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Abstract 

The aim of this paper is to answer an open problem proposed by 
Giuliano et al. [3]. A set A of positive integers is constructed with the 
following properties:  

(a) A has asymptotic density d and therefore logarithmic density d, 

(b) the sequence ...,,3,2,ln1, =⎟
⎠
⎞⎜

⎝
⎛− ∑ ∈≤ nnad Aana  does not 

tend to 0 on the mean more rapidly than the sequence ( ) .nnAd −  
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1. Introduction 

Denote by N  the set of all positive integers. For ,N⊆A  and a real 

number x let ( )xA  denote the counting function of the set A. Let →N:f  

( )∞,0  be a weight function. For N⊆A  and N∈n  denote 

( ) ( ) ( ) ( )∑ ∑
∈≤ ≤

==
Aana na

ff afnSafnAS
,

,,  

and define 

( )
( )
( ) ,
,

inflim nS
nAS

Ad
f

f

nf
∞→

=   and  ( )
( )
( )nS

nAS
Ad

f

f

n
f

,
suplim
∞→

=  

the lower, and upper f-density of A, respectively. In the case when ( ) =Ad f  

( )Ad f  we say that A has f-density ( ).Ad f  

Note that the so-called asymptotic density corresponds to ( ) ,1=nf  and 

the logarithmic density to ( ) .1
nnf =  It is well-known that each set which has 

an asymptotic density also has a logarithmic one (and the values are equal), 
but a set may have a logarithmic density without having an asymptotic one 
(cf. [5], Chap. III.1, Section 1.2, Theorem 2). The concept of weighted 
densities was introduced in [4] and [1]. 

Write { }.: NN ∈+=+ nbanba  We call a weight function f, and the 

corresponding weighted density, regular, provided for arbitrary positive 
integers a, b, 

( ) abad f
1=+N  

(the f-density of the terms of an arbitrary infinite arithmetical progression 
with the same difference is equal). It is easy to check that if a monotone 
weight function f satisfies the conditions 



A Note on More Rapid Convergence to a Density 81 

( ) ( )
( )∑

∞

=
∞→

=∞=
1

,0lim,
n fn nS

nfnf  

then the corresponding weighted density is regular (cf. [2, Example 2.1]). 

Denote by FUAP∈A  the fact that N⊆A  is a finite union of 
arithmetic progressions. It is worth mentioning that FUAP  is closed under 
complement, finite union and finite intersection, so, in fact, FUAP  is the 
field of sets generated by arithmetic progressions. Clearly, if FUAP∈A  
and d is a regular density, then ( )Ad  is rational; furthermore, ( ) ( )AdAd 21 =  

for any ,FUAP∈A  and regular densities ., 21 dd  

The paper of Giuliano et al. [3] is a collection of open problems on 
densities, it is the purpose of this note to solve Open Problem 8.2 which 
reads as follows: 

Suppose that the set N⊆A  has asymptotic density d. Let ( ) =nF  

( ) 1−− nnAd  tends to zero as n tends to ∞. The set A has logarithmic 

density also equal to d. Let 

( ) .11
1

,

−

≤∈≤
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−= ∑∑

naAana
aadnG  

Is it true that ( )nG  tends to zero on the mean more rapidly than ( )?nF  For 

instance, does 

( )

( )

( )

( )∑
∑

∑
∑

≤

≤

≤

≤ =
nk

nk

nk

nk
kF

kG

kFn

kGn
1

1
 

tend to 0 as n tends to ∞? 

We will give an answer for the above mentioned open problem in a more 
general case, considering arbitrary two regular densities instead of the 
asymptotic and logarithmic ones. Our result shows that the speed of 
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convergence to the weighted density, on the mean, does not depend on the 
growth of the regular weight function. 

Theorem 1. Let f, g be arbitrary regular weight functions, and gf dd ,  

be the corresponding weighted densities. Then there exists a set N⊊A  such 

that ( ) ( ) 1== AdAd gf  and 

 
( )

( )
,1lim =

∑
∑

≤

≤
∞→

nk

nk
n kG

kF
 (1) 

where 

( ) ( )
( )
( )nS

nAS
AdnF

f

f
f

,
−=   and  ( ) ( )

( )
( ) .
,
nS

nAS
AdnG

g

g
g −=  

2. Preliminaries 

We will start with the following lemma. The proof is obvious. 

Lemma 1. Let the series ∑ na  with positive terms be divergent. Suppose 

.1lim =
∞→ n

n
n b

a  

Then 

.1lim =
∑
∑

≤

≤
∞→

nk k

nk k

n b

a
 

Lemma 2. Let d be a regular density. Let { } ,21 FUAP∈<<= bbB  

and ( ) .δ=Bd  Then for an arbitrary rational number 1>=α b
a  there exists 

FUAP∈C  such that BC ⊊  and ( ) .
α
δ=Cd  

Proof. Observe, that 

⎣ ⎦ ( )⎣ ⎦ ( ),mod abnn +α≡α  
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therefore the set ⎣ ⎦{ }N∈α nn :  is the union of b congruence classes modulo 

a. The congruence classes can be represented by the numbers 

⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦....,,3,2, αααα b  

Let 

{ ⎣ ⎦ }.: N∈= α nbC n  

The density d is regular and FUAP∈C  so ( ) .
α
δ=δ= a

bCd  ~ 

The following consequence of the previous lemma will be used: 

Lemma 3. Let d be a regular density. Let ,FUAP∈E  and ( )∈Ed  

( ).1,0  Then for an arbitrary rational number β, ( )Ed
11 <β<  there exists 

FUAP∈H  such that HE ⊊  and ( ) ( ).EdHd β=  

Proof. The assertion follows immediately from Lemma 2 for the sets 
HCEB \,\ NN ==  and the rational number 

 ( )
( ) .1

1
Ed

Ed
β−
−=α  ~ 

3. Proof of Theorem 1 

Proof. Consider the sequence ( ):ir  

....,1
11...,,3

2,2
1,0 210 +

−==== irrrr i  

Let 1B  be the set of all positive even numbers. Using Lemma 3, define the 

sets ...,4,3,2, =∈ iBi FUAP  for which 

( ) ( ) ,iigif rBdBd ==   and  ⊊⊊⊊ 321 BBB  

Let <<<= 2100 nnn  denote integers (to be determined). The required 

set A will be of the form 
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( ]( )∪ ∩
∞

=
=

1
.,0

i
ii nAA  

We will construct the sets iA  by induction. Put .11 BA =  

By the definition of ,, 21 BB  there exists an 1n  such that for any 1nn >  

we have 

( )
( ) ,

,
3

2
0 rnS

nAS
r

f

f <<   and  
( )
( ) ,

,
3

2
0 rnS

nAS
r

g

g <<  

where 

( ]( ) ( )( ).,,0 12112 ∞= nBnBA ∩∪∩  

Indeed, observe that 221 BAA ⊊⊊  and 

( ) ( ) ( ) ( ) .222111 rBdBdBdBdr gfgf ==<==  

Suppose now, that the sets kAAA ⊊⊊⊊ 21  and positive integers ,, 21 nn  

1..., −kn  have been defined for some 2≥k  so that 

• ( ),1...,,2,11 −=+> − kinin ii  

• ( ( ]) ( )( ) ( )∪ ∩∪∩1
1 11 ,...,,2,1,,−
= −− =∞= i

j iijjji kinBnnBA  

• 
( )
( ) 12

,
+− << i

f

if
i rnS

nAS
r  and 

( )
( ) 12

,
+− << i

g

ig
i rnS

nAS
r  for all 1−> inn  

( )....,,3,2 ki =  

As ( ) ( ) kkgkf rAdAd ==  (since kA  differs from kB  in, at most, finite 

many places), and ( ) ( ) ,111 +++ == kkgkf rBdBd  we can choose a 

sufficiently large integer 1−+> kk nkn  such that if we define 

( ]( ) ( )( )∞= ++ ,,0 11 kkkkk nBnAA ∩∪∩  

( ( ]) ( )( )∪ ∩∪∩
k

j
kkjjj nBnnB

1
11 ,,,

=
+− ∞=  (2) 
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the following inequalities hold for any integer :knn >  

( )
( ) ,

,
2

1
1 +

+
− << k

f

kf
k rnS

nAS
r   and  

( )
( ) ,

,
2

1
1 +

+
− << k

g

kg
k rnS

nAS
r  

since, in view of (2), we have that .11 ++ kkk BAA ⊊⊊  

The definition of A implies that ( ) ( ) .1== AdAd gf  Now, for an 

arbitrary positive integer n, let k be the smallest integer such that ( ]nA ,0∩  

( ].,0 nAk ∩=  This gives .1 kk nnn ≤<−  Consequently, 

( )
( ) ,
,

12 +− << k
f

f
k rnS

nAS
r   and  

( )
( ) ,
,

12 +− << k
g

g
k rnS

nAS
r  

therefore, 

( ) ,1
1

2
1

−
<<

+ knFk   and  ( ) .1
1

2
1

−
<<

+ knGk  

Then, by the conditions ,1−+> kk nkn  ...,,2,1=k  and the inequalities 

above, we get that the series ( )∑ nF  and ( )∑ nG  diverge, thus, (1) follows 

by Lemma 1. ~ 

In conclusion, we include an application of our Theorem 1 exhibiting a 
pair of regular weight functions with diametrically opposing growth 
behaviors, such that on a subset of the positive integers the rates of 
convergence to the weighted densities on the mean are equal. Indeed, the 
weight functions 

( ) ,
n

enf
n

=   and  ( ) nnng ln
1=  

are regular, ( )nf  has a rapid growth to infinity, ( )ng  tends to 0, and, by 

Theorem 1, there exists an N⊆A  such that ( )∑ ≤nk kF  is asymptotically 

equal to the sum ( )∑ ≤nk kG .  
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