed u’ < u, u’ must have no more that (j +1) base q digits, let
us say u’ = (cCj_y ---cicb)q. By Proposition 1, ¢y = cp. If we suppose that
¢ <cfori=12 .., j letnell 2 .. j} be the least integer such that
Cy < Cy, this implies ¢ = ¢; for i <. As we have supposed k = u’ + qV',

then

V= (k-u)g

n-1 . J - i -
=Y (0 =¢)a T+ (o —c)a" T+ D (o)A T+ D aig
i=1

i=n+1 i=j+1
note that it is possible to perform the subtraction term by term in the same
way we made it for u because ¢ <c¢; for i =1, 2, ..., j. Even more, for
i <n the result is the same given that cj = c; for these places. We see that

for v’ the digit on the m — 1 position equals (., — ¢y, ) > (o, — €,y ). Summing
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u’ + Vv, we obtain

j ' .
v = e+ (o - ) gt (o - o g
i=0 i=1

J _ m :
+ D (=g ™t e Y ag'

i=n+1 i=j+1

rearranging the sum and taking into account that ¢j = ¢; for i < n, we arrive
to

n-1 - . i _

I— - I

u+v = E Ci_10 +cn_1q” + E ciq
i=1 i:n

n-1 .
+ > (0 = 6)q' T+ (o — o)
i=1

i _ m .
) (o —e)g' T+ D g

i=n+1 i=j+1
n-1 .
=" (Cicx + (a5 = 6))a" ™ + Gy + (o — €))g"
i=1
j i J i-1 - i-1
ot + Y (o —c)a T+ D oa'
i=n i=n+1 i=j+1

n-1 _
= > (@ -9+ (cyg + (o —cp))g"
i=1

+ZJ:Ci’qi + ZJ: (o —¢f)a' ™ + i oig
i=n

i=n+1 i=j+1

where we have made use of (4.1) as in the u case. For the sum c,_; +
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(o =€y ), we have
Cnt1 + (g =€) > Cpg + (o =€) > q -1,
then for this case the sum u’ + v’ has carry over g and therefore carry over

i .
base p. The existence or lack of carry over base p in the sum Z cq' +
i=n
i . m .
> (o -¢)g' ™+ > aiq'™ does not change the result of this part of
i=n+1 i=j+1
the proof. Hence to suppose u’ < u with ¢j <¢; for i =1, 2, ..., ], leads us
to a contradiction. Then, for some i =1, 2, ..., j —1, we must have ¢; > ¢;.

Letn e{l 2, ..., j—1} be the biggest index for which c;, > ¢, ; remembering

n
that necessarily ¢y = ¢y = a,g and also € < cj, because cjj > c¢; implies that
u’ > u. By the choice of n, we have that ¢j < ¢, fori=n+1Ln+2, .., ]
Nevertheless, if forall i e {n+1, n+2, ..., j}, ¢ = ¢, then u’ > u, which
is contradictory. Therefore, for some i € {n+1, n+2, ..., j} we must have
i < cj. Let us designate by & e {n+1 n+2, .., j} the least integer such

that cz < cg. If §—m >1, then ¢ g, Cryp, ..y Cz_g Necessarily accomplish

Ch+l = Cnal

Ch+2 = Cns2
! —

Ci_l = C:‘:j,—l'

Then u’ and k have for this case the following arrangement:

!

’ ! ! ’ ! ’ ! ’
u = COO.I.“'Cncn+l“'C§—lc§C§+l'“Cj
,.

= Otoc:l'_ e C;AICTI+1 e Cg—lclgd&l ... CJ ,

k = aoal...anan+l...aa_la§a§+l...aj ...am.
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As we have supposed k =u’+ qv/, it follows that v' = (k — u')q_l. The
indicated subtraction (k —u’), can be settled down as

(xo a’l oo (xn (xn+1 e (x‘&_l (X’EJ (x(t:+1 “ee (X‘j “ee (xm

o C/_II_ C1,1 CTH']- C&—l Cé Cé+1 C’j_
At the n position, we have to subtract 0{1 from (ocn —¢), where e =1 or 0

whether or not a borrowing has been made from the prior position n — 1, note
that (o, —€) > 0 (see Remark 1).

If o, — > cj, then it is possible to perform the subtraction (o, — €)

4

without the need to make a borrowing from the next position n + 1,
and therefore, the following subtractions o — ¢ for i =n+1, ..., £ -1, are

also possible without the need to make a borrowing from the next position.
This last can be justified by (4.1). Following with the subtraction, under the

—-g=>cC

n We reach the & position where we have

assumption o,

OL&—C% > OL&—Cg > 0,
and then this difference will remain as a valid digit for u’ in the £ -1

position because of the position shift that occurs in the product (k — u')q_l.

When performing the sum u’ + V', if there occurs carry over base p when
summing the digits that correspond to the 0, 1, ..., & — 2 positions, we have
finished, on the contrary for the & — 1 position we will have

Ceg +(og —CE) =Ceg + (0t = C¢) > Ceg + (0 —Cz) =g -1,
having carry over base g and therefore carry over base p.

In case of o, —&< cy, It is necessary to make a borrowing from the

nl
n + 1 position, and so the valid digit position n for k —u’ is

(o —&)+0-cy
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At the n+1 position, for k y u’, we have as valid digits, respectively,

any1 —1and ¢ g = Cpyq. In addition, the definition of u and the supposed

n
structure for u’ allows us to claim

Ol = Oyl = Oyl — Cpg1 > 0,
then
(oge1 =) —Cpp1 20,

therefore the subtraction in the m +1 position can be performed without
borrowing from the next position. The latter implies that for the n + 2, ...,
& — 1 positions, the subtraction can be made term by term without borrowing,
that is for in these positions we have as valid digits

Ont2 = C;]+2 = Opt2 —Cpy2 >0,

OL&_]_ — Cé—l = OL&_]_ — C§—1 > 0,

which are the same subtractions that were made for k —u, at the same
positions. Reaching the & position, the digits to be subtracted are o and

Ce < C¢ and then
OL&—C% >0“EJ_CEJ >0
will be a valid digit for v' at the £ —1 position because of the position shift

when (k —u") is multiplied by q_l. Performing the addition u’ + V', if there

occurs carry over base p when summing the digits that correspond to the
0,1, .., £—2 positions, we have finished, on the contrary for the -1

position we will have
Ct_g +(og —Ct) =Ceg + (o —C¢) > Ceg + (g —Ce) =g -1,

having carry over base g and therefore carry over base p.
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Now, if £ —n =1, then u’ and k will have for this case the following
arrangement:

u' = Cbcj'_cé '“CI,’IC‘,r]+1 C'J

!

! ’ !
= CXOCICZ ...Cncn+1 "'CJ’
k = G’Oala’z .anan+l.a1 ...am,
with ¢; > ¢, and c;,q < Cqyq. Once again, for this u” we suppose k =

u’ +qv’, hence v' = (k — u')q_l. Performing the subtraction k —u’, when

we reach the n position, for k we will have for this position a,, —& >0,

n
where & =1 or 0, whether or not there has been made a borrowing from the
prior position n —1. If o, — & > cj, then the subtraction (o, — €) — ¢y, can

be made without borrowing from the following position n +1, then in that
position the subtraction k —u’ can be made term by term because ¢y 3
< Cp41- Hence the digit of v' in n position would be (ouy4q —Chiq) >

(041 = Cne1), taking into account the position shift when multiplied by

q_l. When summing u’ + V', if there occurs carry over base p at positions
0,1 ..,nm-1 we have finished. If not when performing the sum at n
position, then we will have

C;] + (an+1 - C;]+l) > Cn + (an-rl - C1'1+1) > Cn + (an-t-l - Cn+1) =q-1
with carry over base g and therefore carry over base p. In case of o, —¢

’
<CT]

borrowing from the next position n + 1. The actual subtraction to perform at

to perform the subtraction at this position, it is necessary to take a

n position will be
(o —€)+d-cy

and for n +1 position, as digits for k and u’, we will have (ocn+1 —1) and
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Cn+1 < Cny1, respectively. As we defined u and by k definition, it is known
that a1 — €11 > 0. To find out the subtraction in n + 1 position, consider
C1'1+1 <Cht1
Chertl<cyp
i1 —12-Cppy

[(an+l -1)- C1,1+l] 2 Opy1 — Cpy1 > 0,

this last shows that at n +1 position, it is valid a term by term subtraction
without borrowing. Hence the digit at n position for v’ will be
[(0t11 —1) = €jy41], remembering the position shift when it is multiplied by

q‘l. When we sum u’ + V' in this case, if there exists carry over base p at
positions 0, 1, ..., n —1 we have finished. If not, when performing the sum at

n position, then we have
Cy + [(ong1 = 1) = Cppal = ¢ + (01 = Crut)
> Cq + (Oye1 = Crat)
=q-1

with carry over base q and therefore carry over base p. Given this last
argumentation, we can conclude that for an integer k with inner g carry over
of depth j, the minimum u that accomplishes, k = u + qv, u, v > 0, with no

carry over base p in the sum u +v is given by u =(cy + ¢,q + czq2 + -
+ chj), where o, ¢y, Cp, ..., Cj are those from Definition 2. Then
sl(k+1)=k+q+(c0+c1q+c2q2+---+chj)(q—l). O

Remark 1. If k has inner q carry over of depth j, then o; > 0 for i < j.
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Because if for some integer ¢ < j, ag = 0, then we would have
Cc_l + O¢ = Cc_l <q-1

without carry over base p, which implies that k has inner q carry over of
depth (£ —1) < j, contradicting what we have assumed.

The following two corollaries are a formal statement for when an integer
k having inner q carry over of depth j is such that j = m or j = m —1, where

m is the exponent of the most significative digit in the base g representation
of k, we can build from it an infinite set of integers, sharing all of them, the
same depth and the same value of u that is used to obtain s;(k +1).

Corollary 1. If k is an integer with base q representation
m -
k=2aiq',0£ai <gq-l0j=0fri>mmz>1
i=0

such that it has inner g carry over of depth m —1, then all the elements of
the form k + aq™*%, forany a e Zsq have the same depth and use the same

value of u to obtain s;(k’ +1), k' = k + aq™*™,

Proof. This follows from the way we construct the value of u from the
ajs and cjs in Proposition 4 for k. Given that k has inner q carry over of

depth m —1, we must have
Ch_1+0am <q-1

with no carry over base p in the sum. The addition to k of a positive multiple
of qerl does not change, for the new formed integer k', the property of

having inner q carry over of depth m —1. The latter implies via Proposition
4 that to obtain sj(k’ +1), we take the same value of u we have used to

calculate sj(k +1). O
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Corollary 2. If k is an integer with base q representation
m -
k=2aiq',OSai <q-10;=0fori>m,
i=0

such that it has inner q carry over of depth m, then all the elements of the

form k + aqm+2, for any a € Z>q have the same depth and use the same

value of u to obtain s;(k’ +1), k' = k + ag™*2,

Proof. Given that k has inner q carry over of depth m and o = 0 for

i > m, we must have
cp+0<qg-1

clearly with no carry over base p in the sum. The addition to k of a positive
multiple of qm+2, keeps for the new formed integer k', a zero in position

m +1. Then k' has also inner g carry over of depth m. The latter implies via
Proposition 4 that to obtain s;(k’ + 1), we take the same value of u we have

used to calculate s;(k +1). O

The following examples show the way we can use Proposition 4 and
Corollaries 1, 2 in order to calculate s;(k + 1), when k has inner q carry over

of certain depth.

Example 4. Let q = 9, k = 11410 = 16577g. Then
Co+toyy=7+7=8+6=(q-1)+¢
q+oap,=6+5=8+3=(q-1)+cy
cp+o3=3+6=8+1=(q-1)+c3
c3+ay=1+1<(q-1)

without carry over base 3 in the last sum. Then 11410 = 165774 has inner 9
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carry over of depth 3. Then to calculate s;(11411) = —deg »_ ﬁ,
OLGFQ (t + (X,)
we set
_ 2 3
U =(Co+C0+C0° +C3q°)
=(7-9°+6-9"+3.9%2 +1.9%),
therefore

5,(11411) = 11410+ 9+ (7+6-9' +3-92 +1.9%) .8
=11410 + 9 + 1033 - 8
= 19683.

Example 5. From Example 1, we know that k = 2725 has inner 9 carry
over of depth 2; with ¢y =7, ¢ =4, ¢, =2. So in order to calculate

51(2726) = —deg > L

———— we take
2726 '
olfy (t + OL)

U=~Cy+C(Q +Czq2

=7+4-9+2-92,
then
51(2726) = 2725+ 9+ (7+4-9+2-9%).8
= 2734 + 1640
= 4374,

Example 6. In Example 2, we saw that k = 253814 has inner 8 carry
over of depth 5, with ¢ =6, ¢, =5 ¢, =3, ¢c3=3, ¢4 =1 c5=1.
1

From these numbers, we can find $,(253815) = —deg Z 3815’
QGFB (t + (X.)
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calculating first
U=6+5-8+3.82+3.8%+1.81+1.8
and then
5,(253815) = 253814 + 8+ (6 +5-8+3-8% +3.8°+1.84 +1.8°).7
= 253822 + (38638) - 7

= 253822 + 270466
= 524288.

Example 7. Let q =8, k =124 =174 Then m = 2. Easily we can see
that k has inner 8 of depth m-1=1

Co+og =4+7=7+4=(q-1)+¢

o + oy =4+1<(q-1) with no carry over base 2;
from Proposition 4 we have

U=cy+¢q=4+4(8)=36
and
s1(k +1) = 5(125) = 124 + 8 + 7(36) = 384.
Then, according to Corollary 1, (k" +1), forany k' =k + agq™! =124 +
a(8%) with a e Zsq, is just
(k'+1)=k'"+g9+(qg-1)u
=k'+8+7(36)

=124 +a(8%)+ 8+ 252, a € Zs

=5 (k +1)+ a(@8)

= 384 + 512a.
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Example 8. Consider g = 9 and let k = 58 = 644. We can see that k has

inner 9 of depth m =1 as follows:
Co+og=4+6=8+2=(q-1)+¢
o + oy =2+ 0 < (gq-1) with no carry over base 3;
from Proposition 4 we have
U=cyg+¢aq=4+209) =22
and

sp(k +1) = 5(59) = 58 + 9 + 8(22) = 243.

Then when calculating (k" +1), forany k' = k + aqm*? =58 + a(93) with

a € Zsq, We use the same value for best u, in this example u = 22. Then
s(k"+1)=k'"+g+(q-1)u
=k+ag™? +q+(q-1u, a e Zsg
=58 + a(9%) + 9 + 8(22)

= s (k +1) + a(9®)
= 243 + 243a.
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