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Abstract

Matched-pair data are employed in various clinical study designs.
Agresti and Min [1] indicated that a Wald-type statistic confidence
interval difference of marginal probability shows that the actual
confidence level becomes lower than the nominal confidence level and
proposed a confidence interval by adding k times the hypothetical
trials to the Wald interval. In this study, we propose a new confidence
interval based on Agresti’s method concerning the ratio of marginal
probability. Furthermore, we indicate the usability of the confidence
interval, which we suggest in this paper through a simulation.

1. Introduction

Matched-pair data are used in various clinical study designs. For
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example, repeated measure design, which measures one test subject
repeatedly, uses a pretest and posttest to observe the efficacy or safety of a
drug before and after its administration. In addition, these data are used in
other designs, such as in matched-pair designs for case control studies or in
cross-over designs used in drug development.

In these types of study designs, response variables that have binary data
exhibit some interrelationship. We discuss a cross-over design example, in
which a new drug and a standard drug are administered to the same test
subject. For this case, the main outcome data are binary data of whether each
test subject has improved, and four patterns result: both drugs cause an
improvement, one improves and the other does not (and vice versa), or both
drugs fail to cause an improvement. Thus, it is possible to get results for the
same test subject each time, and the response variable is binary data with
mutual relationships.

Nam and Blackwelder [7] indicated that analyzing binary data that has an
interrelationship without considering the relationship was inefficient. Tango
[9] proposed an analysis method for the difference of marginal probability.
An inference method for the difference of marginal probability has often
been discussed in recent papers. A Wald-type statistic confidence interval
difference of marginal probability shows that the actual confidence level
becomes lower than the nominal confidence level. A new confidence interval
was proposed by adding k times the hypothetical trials to the Wald interval as
an improved method. Lloyd [6] built a confidence interval that included a
coverage probability that was not reduced below the nominal confidence
level.

Lachenbruch and Lynch [5] indicated that there are cases when it is more
suitable to use ratios rather than the difference between marginal probabilities
in clinical studies. Nam and Blackwelder [7] proposed a confidence interval
by using the maximum likelihood estimator with restrictions rather than a
Wald-type test method. Bonett and Price [2] proposed a hybrid confidence
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interval that combined two Wilson-type confidence intervals proposed by
Newcombe [8].

The remainder of the paper is structured as follows: Section 2 indicates
the statistical model and notation method. Section 3 shows the construction
method of the four confidence intervals and that of the new confidence
interval that is extended to improve on the method of Agresti and Min [1]. In
Section 4, we apply the confidence intervals proposed in Section 3 to actual
clinical tests. Furthermore, we calculate the median of the actual confidence
level and the confidence interval using a simulation, and we search for and
verify the optimal confidence interval. Section 5 provides a discussion.

2. Materials and Methods

2.1. Model and notation

In this section, we indicate the probability model and notation method of
the binary matched-pair data. Xj; is the probability variable of the reaction

for the new drug i and standard drug j, where each i, j is 1 for success and 0
for failure. The population probability is pj;, and the probability variables

X11, X10+ Xo1, Xgo follow a multinomial distribution of parameters n,

P11 P10: Po1: Poo-

n! X1 110 1 X01 X00
P11 P1g Pot Pog -
¥11!X0! Xga! Xgo! " 11 "0 TO1 00

fx (%11, X0, Xo1, X00) =

Xjj is a non-negative integer and follows inj = n. Under this condition,

the marginal population probability (hereinafter marginal probability) is
P = P11+ Pio (population probability of success with new drug) and

Po = P11 + Po1 (population probability of success with standard drug). The
ratio of the marginal probability of interest may be expressed as 6 = p;/pg
(Table 1).
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Table 1. Random variable and probabilities ina 2 x 2 contingency table

Standard Standard

New  Success Failure Total New Success Failure Total

Success  Xjg X10 Xy Success  pq P10 Py
Failure  Xq Xoo N —Xq Failure  pg, Poo 1-m

Total XO N — XO N Total Po 1- Po 1

2.2. Construction method

In this section, we indicate the construction method of the confidence
interval of the parameter of interest 6. We use a Fieller-type statistic
F = P, —6pg as an estimator of the parameter 6, where f; =(X11+ X19)/N

and Pg =(X11+ Xg1)/N. The variance of this statistic and its estimated value
is

E(F) = E(p1) - 0E(po) = 0,

Var(F) = Var(fy) - 6%Var(po) - 20Cov(py, o) = 0(py + py)/n.
Therefore, the standardized statistic F becomes

_ F- E(F) — ﬁl — 660 ] (1)
War(F) 6 (pyo + por)/n
Furthermore, the Z statistic asymptotically follows standard normal
distribution. Then it is expressed

P(—Zl_a/z <Z< Zl—a/Z) ~1l-aq,
where z;_, is the point 100(1 — )% in the standard normal distribution.

2.2.1. Wald interval

In Expression (1), pjg and pg; for the standard errors of the unknown

parameter p;g and pg; may be estimated as
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PL - OPo
VO (Pro + Por)/n

where Pyg = X19/N and Pg; = Xg1/N. Therefore, Desu and Raghavarao

= iza/z,

[3] indicated a 100(1 — a.)% confidence interval of the Wald-type statistic as

exp[In(x/Xo) £ 21_q/2{(X10 + X01)/X1X0 2, (2
2.2.2. Nam and Blackwelder interval

The Wald-type confidence interval for a small sample compared to the
general parameter shows that the actual confidence level becomes much
lower than the nominal confidence level. To improve this point, a score-type
confidence interval is often constructed that is general. However, because the
numerator in Expression (1) includes the unknown parameters pyg, Po1, itis

not able to construct the confidence interval simply by solving 6. Hence,
Nam and Blackwelder [7] used the maximum likelihood estimators pyg, Po1
to express
P1 — 0o
V8 (P + Por)/n

= iza/z,

where

5 _ = Py + 0%(Bo + 2Pro) + (P - %o)? + 462 ProPos
0 20(0 + 1) ’

Por = OP1o — (6 —1)(1 - Poo)
and Pgg = Xgg/N. As shown here, a 100(1 — a.)% confidence interval of the
score-type can be constructed.
2.2.3. Bonett interval

Newcombe [8] proposed a hybrid-type confidence interval which
includes the combined confidence intervals of the differences between two
individual sample proportions and the Wilson type. The Bonett-type
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confidence interval is practical, because it applies the method indicated
previously to the estimation of the ratio of marginal proportions. Equation (1)
may be expressed as

{ In(P1) — kz_/2SE{IN(P1)}  In(py) + kzl—oc/ZSE{In(ﬁi)}J
In(Po) + kz1_o/2SE{IN(Po)} " In(Pp) — kz—/2SE{IN(P0)} )’

where

A],- _ Xll + XlO
X11 + X0 + Xo1

X11 + Xo1
X11 + X0 + Xo1

A
0 =

o)l

_ _ SE{In(p;) - In(fp)}
SE{In(p1); + SE{In(Pp)}

The proposed 100(1— a)% confidence interval for 6 replaces the Wald

interval estimates for py = E(pPg) and p; = E(p) with Wilson interval

estimates. The Wilson interval for pj is

(2Xj+kzy_qp0) £ kzl—a/Z\/(kzl—a/2)2 +4X(1-pj)
2(Xoo + X10 + Xo1 + kzy_/2)

In order to use this confidence interval, it is necessary to estimate k. To
estimate SE{In(pj)} and SE{In(p;) - In(pgy)}, we use

. 1-pj
SE{In(p;)} = ] —,
n(Py) \/(X11+X10+X01+2)pj
A -, ~, X10 + Xo1 + 2
SElIn(E) - () = |
where ﬁlz y X11+X10 +1 and ﬁ(): X11+X01 +1
11

+X10+X01+2 X11+X10+X01+2.
2.2.4. Agresti interval

Agresti and Min [1] proposed a confidence interval by adding k times of
a hypothetical trial to the Wald interval to generate a confidence interval of
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the difference of marginal population proportions. In this paper, we propose a
new confidence interval by applying this improvement to the confidence
interval of the ratio of the marginal population proportion. Using k times the
hypothetical trial, the number of samples becomes N’ = N + k. Furthermore,

it is standard to set Xi'j = Xjj + k/4 as each probability variance. Using these
variances, the Agresti-type 100(1 — a.)% confidence interval is constructed

by solving 6 of

P1 — 6P = 2,07
VO (pio + Po1)/(n +k)

where
pi = (Xy + (k/2))/(n+k), po = (Xg + (k/2))/(n + k),
Pio = (Xg0 + (k/4))/(n + k) and poy = (Xo1 + (k/4))/(n + k).
3. Results

In this section, we indicate the confidence interval of the results of the
actual clinical test. In addition, we compare and verify their performance
under the two assumed conditions. Table 2 shows the results of a cross-over
study conducted by Jones and Kenward [4], where a low dose and a high
dose were administered to 86 women with dysmenorrhea. Table 3 indicates
the confidence interval for each of the data in Table 2.

Table 2. Result of cross-over study

High Dose

Low Dose Success Failure Total

Success 53 8 61
Failure 16 9 25
Total 69 17 86
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Table 3. Each confidence interval for the data in Table 2

95% Confidence interval

99% Confidence interval

Method | Lower Upper Upper-lower Lower Upper Upper-lower
Wald 0.762  1.025 0.263 0.728 1.074 0.347
Score 0.751  1.027 0.275 0.708 1.083 0.375
Bonett 0.761  1.028 0.267 0.724 1.080 0.356
Agresti+1| 0.763  1.026 0.264 0.728 1.076 0.348
Agresti +2| 0.862  1.193 0.330 0.819 1.256 0.436
Agresti +4| 0.862  1.193 0.330 0.819 1.255 0.436

4. Discussion

As shown in the results, the Agresti + 1 interval, which adds k times
the hypothetical trial to the Wald interval, is narrow. Furthermore, the
Agresti + 2 interval and the Agresti + 4 interval are wider and shift above
other confidence intervals.

Table 4 indicates the coverage probability (CP) and median length
(MEL) of the 95% confidence interval, when each parameter is set as
6=09, pp =063 py =07, p;1 =0.6 for n=20,50. Table 5 shows

examples of the case of low marginal probability.

According to these results, we found that the CP of the Agresti+ 1
interval and the Agresti + 2 intervals are comparatively close to the nominal
confidence level. Furthermore, we found that their MEL is narrow.
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Table 4. 6 =0.9, pp =0.63, pg = 0.7, p;; = 0.6

N =20 N =50
Method CP MEL CP MEL

Wald 0.876 1.144 0.940 0.698
Score 0.987 1233 0947 0.722
Bonett  0.980 1.148 0.955 0.701
Agresti+1 0910 1138 0.947 0.695
Agresti+2 0979 1115 0956 0.691
Agresti+4 0996 1.078 0.969 0.683

Table5. 6 =1.2, p; = 0.144, pg = 0.12, p;; = 0.05

N =20 N =50
Method CP MEL CP MEL

Wald 0.854 1144 0.961 0.698
Score 0.903 1233 0952 0.722
Bonett  0.906 1.130 0.958 0.700
Agresti+1 0.992 1.138 0.967 0.695
Agresti+2 0.991 1.115 0973 0.691
Agresti+4 0.996 1.078 0.977 0.683

5. Conclusion

In this paper, we proposed a construction method of a simple
improvement interval that extends the improvement of Agresti. Using
examples that apply to the results of the actual clinical test, the Agresti + 1
interval added k times the hypothetical trial to the Wald interval, and became
narrow. Furthermore, according to simulation results of CP and MEL, we
found that the CPs of Agresti +2 is comparatively close to the nominal
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confidence level and that their MEL is narrow. As show here, we found that
the new proposed confidence intervals are simple and have comparatively
high performance.
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