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Abstract

In this paper, we employ a fixed point theorem on a cone to study the
existence of positive periodic solutions for the following higher-

dimensional functional differential equation:
(@) + At)x(t) = f(t, x4), t € R.

Some existence results of multiplicity positive periodic solutions are

obtained.

1. Introduction

Recently, by employing Krasnosel’skii fixed point theorem [5] on a

cone, Jiang and Wei [4] have investigated the existence of one positive
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periodic solution for functional differential equations of the form
x(t) = A)x(@) + f(¢, x4),

where A(t) = diag[a, (t), ag(t), ..., a,(t)], a; € C(R, R) is o-periodic, f : R x
BC - R", and © > 0 is a constant. In this paper, we are concerned
with the following functional differential equation:

x(t)+ At)x(@) = ¢, x;), t € R, (1)
in which A(¢) = diagla;(t), ag(t), ..., a,(t)], a; € C(R,R) is w-periodic, j =
1, 2,..., n. f(¢, x,) is a function defined on R x BC, and f(t, x;) is
o-periodic whenever x is o-periodic, where BC denotes the Banach space

of bounded continuous functions ¢ : R — R" with the norm |¢| =
n .

Zsup| ¢’ ()|, where ¢ = (¢', ¢7, ..., o). If x e BC, then x;, € BC for
j=1 0eR

any t € R is defined by x,(0)=x(t+6) for 6 e R. And >0 is a

constant.

System (1) was extensively investigated in literature as bio-
mathematics models. It contains many bio-mathematics models of delay
differential equations or systems, such as the periodic logistic equation
with several delays [7]

n
3(0) = y(t{a(t) - bt - n(t»}
=1
and the periodic distributed delay Lotka-Volterra competition system [8]

du; (t) c 0 .
dlt =u;(t)| r;(¢) — a;u;(¢) - zlaij.[_Tij Klj(s)u](t +8)ds|,i=1,2,..,n

J=1
j#i

For more information about the applications of system (1) to a variety of
population models, we refer to the reader to [2, 3, 6, 10] and the
references cited therein. Our purpose of this paper is to study the
existence of multiplicity positive periodic solutions of (1) by utilizing a

fixed point theorem [1] on a cone.
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For convenience, we need to introduce a few notations. Let R =
(=0, +®), R, = [0, +), and R_ = (-, 0], respectively. For each x =

(!, x2, ..., x”)T e R", the norm of x is defined as | x| = Zn |xj |

j=1
R? = {(x!, X2, .., x”)T eR" 12/ >0,j=1,2, .., n}. We say that x is

positive when x € R}. BC(X, Y) denotes the set of bounded continuous

functions ¢ : X — V.

2. Main Results

The objective of this section is to derive sufficient conditions for two
existence results of twin positive periodic solutions of (1). It follows from
(1) that

) = | :“”ga, $)f(s, x5)ds, ©

where

F(s, x5) = (fi(s, %), fa(s, %), s fols, %)

epr: a; (v)va

epr‘:aj(v)dv]—l

and

g(t’ S) = diag[gl(t’ 8)7 g2(t’ S)’ ) gn(t’ S)]’ gj(t’ 8) = 3

for (¢, s) € R%2, j=1,2, ..,n
In what follows, we always assume that

(Hy) J.(;Daj(s)ds #0 for j=1,2,..,n

(Hy) f;(t, )j:aj(s)ds >0 for all (¢, ¢) e Rx BC(R,R"), j=1,2, ..., n.

(Hs) f(¢, x;) is a continuous function of ¢ for each x € BC(R, R").

(Hy) For any L >0 and & > 0, there exists & > 0 such that for
o,y e BC,|[¢||<L,|y|<L,and |¢p—y| <3 for s € [0, ®] imply

| (s, ds) = f(s, ws)| < &.
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Clearly, the denominator in gj(t, s) is not zero since (H;). Note

further that

exp[ j O“’| a;(v)| dv] exp( j O“’| a;(v)| dvj

- <|g;(t, s)| < -
exp(.[o aj(v)dvj—l‘ epr.O aj(v)dvj -1

for all seft,t+w],j=1,2,..,n And we let p := min p;, ¢ := max g;.
1<j<n 1<j<n

pj = ‘ =qj, (4

It is easy to see that g(¢,s)=g(t+o,s+o) for all (¢ s)e R? and by

(Hg),
gjt,s)fj(u, d,) 20, j=1,2,..,n, (5)

for (¢, s) € R? and (u, ¢) € R x BC(R, R7). It is not difficult to verify
that any o-periodic function x(¢) that satisfies (2) is also an w-periodic

solution of (1).

Next, we introduce the concerned definition and fixed point theorem

that we need in this paper.

Definition. Let X be a Banach space and K be a closed, nonempty

subset of X. Kis a cone if
(1) au+Pv € K forall u,v e K and all a, B > 0;
(1) u, —u € K imply u = 0.
Theorem A [9]. Let K be a cone in a Banach space E and Qq, Q5 be

two bounded open sets in E such that 0 € Q; and Q; < Qy. Let T : KN

(52\91) — K be completely continuous operator. If

(c1) there exists ug € K\{0} such that u—Tu # lug, u € K 1 0Q,,
A20;,Tu # pu, u € KMoy, u 21, or

(cy) there exists ug € K\{0} such that u—Tu # huy, u € K )09,
A20;Tu # pu, u € KNoQRg, n 21,

then T has at least one fixed point in k) (Qo\ Q).
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Let X be the set
X={xeCR,R"): x(t +o)=x(),t e R}

with the linear structure as well as the norm

n
lx = lgs 7] = sup [&/()], j=1,2 .. n,
0 tef0, o]

2

where x = (x!, x2, ..., x”)T e R". Then X is a Banach space. Define

O]
G = min{exp(— 2J. |aj(s)|ds} ji=12, .., n}
0

K ={xeX:x/(t)> oz’ lo> % = G, 22, ., M e o, o],

and

one may readily verify that K is a cone in X.

Now, we define an operator ® : K —» K as

t+o
@0)0) = [ alt. )f(s, x,)ds

for x € K, t € R, where g(¢, s) is defined as that in (3), and (®x) =

(®yx, Dyx, ..., ®,x) . Tt is easy to see that a function x e X is a solution of

(1) if and only if x is a fixed point of the operator equation x = ®x in X.
Lemma 1. The mapping ® maps K into K.

Proof. For any x € K and ¢t € [0, o], it follows from (H,) that

(®x)(¢) is continuous in ¢ and

(Px)(t + ©) = [ gt + o, s)f(s, xg)ds

Ji+to
rcl+o

= gt+o,v+0)f(v+ 0, x,,,)dv
t

rl

B t+w g(t, v)f (v, x,)dv = (Px)(2).
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Hence, (®x) € X. And for x € K, we find

(0]
|®jx], < qu-0|fj(s, xg)|ds
and
o) pj
(@;2)(t) > pjj0|fj(s, wollds = el > ol @,

fort € [0, ®], j =1, 2, ..., n. Therefore, (Px) € K. This completes the proof
of Lemma 1.
Lemma 2. Suppose (H;)-(H,) hold. Let n be a positive number,

Q={xeX:|x|<n} Then ®: KN Q — K is completely continuous.

By the continuity of f(¢, x;) and Arzela-Ascoli (Royden [11, p. 169])

theorem, we can easily give the proof of Lemma 2 and we omit it here.

The reader can refer to [9].

Theorem 1. Suppose (Hy)-(H,) hold and there are positive constants

r, ro and r3 with . < ry < ry such that

i T
(o) oty Jol Flo 00 1ds > Jol £, ) 1ds > 22

r—l, inf
D ek | o |=ry

(He) sup [ f(s s)]ds < 2

0K, | ¢ [=r3
where p := min p;, q:= maxgq;, and p;, q; are defined in (4). Then
1<j<n 1<j<n

system (1) has at least two positive periodic solutions.

Proof. Let @ = {u e X :|u| <n}. Then for any u € K oQ;, we

have u — ®u # hug, ug € K\{0}, L > 0. For the sake of contradiction, we

choose ug = (1,1, .., 1)7 € R", then ug € K\{0}. Suppose that there
exists w € K (10Q; such that & — ®u = Aguy for some Ay > 0. Then, we
have

al(t)=(@@)(t)+2ro, j=12 .. 1
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From this, the definition of @, (4) and (5) it follows that

. (O]
|ﬁj |O = ‘ -[Og](t, S)fj(s’ ﬁs)ds—i— }"0

()
~ [ Vet 9)fi(s. 7 )ds + g
® . ® B
2 pj| [fj(s, us)|ds + ko = p| |fj(s, us)|ds + 2o
0 0

> pJ.:)| fi(s, ug)|ds.

Hence, we have

(O]
n =l pf 17 @)lds

which contradicts the first inequality in assumption (Hj). Therefore, we

derive that
u—ou # hugy, Yuy € K\{0}, » > 0. (6)

Let Q9 ={u e X :|u|<r}. Then for any u € K ) 0Q,, applying the
second inequality in (Hjy), similarly to the proof of (6), we have u — ®u

* 7\,LLO, Ug € K\{O}, A > 0.

On the other hand, let Q3 = {u € X : ||« | < r3}. Then for any u € K
N 0Qg3, from the definition of @, (4) and (5), we have

® ()
(@july < qf (s, w)lds < a 1£6s. u)lds

hence, in view of (Hg), one has

(0]
Joul<af [ fsu)lds <r.
that is,
[@u| <|u]|, Yu e KN oQs.

Therefore,

du # pu, Vu € K N 0Qg, p = 1. (7
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It is clear that Q; c Q3 c Q,, by Theorem A, we can conclude that ®
has two fixed points u; € K N(Q3\Q;) and uy € K N(Qy\Q3) with
n <|u | <3, g <|ugl| <ry. Therefore, u;(¢) and uy(t) are positive
periodic solutions of system (1). The proof is complete.

Theorem 2. Suppose (H;)-(H,) hold and there are positive constants
R, Ry and Rg with R; < Ry < Ry such that

® R,
H L 0,)|ds < 2L i
(Hr) ¢eKj\l:bIﬂ=Rl.|.0|f(s¢ )|ds < P ¢KH¢H Rz'[ | (s, ds)| s<—
(H)  inf [ £Gs, ¢s)|ds>—

where p := min p;, g := max q], and p;, q; are defined in (4). Then
]_<J< 1<j<n

system (1) has at least two positive periodic solutions.
Proof. By condition (H7), from the proof of Theorem 1, we know that
Ddu # pu, Vu e KNoQy, p =1,
Qu # pu, Vu e KN oQs, p > 1,
where @, = {p e X: [ ¢ < B}, Q5 ={p e X:[¢] < Ry}
From condition (Hg), let Q¢ ={p € X:||¢| < R3}, for any u e KN oQg,
it is similar to the proof of (6), we have
u—du # hug, Vuy € K\{0}, » > 0.
It is clear that Q, < Qg < Q5, by Theorem A, we can conclude that ®
has two fixed points ug € K N (Q\Q,) and uy € KN (Q;\Qg) with

R, <|us| <R3, Ry < | uy | < Ry. Therefore, uz(t) and wuy(¢) are positive

periodic solutions of system (1). The proof is complete.
Using the same method of this paper, one can show that

Theorem 3. Suppose that (H;)-(Hy) hold. If (Hjs), (Hg) hold or
(H7), (Hg) hold, then the systems
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x'(t) - At)x(t) = - f(t, x,),
x'(t) - A)x() = f(, %),

x'(t) + A@)x(t) = -f(t, x;)

have at least two positive w-periodic solutions, respectively.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]
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