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Abstract 

We study basic aspects of the sums of nonpositive integral powers of 
monic polynomials of degree one over a finite field. The 
combinatorics of cancelation in these sums is rather complicated. The 
focus is basically on the valuations of these sums in the infinite place 
of ( ),tqF  where q is a power of a prime p. We present the concept of 

integer with inner q carry over of depth j. For exponents of the form 
( )1+k  relative prime to p and k relative prime to q, where k presents 

inner q carry over of depth j, we give a result to find the valuation at 
the infinite place of ( )tqF  of the sums of powers under study, for any 

finite field.  

1. Introduction 

We study some basic questions on the behavior of ( )kSd  defined as the 

sum of ka
1  as a runs through all the monic polynomials of degree d in [ ],tqF  
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being q the power of a prime and k a nonnegative integer. The focus is 
basically on the valuation of these sums at the infinite place of ( ),tqF  

designated by ( ).ksd  Guided by the fact that when the finite field is a prime 

field, there exists a recursive formula to get ( )ksd  from ( )ks1  [4], we directed 

our efforts to obtain a formula or method to calculate ( )ks1  for any finite 

field. While the degree of the term ,1
ka

 being just –dk, has extremely simple 

behavior, the degree we are interested in behaves quite erratically because of 
complicated cancelation possibilities. Apart from their intrinsic interest, these 
questions have applications to the non-vanishing of the multizeta function 
values [5] and to the zero distribution results for the Goss zeta function for 

[ ],tqF  namely the Riemann hypothesis analog in this context, proved for q 

prime by Wan [6], with another proof by Diaz-Vargas [2] and for general q 
by Sheats [3]. After analysis of certain amount of ( )ks1  values for various 

,qF  we conjectured and finally proved that, under certain assumptions, when 

the coefficients of the q-base expansion of k can be made to display a 
particular arrangement, there is an easy way to obtain ( )11 +ks  from these 

coefficients. That particular arrangement for the q-base expansion of k we 
mentioned, leads us to define integer with inner q carry over of certain depth. 
We give some examples for the existence of these particular exponents and 
the way to achieve ( )11 +ks  from their q-base expansion coefficients. 

2. Notation 

Some standard notation used along the paper are settled: 

{ },integers=Z  

{ },integerspositive=+Z  

{ },integersenonnegativ0 =≥Z  

=q  power of a prime ,0,, >λ= λpqp  
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=qF  finite field with q elements, 

[ ],tA qF=  

{ },in  monics AA =+  

{ }, degree of in  monics dAAd =+  

( ),tK qF=  

[ ] ,ttn
nq −=  

( )∏
−

=

−=
1

0
,

n

i

qq
n

in
ttD  

( )∏
=

−=
n

i

q
n

i
ttl

1
,  

degreedeg = of ( ) .0deg, ∞−=∈ Ka  

3. Definitions and Preliminary Results 

We define the objects we work on. 

Definition 1. For Z∈k  and ,0≥∈ Zd  write 

( ) ( ) ( ) ( )( )∑
=
+∈

∞=−=∈=

da
Aa

dddkd kSvkSksK
a

kS

deg

.deg:,1:  

Since we are in characteristic p, we have 

 ( ) ( ) .
np

d
n

d kSkpS =  (3.1) 

The property (3.1) enables us to restrict our research to exponents not 
divisible by p without loss of generality. 

Proposition 1. Let k, u, v be nonnegative integers with base q expansions 
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given by 

∑
=

−≤α≤α=
m

i
i

i
i qqk

0
,10,  

∑
=

−≤β≤β=
m

i
i

i
i qqu

0
,10,  

∑
=

−≤γ≤γ=
m

i
i

i
i qqv

0
10,  

such that qvuk +=  and 0,, =γβα iii  for .mi >  Then 

00 β=α  

and .0α≥u  

Proof. If we substitute in the expression qvuk +=  the respective base 

q expansions, then we have 

∑ ∑ ∑
= = =

γ+β=α
m

i

m

i

m

i

i
i

i
i

i
i qqqq

0 0 0
 

,
1

1

1
10 ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
γ+β+β= ∑ ∑

=

+

=
−

m

i

m

i

i
i

i
i qq  (3.2) 

by comparing terms on both sides of (3.2), we get 

.00 β=α  

As we have ,0β≥u  then .0α≥u  ~ 

The occurrence of carry over in base q or in base p, when performing an 
addition, is an essential fact we have to take care. The following two results 
enable us, under certain conditions, to be sure of the occurrence or lack of 
such carry over. 
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Proposition 2. If the sum of two digits base q equals ( ),1−q  then the 

same addition performed in base p has no carry over. 

Proof. For ,2=q  the proposition is trivial; henceforth, we can assume 

.2>q  By contradiction let us suppose that we are given two base q digits         

a, b, whose sum in base q equals ,1−q  but the same sum performed in base 

p has carry over. As we have supposed ,0, >λ= λpq  then ∑
−λ

=
=

1

0
,

i

i
i paa  

∑
−λ

=
=

1

0i

i
i pbb  with ,1,0 −≤≤ pba ii  are p base representations for a and b. 

Let ( )∑
−λ

=
−=−

1

0
11

i

ippq  be the p-base expansion for .1−q  By hypothesis 

( ) ( )∑
−λ

=
−=−=+

1

0
,11

i

ippqba  but at the same time, when summing the    

p-base representations for a and b, there exists carry over base p. Let 
,10, −λ≤≤ jj  the first position where there exists carry over base p when 

performing ba +  base p. Then ,1−>+ pba jj  that is, ,rpba jj +=+  where 

r is the base p digit that remains at the j position in the base p expansion for 
.ba +  Neither ja  nor jb  are zero, then we have 

,11 −≤≤ pa j  

;11 −≤≤ pbj  

therefore, 

( ).2222 −+=−≤+≤ pppba jj  

Hence, .2−≤ pr  However, the base p representation for 1−q  is unique; so, 

we must have ( ),1−= pr  which is contradictory, and we have finished. ~ 

Proposition 3. If the sum of two base q digits has carry over base q, then 
the same sum performed in base p has carry over base p. 



Javier Diaz-Vargas and Eduardo Hernandez-Mezquita 146 

Proof. Let 1,0 −≤≤ qba  be base q digits and by contradiction 

suppose that the sum ,qba ≥+  but the same sum performed in base p      

has no carry over. Again, we can take ∑
−λ

=
=

1

0
,

i

i
i paa  ∑

−λ

=
=

1

0i

i
i pbb  with ≤0  

1, −≤ pba ii  as base p representations for a and b, respectively. As we have 

supposed that the sum ba +  has no carry over base p, then we have 

( )∑
−λ

=

+=+
1

0
,

i

i
ii pbaba  

because 

( ) 1−≤+ pba ii  for .1...,,1,0 −λ=i  

Hence, 

( )∑
−λ

=

−≤+
1

0
1

i

ippba  

1−= λp  

,1−= q  

and the supposed carry over base q does not exist. We can conclude that 
carry over base q implies carry over base p. ~ 

As we mentioned in the introduction, ( )11 +ks  can be readily obtained 

from k when it accomplishes certain conditions; the following definition 
gives, explicitly, these conditions. 

Definition 2. Let k be a positive integer, with base q expansion: 

∑
=

=α−≤α≤α=
m

i
ii

i
i qqk

0
0,10,  for ,mi >  

where we define .00 α=c  If we can make the following arrangement with 

the ,si ′α  for some :0 mj ≤≤  
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( ) 1,1 1110 ≥+−=α+ ccqc  

( ) 1,1 2221 ≥+−=α+ ccqc  

 

( ) 1,11 ≥+−=α+− jjjj ccqc  

( ),11 −≤α+ + qc jj  

with the sum 1+α+ jjc  free of carry over base p, then we say that k has 

inner q carry over of depth j. 

We now give some examples of integers that fulfill Definition 2. 

Example 1. For ,9=q  consider ,36572725 9==k  then 

( ) 110 14857 cqc +−=+=+=α+  

( ) 221 12864 cqc +−=+=+=α+  

,83232 <+=α+c  

where the last sum, ,32 α+c  has no carry over base 3. Therefore, according 

to Definition 2, 2725=k  has inner 9 carry over of depth 2. 

Example 2. Now, for ,8=q  consider ,757566253814 8==k  then 

( ) 110 15766 cqc +−=+=+=α+  

( ) 221 13755 cqc +−=+=+=α+  

( ) 332 13773 cqc +−=+=+=α+  

( ) 443 11753 cqc +−=+=+=α+  

( ) 554 11771 cqc +−=+=+=α+  

,70165 <+=α+c  

where the last sum, ,65 α+c  has no carry over base 2. Therefore, according 

to Definition 2, 253814=k  has inner 8 carry over of depth 5. 
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Example 3. Let 27=q  with ( ) ( ) ( ) ( ) ( ) .162425141825892 27==k  Then 

( ) 110 114262416 cqc +−=+=+=α+  

( ) 221 113262514 cqc +−=+=+=α+  

( ) 332 11261413 cqc +−=+=+=α+  

,261143 <+=α+c  

with the last sum, ,43 α+c  free of carry over base 3. Then, in concordance 

with Definition 2, ,825892=k  has inner 27 carry over of depth 3. 

As a consequence of Definition 2, we establish the following lemma 
which is going to be useful in the proof of our main result. 

Lemma 1. If ( ) ( ) 2,1,1,1, >=+= qpkqk  and k has inner q carry 

over of depth j (Definition 2), then: 

21 0 −≤≤ qc  

21 1 −≤≤ qc  

 

,21 −≤≤ qc j  

and 

....,,2,1,0 jicii =>−α  

Proof. For ,0c  we have ,10 ≥c  because, if ,00 =c  then ( ) 1, ≠qk  which 

is contradictory. Also, ,20 −≤ qc  because, if ( ),10 −= qc  then ( )1+| kq  

( ) 1,1 ≠+⇒ pk  contrary to what we have assumed. Then .21 0 −≤≤ qc  

If ,0=j  then we have concluded. In case that ,1≥j  we must have 

( ) 1,1 1110 ≥+−=α+ ccqc  

( ) 1,1 2221 ≥+−=α+ ccqc  
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( ) 1,11 ≥+−=α+− jjjj ccqc  

( ),11 −≤α+ + qc jj  

without carry over base p in the last sum. Then 

21 0 −≤≤ qc  

,10 1 −≤α≤ q  

which implies 

( ) ( ),211 10 −+−≤α+≤ qqc  

hence 

( ) ( ) .21101 −≤−−α+= qqcc  

Therefore, 

.21 1 −≤≤ qc  

Following an identical procedure, we can conclude 

21 0 −≤≤ qc  

21 1 −≤≤ qc  

 

.21 −≤≤ qc j  

Now, if we suppose 0≤−α ii c  for some { },...,,2,1 ji ∈  then we should 

have 

( ) ( ),11 −=−α+− qcc iii  

implying that ( ),11 −≥− qci  contrary to what we have just proved. ~ 

4. Main Result 

By a generating function approach, Carlitz [1] proved that 
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( ) ∑ ∏∑
=

−

=
+

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

=+
d

i

k

i

q

id
dd

kkk
i

ik
d

d

ii

d

D
l
l

k
l

kS
0

...,,,
0

1 ,11

10

 

where the sum is made over all ( )1+d -tuples ( )dkkk ...,,, 10  of nonnegative 

integers such that ∑
=

=
d

i

i
i kqk

0
.  Thakur [4] pointed out and claimed that 

• For ( )1+kSd  only terms where there is no carry over base p in the 

sum of sik′  need to be considered. 

• When ,1=d  ( ) ( ) ( ),111 0011 −++=++=+ qkqkqkkks  where 

0k  is the minimum possible such that ,0,01 ≥+= ikkqkk  with no 

carry over base p in the sum .01 kk +  

• When the last two digits in the base q expansion of k add without 
carry over base p, the minimum 0k  is the last digit. Giving a formula 

for ( )11 +ks  in case that k has inner q carry over of depth 0. 

• This last statement, together with the property (3.1), takes care of 
( )11 +ks  for .2=q  

For convenience, let us write u and v for best ., 10 kk  Then uvqk +=  

and ( ) ( ) ( ).1111 −++=++=+ quqkquvks  The following result gives 

us the value of ( )11 +ks  when k accomplishes the conditions of Lemma 1. 

Proposition 4. Suppose ( ) ,1, =qk  ( ) ,1,1 =+ pk  2>q  and k has inner 

q carry over of depth j. Then ( ) ( ++++++=+ 2
2101 1 qcqccqkks  

) ( ),1−qqc j
j  where jcccc ...,,,, 210  are those from Definition 2. 

Proof. By Definition 2 and Lemma 1, we have: ++α+α= qk 10  
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∑
+=
α+α

m

ji

i
i

j
j qq

1
,  and 

( ) 0,21,1 111110 >−α−≤≤+−=α+ cqccqc  

( ) 0,21,1 222221 >−α−≤≤+−=α+ cqccqc  

 

( ) 0,21,11 >−α−≤≤+−=α+− jjjjjj cqccqc  

( )11 −≤α+ + qc jj  without carry over base p. (4.1) 

Taking ,2
210

j
jqcqcqccu ++++=  if we assume that ,qvuk +=  then 

we have 

( ) 1−−= qukv  

1

00 1

−

== += ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
−⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
α+α= ∑∑ ∑ qqcqq

j

i

i
i

j

i

m

ji

i
i

i
i  

( )∑ ∑
= +=

−− α+−α=
j

i

m

ji

i
i

i
ii qqc

1 1

11 .  

Note that, by construction 0,, ≥+= vuqvuk  and the sum vu +  has no 

carry over base p because 

,
0 1

1
1∑ ∑

= =

−
− +==

j

i

j

i

j
j

i
i

i
i qcqcqcu  

( )( ) ( )∑ ∑
= +=

−
+

−
− α+α++−α+=+

j

i

m

ji

i
i

j
jj

i
iii qqcqccvu

1 2

1
1

1
1  

( ) ( )∑ ∑
= +=

−
+

− α+α++−=
j

i

m

ji

i
i

j
jj

i qqcqq
1 2

1
1

1 ,1  
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where we have made use of (4.1) in the last step. The sums ( +−1ic  

( ))ii c−α  for jj ...,,1=  are free of carry over base p by Proposition 2, 

because digits add to ( )1−q  exactly. The sum ( )1+α+ jjc  also is free of 

carry over base p by definition, given that k has inner q carry over of depth j. 
Then we have integers ,0, ≥vu  such that qvuk +=  and the sum vu +  is 

free of carry over base p. Let us see that the proposed u is the minimal one 
that accomplishes 0,, ≥+= vuqvuk  and the sum vu +  has no carry over 

base p. By contradiction suppose that there exist integers ,, vuu ′<′  such 

that vquk ′+′=  and the sum vu ′+′  is free of carry over base p. As we 

have supposed ,uu <′  u′  must have no more that ( )1+j  base q digits, let 

us say ( ) .011 qjj ccccu ′′′′=′ −  By Proposition 1, .00 cc ′=  If we suppose that 

ii cc ≤′  for ,...,,2,1 ji =  let { }j...,,2,1∈η  be the least integer such that 

,ηη <′ cc  this implies ii cc =′  for .η<i  As we have supposed ,vquk ′+′=  

then 

( ) 1−′−=′ qukv  

1

0 0

−

= =
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′−α= ∑ ∑ qqcq

m

i

j

i

i
i

i
i  

1

0

1

0 1

−

=

−η

= +η=

η
η ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
′−′−′−α= ∑ ∑ ∑ qqcqcqcq

m

i i

j

i

i
i

i
i

i
i  

( ) ( ) ( )∑ ∑ ∑
−η

= +η= +=

−−−η
ηη

− α+′−α+′−α+′−α=
1

1 1 1

1111 ,
i

j

i

m

ji

i
i

i
ii

i
ii qqcqcqc  

note that it is possible to perform the subtraction term by term in the same 
way we made it for u because ii cc ≤′  for ....,,2,1 ji =  Even more, for 

η<i  the result is the same given that ii cc =′  for these places. We see that 

for v′  the digit on the 1−η  position equals ( ) ( ).ηηηη −α>′−α cc  Summing 
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,vu ′+′  we obtain 

( ) ( )∑ ∑
=

−η

=

−η
ηη

− ′−α+′−α+′=′+′
j

i i

i
ii

i
i qcqcqcvu

0

1

1

11  

( )∑ ∑
+η= +=

−− α+′−α+
j

i

m

ji

i
i

i
ii qqc

1 1

11 ,  

rearranging the sum and taking into account that ii cc =′  for ,η<i  we arrive 

to 

∑ ∑
−η

= η=

−η
−η

−
− ′++=′+′

1

1

1
1

1
1

i

j

i

i
i

i
i qcqcqcvu  

( ) ( )∑
−η

=

−η
ηη

− ′−α+−α+
1

1

11

i

i
ii qcqc  

( )∑ ∑
+η= +=

−− α+′−α+
j

i

m

ji

i
i

i
ii qqc

1 1

11  

( )( ) ( ( ))∑
−η

=

−η
ηη−η

−
− ′−α++−α+=

1

1

1
1

1
1

i

i
iii qccqcc  

( )∑ ∑ ∑
η= +η= +=

−− α+′−α+′+
j

i

j

i

m

ji

i
i

i
ii

i
i qqcqc

1 1

11  

( ) ( ( ))∑
−η

=

−η
ηη−η

− ′−α++−=
1

1

1
1

11
i

i qccqq  

( )∑ ∑ ∑
η= +η= +=

−− α+′−α+′+
j

i

j

i

m

ji

i
i

i
ii

i
i qqcqc

1 1

11 ,  

where we have made use of (4.1) as in the u case. For the sum +−η 1c  
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( ),ηη ′−α c  we have 

( ) ( ) ,111 −>−α+>′−α+ ηη−ηηη−η qcccc  

then for this case the sum vu ′+′  has carry over q and therefore carry over 

base p. The existence or lack of carry over base p in the sum ∑
η=

+′
j

i

i
iqc  

( )∑ ∑
+η= +=

−− α+′−α
j

i

m

ji

i
i

i
ii qqc

1 1

11  does not change the result of this part of 

the proof. Hence to suppose uu <′  with ii cc ≤′  for ,...,,2,1 ji =  leads us 

to a contradiction. Then, for some ,1...,,2,1 −= ji  we must have .ii cc >′  

Let { }1...,,2,1 −∈η j  be the biggest index for which ;ηη >′ cc  remembering 

that necessarily 000 α==′ cc  and also ,jj cc ≤′  because jj cc >′  implies that 

.uu >′  By the choice of η, we have that ,ii cc ≤′  for ....,,2,1 ji +η+η=  

Nevertheless, if for all { },...,,2,1 ji +η+η∈  ,ii cc =′  then ,uu >′  which 

is contradictory. Therefore, for some { }ji ...,,2,1 +η+η∈  we must have 

.ii cc <′  Let us designate by { }j...,,2,1 +η+η∈ξ  the least integer such 

that .ξξ <′ cc  If ,1>η−ξ  then 121 ...,,, −ξ+η+η ′′′ ccc  necessarily accomplish 

11 +η+η =′ cc  

22 +η+η =′ cc  

 

.11 −ξ−ξ =′ cc  

Then u′  and k have for this case the following arrangement: 

jccccccccu ′′′′′′′′=′ +ξξ−ξ+ηη 11110  

,11110 jccccccc ′′′′′α= +ξξ−ξ+ηη  

.11110 mjk ααααααααα= +ξξ−ξ+ηη  
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As we have supposed ,vquk ′+′=  it follows that ( ) .1−′−=′ qukv  The 

indicated subtraction ( ),uk ′−  can be settled down as 

.11110

11110

j

mj

ccccccc ′′′′′α

ααααααααα
−

+ξξ−ξ+ηη

+ξξ−ξ+ηη
 

At the η position, we have to subtract η′c  from ( ),ε−αη  where 1=ε  or 0 

whether or not a borrowing has been made from the prior position ,1−η  note 

that ( ) 0≥ε−αη  (see Remark 1). 

If ,ηη ′≥ε−α c  then it is possible to perform the subtraction ( )ε−αη  

η′− c  without the need to make a borrowing from the next position ,1+η  

and therefore, the following subtractions ii c−α  for ,1...,,1 −ξ+η=i  are 

also possible without the need to make a borrowing from the next position. 
This last can be justified by (4.1). Following with the subtraction, under the 
assumption ,ηη ′≥ε−α c  we reach the ξ position where we have 

,0>−α>′−α ξξξξ cc  

and then this difference will remain as a valid digit for u′  in the 1−ξ  

position because of the position shift that occurs in the product ( ) .1−′− quk  

When performing the sum ,vu ′+′  if there occurs carry over base p when 
summing the digits that correspond to the 2...,,1,0 −ξ  positions, we have 

finished, on the contrary for the 1−ξ  position we will have 

( ) ( ) ( ) ,1111 −=−α+>′−α+=′−α+′ ξξ−ξξξ−ξξξ−ξ qcccccc  

having carry over base q and therefore carry over base p. 

In case of ,ηη ′<ε−α c  it is necessary to make a borrowing from the 

1+η  position, and so the valid digit position η for uk ′−  is 

( ) .ηη ′−+ε−α cq  
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At the 1+η  position, for k y ,u′  we have as valid digits, respectively, 

11 −α +η  and .11 +η+η =′ cc  In addition, the definition of u and the supposed 

structure for u′  allows us to claim 

,01111 >′−α=−α +η+η+η+η cc  

then 

( ) ,01 11 ≥′−−α +η+η c  

therefore the subtraction in the 1+η  position can be performed without 

borrowing from the next position. The latter implies that for the ...,,2+η  

1−ξ  positions, the subtraction can be made term by term without borrowing, 

that is for in these positions we have as valid digits 

,02222 >−α=′−α +η+η+η+η cc  

 

,01111 >−α=′−α −ξ−ξ−ξ−ξ cc  

which are the same subtractions that were made for ,uk −  at the same 

positions. Reaching the ξ position, the digits to be subtracted are ξα  and 

ξξ <′ cc  and then 

0>−α>′−α ξξξξ cc  

will be a valid digit for v′  at the 1−ξ  position because of the position shift 

when ( )uk ′−  is multiplied by .1−q  Performing the addition ,vu ′+′  if there 

occurs carry over base p when summing the digits that correspond to the 
2...,,1,0 −ξ  positions, we have finished, on the contrary for the 1−ξ  

position we will have 

( ) ( ) ( ) ,1111 −=−α+>′−α+=′−α+′ ξξ−ξξξ−ξξξ−ξ qcccccc  

having carry over base q and therefore carry over base p. 
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Now, if ,1=η−ξ  then u′  and k will have for this case the following 

arrangement: 

jn ccccccu ′′′′′′=′ +η 1310  

,1210 jccccc ′′′′′α= +ηη  

,1210 mjk ααααααα= +ηη  

with ηη >′ cc  and .11 +η+η <′ cc  Once again, for this u′  we suppose =k  

,vqu ′+′  hence ( ) .1−′−=′ qukv  Performing the subtraction ,uk ′−  when 

we reach the η position, for k we will have for this position ,0≥ε−αη  

where 1=ε  or 0, whether or not there has been made a borrowing from the 
prior position .1−η  If ,ηη ′≥ε−α c  then the subtraction ( ) ηη ′−ε−α c  can 

be made without borrowing from the following position ,1+η  then in that 

position the subtraction uk ′−  can be made term by term because 1+η′c  

.1+η< c  Hence the digit of v′  in η position would be ( ) >′−α +η+η 11 c  

( ),11 +η+η −α c  taking into account the position shift when multiplied by 

.1−q  When summing ,vu ′+′  if there occurs carry over base p at positions 

,1...,,1,0 −η  we have finished. If not when performing the sum at η 

position, then we will have 

( ) ( ) ( ) ,1111111 −=−α+>′−α+>′−α+′ +η+ηη+η+ηη+η+ηη qcccccc  

with carry over base q and therefore carry over base p. In case of ε−αη  

η′< c  to perform the subtraction at this position, it is necessary to take a 

borrowing from the next position .1+η  The actual subtraction to perform at 

η position will be 

( ) ηη ′−+ε−α cq  

and for 1+η  position, as digits for k and ,u′  we will have ( )11 −α +η  and 
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,11 +η+η <′ cc  respectively. As we defined u and by k definition, it is known 

that .011 >−α +η+η c  To find out the subtraction in 1+η  position, consider 

11 +η+η <′ cc  

11 1 +η+η ≤+′ cc  

11 1 +η+η −≥−′− cc  

[( ) ] ,01 1111 >−α≥′−−α +η+η+η+η cc  

this last shows that at 1+η  position, it is valid a term by term subtraction 

without borrowing. Hence the digit at η position for v′  will be 
[( ) ],1 11 +η+η ′−−α c  remembering the position shift when it is multiplied by 

.1−q  When we sum vu ′+′  in this case, if there exists carry over base p at 

positions 1...,,1,0 −η  we have finished. If not, when performing the sum at 

η position, then we have 

[( ) ] ( )1111 1 +η+ηη+η+ηη −α+′≥′−−α+′ cccc  

( )11 +η+ηη −α+> cc  

,1−= q  

with carry over base q and therefore carry over base p. Given this last 
argumentation, we can conclude that for an integer k with inner q carry over 
of depth j, the minimum u that accomplishes, ,0,, ≥+= vuqvuk  with no 

carry over base p in the sum vu +  is given by ( +++= 2
210 qcqccu  

),j
jqc+  where jcccc ...,,,, 210  are those from Definition 2. Then 

 ( ) ( ) ( ).11 2
2101 −++++++=+ qqcqcqccqkks j

j  ~ 

Remark 1. If k has inner q carry over of depth j, then 0>αi  for .ji ≤  
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Because if for some integer ,0, =α<ζ ζj  then we would have 

,111 −<=α+ −ζζ−ζ qcc  

without carry over base p, which implies that k has inner q carry over of 
depth ( ) ,1 j<−ζ  contradicting what we have assumed. 

The following two corollaries are a formal statement for when an integer 
k having inner q carry over of depth j is such that mj =  or ,1−= mj  where 

m is the exponent of the most significative digit in the base q representation 
of k, we can build from it an infinite set of integers, sharing all of them, the 
same depth and the same value of u that is used to obtain ( ).11 +ks  

Corollary 1. If k is an integer with base q representation 

∑
=

=α−≤α≤α=
m

i
ii

i
i qqk

0
0,10,  for ,1, ≥> mmi  

such that it has inner q carry over of depth ,1−m  then all the elements of 

the form ,1++ maqk  for any 0≥∈ Za  have the same depth and use the same 

value of u to obtain ( ) .,1 1
1

++=′+′ maqkkks  

Proof. This follows from the way we construct the value of u from the 
siα′  and sci′  in Proposition 4 for k. Given that k has inner q carry over of 

depth ,1−m  we must have 

11 −<α+− qc mm  

with no carry over base p in the sum. The addition to k of a positive multiple 

of 1+mq  does not change, for the new formed integer ,k′  the property of 

having inner q carry over of depth .1−m  The latter implies via Proposition 
4 that to obtain ( ),11 +′ks  we take the same value of u we have used to 

calculate ( ).11 +ks  ~ 
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Corollary 2. If k is an integer with base q representation 

∑
=

=α−≤α≤α=
m

i
ii

i
i qqk

0
0,10,  for ,mi >  

such that it has inner q carry over of depth m, then all the elements of the 

form ,2++ maqk  for any 0≥∈ Za  have the same depth and use the same 

value of u to obtain ( ) .,1 2
1

++=′+′ maqkkks  

Proof. Given that k has inner q carry over of depth m and 0=αi  for 

,mi >  we must have 

,10 −<+ qcm  

clearly with no carry over base p in the sum. The addition to k of a positive 

multiple of ,2+mq  keeps for the new formed integer ,k′  a zero in position 

.1+m  Then k′  has also inner q carry over of depth m. The latter implies via 
Proposition 4 that to obtain ( ),11 +′ks  we take the same value of u we have 

used to calculate ( ).11 +ks  ~ 

The following examples show the way we can use Proposition 4 and 
Corollaries 1, 2 in order to calculate ( ),11 +ks  when k has inner q carry over 

of certain depth. 

Example 4. Let .1657711410,9 9=== kq  Then 

( ) 110 16877 cqc +−=+=+=α+  

( ) 221 13856 cqc +−=+=+=α+  

( ) 332 11863 cqc +−=+=+=α+  

( )11143 −<+=α+ qc  

without carry over base 3 in the last sum. Then 91657711410 =  has inner 9 
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carry over of depth 3. Then to calculate ( )
( )

∑
∈α α+

−=
9

,1deg11411 114111
F t

s  

we set 

( )3
3

2
210 qcqcqccu +++=  

( ),91939697 321 ⋅+⋅+⋅+⋅= 0  

therefore 

( ) ( ) 8919396791141011411 321
1 ⋅⋅+⋅+⋅+++=s  

81033911410 ⋅++=  

.19683=  

Example 5. From Example 1, we know that 2725=k  has inner 9 carry 
over of depth 2; with ,70 =c  ,41 =c  .22 =c  So in order to calculate 

( )
( )

∑
∈α α+

−=
9

,1deg2726 27261
F t

s  we take 

2
210 qcqccu ++=  

,92947 2⋅+⋅+=  

then 

( ) ( ) 892947927252726 2
1 ⋅⋅+⋅+++=s  

16402734 +=  

.4374=  

Example 6. In Example 2, we saw that 253814=k  has inner 8 carry 
over of depth 5, with ,60 =c  ,51 =c  ,32 =c  ,33 =c  ,14 =c  .15 =c       

From these numbers, we can find ( )
( )

∑
∈α α+

−=
8

,1deg253815 2538151
F t

s  
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calculating first 

5432 81818383856 ⋅+⋅+⋅+⋅+⋅+=u  

and then 

( ) ( ) 7818183838568253814253815 5432
1 ⋅⋅+⋅+⋅+⋅+⋅+++=s  

( ) 738638253822 ⋅+=  

270466253822 +=  

.524288=  

Example 7. Let ,8=q  .174124 8==k  Then .2=m  Easily we can see 

that k has inner 8 of depth 11 =−m  

( ) 110 14774 cqc +−=+=+=α+  

( )11421 −<+=α+ qc  with no carry over base 2; 

from Proposition 4 we have 

( ) 3684410 =+=+= qccu  

and 

( ) ( ) ( ) .38436781241251 11 =++==+ sks  

Then, according to Corollary 1, ( ),11 +′ks  for any +=+=′ + 1241maqkk  

( )38a  with ,0≥∈ Za  is just 

( ) ( )uqqkks 111 −++′=+′  

( )3678 ++′= k  

( ) 0
3 ,25288124 ≥∈+++= Zaa  

( ) ( )3
1 81 aks ++=  

.512384 a+=  
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Example 8. Consider 9=q  and let .6458 9==k  We can see that k has 

inner 9 of depth 1=m  as follows: 

( ) 110 12864 cqc +−=+=+=α+  

( )10221 −<+=α+ qc  with no carry over base 3; 

from Proposition 4 we have 

( ) 2292410 =+=+= qccu  

and 

( ) ( ) ( ) .243228958591 11 =++==+ sks  

Then when calculating ( ),11 +′ks  for any ( )32 958 aaqkk m +=+=′ +  with 

,0≥∈ Za  we use the same value for best u, in this example .22=u  Then 

( ) ( )uqqkks 111 −++′=+′  

( ) 0
2 ,1 ≥

+ ∈−+++= Zauqqaqk m  

( ) ( )2289958 3 +++= a  

( ) ( )3
1 91 aks ++=  

.243243 a+=  
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