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Abstract 

This paper is concerned with the approximate controllability of 
impulsive stochastic integro-differential systems with infinite delay       
in Hilbert spaces. By using the contraction mapping principle, some 
sufficient conditions are given with no compactness condition imposed 
on the semigroup generated by the linear part of the system. The 
results are obtained by using the Nussbaum’s fixed point theorem. 

1. Introduction 

The controllability is one of the fundamental concepts in linear and 
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nonlinear control theory, and plays a crucial role in both deterministic and 
stochastic control systems (see, e.g., Zabczyk [30]). These systematic studies 
have started at the beginning of the 1960s, when the theory of controllability 
based on the state space description for both time-invariant and time-varying 
linear control systems was developed. 

There are many different definitions of controllability in the literature  
for both linear (Klamka [6, 7], Mahmudov [12, 13] and Mahmudov and 
Denker [11]) and nonlinear dynamic systems (Klamka [9], Mahmudov [14], 
Mahmudov [15] and Mahmudov and Zorlu [17]), which do depend on the 
class of dynamic control systems and the set of admissible controls (Klamka       
[6, 8]). For stochastic system, the controllability problem has been studied by 
several authors (e.g., Mahmudov [12, 13]) for the linear case and Mahmudov 
[15], Mahmudov and Zorlu [17] and Wang et al. [27] for the nonlinear one. 
The approximate controllability of stochastic systems in abstract space has 
been extensively considered in many publications and monographs, an 
extensive list of these publications can be found in the monograph of 
Mahmudov [12, 13], Hu and Li [5], Rathinasam [19] and Subalakshmi and 
Balachandran [26]. The controllability of nonlinear stochastic system in 
infinite-dimensional spaces has been studied by many authors, Mahmudov 
[14] investigated the sufficient conditions for approximate controllability of 
nonlinear systems in Hilbert spaces by using the Nussbaum’s fixed point 
theorem. Balachandran and Sakthivel [2] discussed the controllability of 
neutral functional integro-differential systems in Banach spaces by using the 
semigroup theory and Schaefer’s fixed point theorem. Karthikeyan and 
Balachandran [10] and Sakthivel et al. [22], respectively, investigated the 
controllability of impulsive stochastic control systems by using contraction 
mapping principle, and Subalakshmi and Balachandran [26] studied the 
approximate controllability of nonlinear stochastic impulsive systems in 
Hilbert spaces by using Nussbaum’s fixed point theorem. Balachandran and 
Karthikeyan [1] derived sufficient conditions for the controllability of 
stochastic integro-differential systems in finite dimensional spaces using the 
resolvent matrix and the Banach fixed point theorem. Shen et al. [24] 
investigated the complete controllability problem of impulsive stochastic 
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integro-differential systems using Schaefer’s fixed point theorem, Sakthivel 
et al. [20] studied the approximate controllability of nonlinear impulsive 
differential systems. Shen and Sun [23] studied the approximate 
controllability of stochastic impulsive functional system with infinite delay 
in abstract space. However, for our knowledge, the problem of approximate 
controllability of stochastic impulsive integro-differential systems with 
infinite delay has not been considered in the literature. In the present paper, 
we shall study approximate controllability of stochastic impulsive integro-
differential systems with infinite delay in abstract space, which extends       
the problem considered by Shen and Sun [23]. In Section 3, we study the 
approximate controllability of the following impulsive stochastic integro-
differential system with infinite delay. Consider the following stochastic 
semilinear impulsive integro-differential system: 
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where ( ) D∈φ t  and D  is called a phase space that will be defined later. U, 

X and E are separable Hilbert spaces. Denote by ( )EL  the space of all linear 

bounded operators from E to E. ( )tw  is a Q-Wiener process on ( )P,, FΩ  

with the linear bounded covariance operator ( )EQ L∈  such that .∞<trQ  

We assume that there exist a complete orthonormal system ke  in E, a 

bounded sequence of non-negative real numbers kλ  such that ,kkk eQe λ=  

...,,2,1=k  and a sequence kB  of independent Brownian motions such that 

( ) ( ) [ ]∑
∞

=

=∈∈λ=
1

,0,,,,
k

kkk TJtEetBeeetW  
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and ,w
tFF =  where w

tF  is the σ-algebra generated by ( ){ }.0: tssw ≤≤  

A is the infinitesimal generator of a strongly continuous semigroup of 
bounded linear operators ( ),tS  0>t  on X. tF  is the σ-algebra generated 

by ( ),sw  .0 ts ≤≤  For every [ ],,0 Tt ∈  the history function Xxt →Ω:  

is defined by ( ) ( ),θ+=θ txxt  .1J∈θ  

We assume that the histories tx  belong to the abstract phase space 

,:, XJf →× DD  ,:1 XJJf →×× D  ( ),,: 2
1

2
0 XEQLJg →× D  and 

( ),,: XXIk  where ( )XEQL ,2
1

2
0  is the separable Hilbert space of all 

Hilbert-Schmidt operators, with the norm ( ) .2
2
0

∞<ψψ=ψ ∗Qtr
L

 

B is a bounded linear operator from U into X. ( )tx∆  denotes the jump of 

x at t, i.e., 

( ) ( ) ( ) ( ) ( ).txtxtxtxtx −=−=∆ +−+  

The paper is organized as follows: In Section 2, some preliminary facts 
are recalled. Section 3 is devoted to sufficient conditions on the approximate 
controllability of (1) by the contraction mapping theorem and Nussbaum’s 
fixed point theorem. Finally, concluding remarks are presented in Section 4. 

2. Preliminaries 

In this section, we introduce notations, definitions, and preliminary facts 
which are used throughout this paper. Let ( )P,, FΩ  be a complete 

probability space with a filtration 0>tF  satisfying the usual conditions (i.e., 

right continuous and 0F  containing all P-null sets). ( )⋅E  denotes the 

expectation with respect to the measure P. The collection of all square 

integrable and tF -adapted processes is denoted by ( ).,2 XJL tF  Then we 
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present the abstract phase space .D  Assume +→ RJh 10 :  is a continuous 

function with ( )∫ ∞−
∞<=

0
0 .dtthl  Now consider the following spaces. 

Let ( )XL t ,,2 FΩ  be the space of all tF -measurable square integrable 

random variables with value in X. 





→Ψ= ,: 1 XJD for any ,0>c  [ ]0,c−|Ψ  is a bounded and measurable 

function satisfying [ ] [ ] ( ) ,sup 0,0, scsc Ψ=Ψ −∈−  and 

( ) [ ] .
0

0,0






∞<Ψ∫ ∞−
dssh s  

D  is with the norm ( ) [ ]∫ ∞−
Ψ=Ψ

0
0,0 .dssh sD  

( )( )XPLJPC t ,,,, 20 FΩ  

( ) [ ] ( ){ XLTJtx t ,,,: 20 FΩ→∞−==  

is continuous everywhere except some kτ  at which ( )+ktx  and ( )−ktx  

exist with ( ) ( )−= kk txtx  satisfying ( ) }.sup 2
0 ∞<∈ sxEJs  

Let H be the closed subspace of ( )( )DF ,,, 20 tLJPC Ω  consisting           

of tF -adapted measurable processes and 0F -adapted processes ∈y  

( ).,,2 DF tL Ω  Let ∗⋅  be a semi-norm in H defined by =∗
2y  

{ }.:sup 2 JtyE ∈D  

Definition 2.1. The stochastic system (1) is approximately controllable 

on the interval J if ( ) ( ),,,,; 2 XLuTR tFΩ=φ  where the reachable set 

( )uTR ,; φ  is defined as ( ) { ( ) ( ) ( )}.,,,;,; 2 UJLuuTxuTR tF∈⋅φ=φ  
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Lemma 2.2 [3]. Assume ( ) ( )( ).,,, 20 XLJPCtx tFΩ∈  Then for any 

,Jt ∈  ,D∈tx  one has ( ) [ ] ( ) ,sup ,0 sxlxtxl tst ∈+φ≤≤ DD  where 

( )∫ ∞−
∞<=

t
dtthl .0  

Throughout this article, we will employ the contraction mapping  
principle and the following Nussbaum’s fixed point theorem to investigate 
the approximate controllability of (1). 

Lemma 2.3 [18]. Let S be a closed, bounded convex subset of a Banach 
space X, and 1G  and 2G  be continuous mappings from S into X such        

that ( ) ,21 SSGG ⊂+  yxkyGxG −≤− 22  for all ,, Syx ∈  where 

10 ≤≤ k  is a constant, and SG1  is compact. Then the operator 21 GG +  

has a fixed point in S. 

3. Results for Stochastic Impulsive Systems 

Choose ,D∈φ  ( )XLh t ,,2 FΩ∈  and consider how to determine an 

appropriate control ( ) ( )UJLu t ,2
F∈⋅  which steers the solution of (1) with 

initial value φ to a very small neighborhood of h. In order to study              
the approximate controllability of system (1), we introduce the following 
hypotheses which are assumed here and henceforth: 

• (H1) The operator ( ) ( ) 1, −Γ+αα=Γαα T
t

T
t IR  converges to zero 

operator in the strong operator topology as +→α 0  for any ,Jt ∈  

where T
tΓ  is the linear controllability operator on X that is given by 

( ) ( )∫ −−=Γ ∗T

t
T
t dssTSBBsTS ,  

and it satisfies ( ) ,1, ≤Γαα T
tR  for any .Jt ∈  

• (H2) There exist positive constants ,1M  ,2M  d, and ,kd  =k  

m...,,2,1  such that ( ) ,1
2 MtS ≤  ,2

2 MB ≤  ( ) ,2
kk dxI ≤  

∑ == m
k kdd 1 .  
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• (H3) There exist constants ,1L  ,2L  ,1kd  mk ...,,1=  such that for all 

,Jt ∈  ,, Xyx ∈  D∈tt yx ,  such that 

( ) ( ) ( ) ( ) ,,,,, 2
1

22
0
2

DyxLytgxtgytfxtf
L

−≤−∨−  

( ) ( ) ,,,,, 2
2

2
11 DyxLystfxstf −≤−  

( ) ( ) .2
1

2 yxdyIxI kkk −≤−  

• (H4) ,: XJf →×D  ,:1 XJJf →×× D  ( ),,: 2
1

2
0 XEQLJg →×D  

and satisfy the usual linear growth condition, i.e., there exist constants 
,, 43 LL  

( ) ( ) ( ),1,, 2
3

22
0
2

DxLxtgxtf
L

+≤∨  

( ) ( ).1,, 2
4

2
1 DxLxtsf +≤  

• (H5) ,: XJf →×D  ,:1 XJJf →×× D  ( ),,: 2
1

2
0 XEQLJg →×D  

are uniformly bounded for ,Jt ∈  ,D∈tx  i.e., there exist constants 

65, LL  such that 

( ) ( ) ,,, 5
22

0
2

Lxtgxtf
L

≤+  

( ) .,, 6
2

1 Lxstf ≤  

It is clear that under these conditions, system (1) admits a mild 

solution ( ) ( )20, LJPCx ∈⋅  for any ( ) ,Ht ∈φ  ( ) ( )UJLu t ,2
F∈⋅  and 

this mild solution satisfies 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ 





 −+−+φ=

t t
s dsxsfstSsusBstStStx

0 0
,0  
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( ) ( )∫ ∫ 



 ττ−+ τ

t s
dsdxsfstS

0 0 1 ,,  

( ) ( ) ( ) ( ) ( )( ).,
0 0∫ ∑ <<

−+−+
t

tt kkks
k

txIttSsdwxsgstS  

Lemma 3.1 [13]. For arbitrary ( ),,,2 XLh tFΩ∈  there exists ∈z  

( ),, 0
22 LJL tF  and such that ( ) ( )∫+=

t
sdwszEhh

0
.  For all ,0>α  define 

the control for system (1) as 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )



 Γα+φ−Γα−= ∫∗∗

α
t TT sdwszRTSEhRtTSBxtu
0 00 ,0,,  

( ) ( ) ( ) ( )∫ −Γα−− ∗∗ t
s

T
s dsxsfsTSRtTSB

0
,,  

( ) ( ) ( ) ( )∫ ∫ 





 ττ×−Γα−− τ

∗∗ t sT
s dsdxsfsTSRtTSB

0 0
,,,  

( ) ( ) ( ) ( )∫ −Γα−− ∗∗ t
s

T
s dwxsgsTSRtTSB

0
,,  

( ) ( ) ( ) ( )( )∑
=

∗∗ −Γα−−
m

k
kkk

T txItTSRtTSB
1

0,  

and the operator αP  on ( )( )XLJPC t ,,, 20 FΩ  as follows: 

( )

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )( )



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













∈−+

−+





 ττ−+







 −+−+φ

≤φ

=

∑
∫
∫ ∫

∫ ∫

<<

τ

α

α

.,

,

,,

,0

,0,

0

0

0 0 1

0 0

JttxIttS

sdwxsgstS

dsdxsfstS

dsxsfstSsusBstStS

tt

tx

tt kkk

t
s

t s

t t
s

k

P  

 (2) 
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It will be shown that (1) is approximately controllable if for all 0>α  
there exists a fixed point of the operator .αP  To show that αP  has a fixed 

point, we employ the contraction mapping theorem. For convenience, denote 

( ) .2
1 Dφ+= MhEc  

Theorem 3.2. Suppose (H1)-(H4) hold. If 

( )










+++

α ∑
=

m

k
kdmLTlLTTlMM

1
12

32
1

2
2
2

3
1 21220  

 ( ) ,15515
1

112
3

111 ∑
=

≤++++
m

k
kdmMLTMLTTM  (3) 

then operator αP  has a fixed point in H. 

Proof. Using Lemma 3.1, we get  

{ ( ) } .20:sup2 2222
Dφ+≤≤≤ EtssxElxE t  

We shall first study the control ( )., xtuα  By (2), (H2) and (H4), 

( ) ( ) ( ) ( )

 +φ−

α
≤ ∫α

T
s dsxsfMTSEhMMxtuE

0121
2 ,02,  

( )
2

0 101 ,, 

+



 ττ+ ∫ ∫ τ

T s
dMdsdxsfM  

( ) ( ) 





 +

α
+ ∫ ∫

T T
s dsxsgMdsszEMM

0 0
2

1
2

21 ,4  

( ) ( )

 +×++

α
≤ ∫

T
s dsxLTMcMM

0
2

3121 11881
D  

( ) .818
0 1

2
41

2 

++×+ ∫

T
s dMdsxLMT D  (4) 
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Similarly, for x and ,Hy ∈  one can also obtain by (H2) and (H3) that 

( ) ( ) 2,, ytuxtuE αα −  

( ) ( )∫ Γα−= ∗∗ t T
sRtTSB

0
,  

( ) ( ) ( )( )dsysfxsfsTS ss ,, −−×  

( ) ( ) ( )∫ −Γα−+ ∗∗ t T
s sTSRtTSB

0
,  

( ) ( )[ ] dsdysfxsf
s







 ττ−τ× ∫ ττ0 11 ,,,,  

( ) ( ) ( ) ( ) ( )( ) ( )∫ −−×Γα−+ ∗∗ t
ss

T
s sdwysgxsgsTSRtTSB

0
,,,  

( ) ( ) ( ) ( )) ( ( )( )( )∑ =
∗∗ −−×Γα−+

m
k kkkkk

T
s tyItxItTSRtTSB

1
,  


 −+−

α
≤ ∫ ∫ ττ

t T
ss yxLTMyxLTMMM

0 0
22

2
2

1
2

1121 441
DD  

( )( ) 
−+−+ ∑∫ =

m
k kkk

t
ss tytxEdmMyxLM

1
2

110
2

11 44 D  

( ) .2124 2
1 12

32
1

22
2
1

∗=
−





 +++

α
≤ ∑ yxdmLTlLTTlMM m

k k  

Now consider ,αP  

( )( ) ( ) 2
21

2 ,55 xtuTEMMctxE αα +≤P  

[( ) ]( ),22115 222
4

3
31 DxExlLTLTTM +++++ ∗  

which, together with (3), implies that ( )( ) ,2 ∞≤α txE P  that is, .HH ∈αP  
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To apply the contraction mapping principle, now we prove under some 
conditions, αP  is a contraction on H. To show this, let ,, Hyx ∈  then for 

[ ],,0 Tt ∈  we have 

( )( ) ( )( ) 2tytxE αα − PP  

( ) ( ) dsytuxtuEMM 2
21 ,,5 αα −=  

( ) ∫ ∫ ττ −+−++
t t

ss yxLTMyxLTM
0 0

2
2

2
1

2
11 515 D  

∑ =
−+

m
k k yxdmM

1
2

115  

( )








 +++

α
≤ ∑ =

m
k kdmLTlLTTlMM

1 12
32

1
2

2
2

3
1 21220  

( ) ,5515 2
1 112

3
111 ∗=

−

++++ ∑ yxdmMLTMLTTM

m
k k  

then it can be easily concluded that if (3) is satisfied, αP  is a contraction 

mapping, and thus by the contraction mapping theorem, has a unique fixed 
point in H. The proof is completed. 

Theorem 3.3. Assume the conditions in Theorem 3.4 and (H5) are 
satisfied. Then system (1) is approximately controllable on [ ].,0 T  

Proof. By Theorem 3.2, αP  has a unique fixed point x in H. By 

substituting (1) into (2) and using the stochastic Fubini theorem (Da Prato 
and Zabczyk [4] and Zabczyk [30]), we can obtain 

( ) ( ) ( ) ( ) ( )∫ ∗∗ −+φ=
T

s dsxsfsTSTStx
0

,0  

( ) ( )∫ ∫ 



 ττ−+ ∗

τ
T s

dsdxsfsTS
0 0 1 ,,  

( ) ( ) ( )∫ ∗−+
t

s sdwxsgsTS
0

,  
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( ) ( ( ))∑ =
∗−+

m
k kkk txItTS

1
 

( ) ( ) ( )( )0, 00 φ−ΓαΓ+ TSEhR TT  

( ) ( ) ( ) ( ) ( )∫ ∫ Γα×−−+ ∗∗T T

r
T
r rdwrzRsTSBBsTS

0
,  

( ) ( ) ( ) ( ) ( )∫ ∫ ∗∗∗ −Γα×−−−
T T

r r
T
r dsdrxsfrTSRtTSBBsTS

0
,,  

( ) ( ) ( ) ( )∫ ∫ −Γα×−−− ∗∗T T

r
T
r rTSRtTSBBsTS

0
,  

( ) )∫ ττ× ∗s
r dsdrdxsf

0 1 ,,  

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ∗∗∗ −Γα×−−−
T T

r r
T
r rdsdwxrgrTSRtTSBBsTS

0
,,  

( ) ( ) ( ( ))∑ =
∗−ΓαΓ−

m
k kkk

TT txItTSR
100 ,  

( ) ( ) ( )( )0, φ−Γαα−= TSEhRh T
s  

( ) ( ) ( ) ( )∫ ∫ Γαα+−Γαα+ ∗T T T
s

T
s RdsxsfsTSR

0 0 0,,,  

( ) ( ) dsdxsfsTS
s





 ττ−× ∫ ∗

τ0 1 ,,  

( ) ( ( ) ( ) ( )) ( )∫ −−Γαα+ ∗T
s

T
s sdwszxsgsTSR

0
,,  

( ) ( ) ( ( )).,
10 ∑ =

∗−Γαα+
m
k kkk

T txItTSR  

Proof. If ,0=kI  then condition (3.1) can be reduced to 



Approximate Controllability of Stochastic Impulsive … 13 

( ( ) )2
32

1
2

2
2

3
1 21220 LTlLTTlMM ++
α

 

( ) 1515 2
3

111 ≤+++ LTMLTTM  (5) 

which can be taken away by considering system (1) with 0=kI  on 

[ ],~,0 T [ ],~2,~ TT [( ) ]TmTm ~~,~1~..., −  with T~  satisfying (5). That completes 

the proof. Now we apply the Nussbaum’s fixed point theorem to remove the 
condition (3). To start with, rewrite αP  as ,21 ααα += PPP  where 

( ) ( )∫ −=α
t

s dsxsfstS
01 ,P  

( ) ( )∫ ∫ 





 ττ−+ τ

t s
dsdxsfsTS

0 0
,,  

( ) ( )( ),
0∑ <<

−+
tt kkk

k
txIttS  

( ) ( ) ( ) ( )∫ αα −+φ=
t

sBustStS
02 0P  

( ) ( )( ) ( ).,
0∫ −+
t

s sdwxsgsTS  

Theorem 3.4. Assume (H1), (H3) and (H5) hold. If ( ),, ⋅tf  ( )⋅τ,,1 sf  

and ( )⋅kI  are compact, then system (3) is approximately controllable on 

[ ].,0 T  

Proof. By (H2) and (H5), 

( ) ( ) ,333 1
3

61
2

51
2

1 dMTMMTMMtxPE ++≤α  

and for ,2αP  

( ) ( ) ( ) .3,33 51
22

51
2

2 TMMxtuETMMctxPE ++≤ αα  



Ahmed Boudaoui and Abdeldjalil Slama 14 

From (4), there exists a constant 0>r  such that rr YYP ⊂α  with =rY  

{ }., rxHx ≤∈ ∗  On this ,rY  we can verify 

( ) ( ) ( ) ( ) ( ) ( )∫ ⋅≤− αα
T

ss dsysgxsgEMtyPtxPE
0

2
1

2
22 ,,2  

( ) ( )∫ αα ⋅µ+
T

dsysuxsEMM
0

2
21 ,,2  

,2
∗−≤ yxL  

where 

( ) .22124
111 12

32
1

22
2
1 TLMdmLTlLTTlMML

m
k k +





 +++

α
= ∑ =

 

That is, if ,1<L  α2P  is a contraction mapping, which can be removed          

if considering system (1) on [ ] [ ] [( ) ]TmTmTTT ~~,~1~...,,~2,~,~,0 −  with T~  

satisfying .1<L  

The operator α1P  maps rY  into a relatively compact subset of .rY  

Denote the set ( ) ( ) ( ) .1 rYxtPtV ∈|= α  

Take into account that the operators 

( ) ( ),, sxsfstS −  ( ) ( )∫ ττ−
s

ssfstS
0 1 ,,  and ( ) ( )( )∑ <<

−
tt kkk

k
txIttS

0
 

are compact. This is because ( )tS  is strongly continuous and f, 1f  and kI  

are compact. On the other hand, since rY  is bounded in H, the sets 

( ) ( ){ },,,,, rs YxJstxsfstS ∈∈−  

( ) ( ) ,,,,,,,
0 1







 ∈∈ττ− ∫ τ

s
rYxJstxsfstS  

( ) ( )( )






 ∈∈−∑ << tt rkkkk

k
YxJtttxIttS

0
,,,  
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are pre-compact. That ( )TV  is relatively compact follows directly from the 

fact that 

( ) ( ) ( ){ }rs YxJstxsfstSconvttV ∈∈−⊂ ,,,,  

( ) ( )






 ∈∈ττ−+ ∫ τ

s
rYxJstxsfstSconvt

0 1 ,,,,,,  

( ) ( ) ( )( ) ,,,,
0 






 ∈∈τ−τ−+ ∑ << tt rkkkkk

k
YxJttxIttStS  

where conv  denotes the closure of the convex hull defined in Xue [28]. 

Now we show ( )tV  is equicontinuous on [ ].,0 T  Let .0 21 Ttt ≤<<  

Then we have 

( ) ( ) ( ) ( )tyPtxPE αα − 11  

( ) ( )( ) ( )∫ −−−≤
1

0 21 ,
t

s dsxsfstSstS  

( ) ( )∫ −+
2

1
,2

t

t s dsxsfstS  

( ) ( )( ) ( )∫ ∫ 



 ττ−−−≤ τ

1

0 0 121 ,,
t s

dsdxsfstSstS  

( ) ( )∫ ∫ 



 ττ−+ τ

2

1 0 12 ,,
t

t

s
dsdxsfstS  

( ) ( ) ( )( )∑ ≤≤
−−−+

10 21tt kkkk txIttSttS  

( ) ( )∑ ≤≤
−+

21
2ttt kkk txIttS  

( )( ) ( )∫ −−≤
1

0 121 ,
t

s dsxsfttSIM  
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( ) ( )12611251 ttMMttMM −+−+  

( )( ) ( ) dsdxsfttSIM
st





 ττ−−+ ∫∫ τ0 10 121 ,,1  

( ) ( ) ( ) .
21

2121 ∑ ≤≤
−+−−+

ttt kkk txIttSttSIdM  

Since f, 1f  and kI  are compact, and ( )tS  is strongly continuous, one has 

that, as ,12 tt →  

( )( ) ( ) ,0,12 sxsfttSI −−    ( )( ) ( ) ,0,,
0 112 



 ττ−− ∫ τ

s
dxsfttSI  

( ) ( ) ,012 kk txIttSI −−  

uniformly for [ ],,0 Ts ∈  ....,,1 mk =  Thus, the equicontinuity of α1P  is 

obtained. According to the infinite dimensional version of the Ascoli-Arzela 
theorem (Yosida [29]), condition (3) in Lemma 2.3 is thus proved. 

Now it remains to show α1P  is continuous in X. Letting { } Xxn ∈  with 

( ) ( ),⋅→⋅ xxn  ∞→n  and using the continuity of f, 1f  and ,kI  one has 

( ) ( ),,, sns xsfxsf →    ( ) ( )∫ ∫ ττ→ττ ττ
s s

n dxsfdxsf
0 0

,,,,  

and ( ) ( ),xIxI knk −  as .∞→n  Meanwhile, ( ) ( ) ,3,, 5Mxsfxsf sns ≤−  

( ) ( )[ ] ( ) ( ) ,3,3,,,, 60 knkk
s

n dxIxIMdxsfxsf ≤−≤



 ττ−τ∫ ττ  

and by the dominated convergence theorem, α1P  is continuous in X. 

Therefore, by Lemma 2.3, αP  has a fixed point in .rY  Using the same 

procedure as in Theorem 3.3, system (1) is approximately controllable on 
[ ].,0 T  That completes the proof. 
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4. Conclusion 

The approximate controllability of stochastic impulsive integro-
differential systems with infinite delay has been investigated in this paper. 
By the contraction mapping theorem and Nussbaum’s fixed point theorem, 
sufficient conditions on the approximate controllability or the system have 
been obtained. 
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