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Abstract 

We prove a generalized contraction principle with control function in 
complete partial metric spaces. The contractive type condition used 
allows the appearance of self-distance terms. The obtained result 
generalizes some previously obtained results such as the very recent 
Ilić et al. [15]. An example is given to illustrate the generalization and 
its properness. Our presented example does not verify the contractive 
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type conditions of the main results proved recently by Romaguera in 
[17] and by Altun et al. in [8]. Therefore, our results have an 
advantage over the previously obtained. 

1. Introduction and Preliminaries 

Banach contraction mapping principle is considered to be the key of 
many extended fixed point theorems. It has widespread applications in many 
branches of mathematics, engineering and computer. Previously, many 
authors were able to generalize this principle [11-14, 20-23]. After the 
appearance of partial metric spaces as a place for distinct research work into 
flow analysis, non-symmetric topology and domain theory [5, 1], many 
authors started to generalize this principle to these spaces (see [2-4, 6-10,   
17-19, 24-26]). However, the contraction type conditions used in those 
generalizations do not reflect the structure of partial metric space apparently. 
Later, the authors in [15] proved a more reasonable contraction principle in 
partial metric space in which they used self-distance terms. In this article, we 
present a φ-contraction principle in partial metric spaces. The presented 
contractive condition allows the self-distance to appear so that completeness, 
rather than the 0-completeness, of the partial metric space is needed. 

We recall some definitions of partial metric spaces and state some of 
their properties. A partial metric space (PMS) is a pair ( XXpX ×:,  

)+→ R  (where +R  denotes the set of all nonnegative real numbers) such 

that 

(P1) ( ) ( )xypyxp ,, =  (symmetry); 

(P2) if ( ) ( ) ( ),,,,0 yypyxpxxp ==≤  then yx =  (equality); 

(P3) ( ) ( )yxpxxp ,, ≤  (small self-distances); 

(P4) ( ) ( ) ( ) ( )zypyxpyypzxp ,,,, +≤+  (triangularity) 

for all .,, Xzyx ∈  
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For a partial metric p on X, the function +→× RXXps :  given by 

 ( ) ( ) ( ) ( )yypxxpyxpyxps ,,,2, −−=  (1) 

is a (usual) metric on X. Each partial metric p on X generates a 0T  topology 

pτ  on X with a base of the family of open p-balls { ( ) },0,:, >ε∈ε XxxBp  

where ( ) ( ) ( ){ }ε+<∈=ε xxpyxpXyxBp ,,:,  for all Xx ∈  and .0>ε  

Definition 1 [1]. (i) A sequence { }nx  in a PMS ( )pX ,  converges to 

Xx ∈  if and only if ( ) ( ).,lim, nn xxpxxp ∞→=  

(ii) A sequence { }nx  in a PMS ( )pX ,  is called Cauchy if and only if 

( )mnmn xxp ,lim , ∞→  exists (and finite). 

(iii) A PMS ( )pX ,  is said to be complete if every Cauchy sequence 

{ }nx  in X converges, with respect to ,pτ  to a point Xx ∈  such that 

( ) ( ).,lim, , mnmn xxpxxp ∞→=  

(iv) A mapping XXT →:  is said to be continuous at ,0 Xx ∈  if for 

every ,0>ε  there exists 0>δ  such that ( ( )) ( )( ).,, 00 ε⊂δ xTBxBT pp  

Lemma 1 [1]. (a1) A sequence { }nx  is Cauchy in a PMS ( )pX ,  if and 

only if { }nx  is Cauchy in a metric space ( )., spX  

(a2) A PMS ( )pX ,  is complete if and only if the metric space ( )spX ,  

is complete. Moreover, 

( ) ( ) ( ) ( ).,lim,lim,0,lim
, mnmnnnn

s
n

xxpxxpxxpxxp
∞→∞→∞→

==⇔=  (2) 

A sequence { }nx  is called 0-Cauchy [15] if ( ) .0,lim , =mnnm xxp  The 

partial metric space ( )pX ,  is called 0-complete if every 0-Cauchy sequence 

in x converges to a point Xx ∈  with respect to p and ( ) .0, =xxp  Clearly, 
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every complete partial metric space is complete. The converse need not be 
true. 

Example 1 (See [15]). Let [ )∞= ,0∩QX  with the partial metric 

( ) { }.,max, yxyxp =  Then ( )pX ,  is a 0-complete partial metric space 

which is not complete. 

Definition 2. Let ( )pX ,  be a complete metric space. Set =ρ p  

( ){ }Xyxyxp ∈,:,inf  and define { ( ) }.,: pp xxpXxX ρ=∈=  

Theorem 1 [15]. Let ( )pX ,  be a complete metric space, [ )1,0∈α  and 

XXT →:  be a given mapping. Suppose that for each Xyx ∈,  the 

following condition holds: 

( ) ( ) ( ) ( ){ }.,,,,,max, yypxxpyxpyxp α≤  

Then 

(1) the set pX  is nonempty; 

(2) there is a unique pXu ∈  such that ;uTu =  

(3) for each pXx ∈  the sequence { } 1≥n
nxT  converges with respect to 

the metric sp  to u. 

The proof of the following lemma can be easily achieved by using the 
partial metric topology. 

Lemma 2 [2, 4]. Assume zxn →  as ∞→n  in a PMS ( )pX ,  such 

that ( ) .0, =zzp  Then ( ) ( )yzpyxp nn ,,lim =∞→  for every .Xy ∈  

The following lemma summarizes the relation between certain 
comparison functions that usually act as control functions in the studied 
contractive typed mappings in fixed point theory. For such a summary and 
fixed point theory for φ-contractive mappings, we advice for [16]. 
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Lemma 3. Let ++ →φ RR:  be a function and relative to the function φ 

consider the following conditions: 

 • (i) φ is monotone increasing. 

 • (ii) ( ) tt <φ  for all .0>t  

 • (iii) ( ) .00 =φ  

 • (iv) φ is right upper semicontinuous. 

 • (v) φ is right continuous. 

 • (vi) ( ) 0lim =φ∞→ tn
n  for all .0≥t  

Then the following are valid: 

 • (1) The conditions (i) and (ii) imply (iii). 

 • (2) The conditions (ii) and (v) imply (iii). 

 • (3) The conditions (i) and (vi) imply (ii). 

 • (4) The conditions (i) and (iv) imply (vi). 

 • (5) If φ satisfies (i), then (iv) ⇔ (v). 

2. Main Results 

Theorem 2. Let ( )pX ,  be a complete partial metric space. Suppose 

XXT →:  is a given mapping satisfying: 

 ( ) ( )( ) ( ) ( ){ },,,,,,max, yypxxpyxpTyTxp φ≤  (3) 

where [ ) [ )∞→∞φ ,0,0:  is an increasing function such that ( ) ( )tttf φ−=  

is increasing with 1−f  is right continuous at 0. Also, assume ( )tn
n φ∞→lim  

0=  for all 0≥t  (and hence ( ) ,00 =φ  ( ) tt <φ  for ).0>t  Then: 

(1) the set pX  is nonempty; 
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(2) there is a unique pXu ∈  such that ;uTu =  

(3) for each pXx ∈  the sequence { } 1≥n
nxT  converges with respect to 

the metric sp  to u. 

Proof. Let .Xx ∈  Then ( ) ( )xxpTxTxp ,, ≤  and therefore { ( ,xTp n  

)} 0≥n
nxT  is a nonincreasing sequence. Now define 

( )( ) ( ),,,: 1 xxpTxxpfM x += −  

where ( ) ( ).tttf φ−=  Notice that ( ) 00 =f  (and hence ( ) ,)001 =−f  ( )tf  

t<  for 0>t  and hence ( ) ttf >−1  for .0>t  Now we prove that 

 ( ) .0,, ≥∀≤ nMxxTp x
n  (4) 

Inequality (4) is true for ,1,0=n  since: ( ) xMxxp ≤,  and ( ) ≤xTxp ,  

( )( ) .,1
xMxTxpf ≤−  Now we proceed by induction. Suppose that (4) is true 

for each 10 −≤ nn  for some positive integer .20 ≥n  Then 

( ) ( ) ( )xTxpTxxTpxxTp nn ,,, 00 +≤  

{ ( ( )) ( ) ( )}xxpxTxTpxxTp nnn ,,,,,max 111 000 −−−φ≤  

( )xTxp ,+  

{ ( ( )) ( )} ( ).,,,,max 10 xTxpxxpxxTp n +φ≤ −  

Case 1. 

( ) ( ( )) ( )xTxpTxxTpxxTp nn ,,, 100 +φ≤ −  

( ( )( ) ( )) ( )xTxpxxpxTxpf ,,,1 ++φ≤ −  

( )( ) ( ) ( ( )( )xTxpffxxpxTxpf ,,, 11 −− −+=  

( )) ( )xTxpxxp ,, ++  

( ( )( )) ( ) .,,1
xx MxTxpxTxpffM =+−≤ −  
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Case 2. 

( ) ( ) ( )xTxpxxpxxTp n ,,,0 +≤  

( ) ( )( ) .,, 1
xMxTxpfxxp =+≤ −  

Thus, we obtain (4). Next, we prove that the sequence { ( )} 0, ≥n
nn xTxTp  is 

Cauchy. Equivalently, we show that 

 ( ) ,,lim
, x

mn
mn

rxTxTp =
∞→

 (5) 

where ( ).,inf: xTxTpr nn
nx =  Now clearly ( ) ≤≤ xTxTpr nn

x ,  

( )xTxTp mn ,  for all n, m. Also, given any ,0>ε  there exists N∈0n  such 

that ( ) ε+< x
nn rxTxTp 00 ,  and ( ) .20 ε+<φ xx

n rM  Therefore, for any 

,2, 0nnm >  we have 

( )xTxTpr mn
x ,≤  

{ ( ( )) ( ) ( )}xTxTpxTxTpxTxTp mmnnmn 111111 ,,,,,max −−−−−−φ≤  

{ ( ( )) ( ) ( )}xTxTpxTxTpxTxTp mmnnmn 2222222 ,,,,,max −−−−−−φ≤  

{ ( ( )),,max 000 xTxTp nmnnn −−φ≤  

( ) ( )}xTxTpxTxTp nmnmnnnn 0000 ,,, −−−−  

{ ( ( ) ( )),,,max 000 xxTpxxTp nmnnn −− +φ≤  

( ) ( )}xTxTpxTxTp nmnmnnnn 0000 ,,, −−−−  

{ ( ) }ε+ε+φ< xxx
n rrM ,,2max 0  

.ε+< xr  

Hence, we obtain (5). Since ( )pX ,  is a complete partial metric space, there 

exists Xz ∈  such that ( ) ., xrzzp =  Next, we show that ( ) ( ).,, zTzpzzp =  
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For every ,N∈n  we have 

( ) ( )zTzpzzp ,, ≤  

( ) ( ) ( )xTxTpzxTpxTTzp nnnn ,,, −+≤  

{ ( ( )) ( ) ( )}zzpxTxTpxTzp nnn ,,,,,max 111 −−−φ≤  

( ) ( ).,, xTxTpzxTp nnn −+  

Case 1. 

( ) ( ( )) ( ) ( )xTxTpzxTpxTzpzTzp nnnn ,,,, 1 −+φ≤ −  

( ) ( ) ( ) ( )zzpxTxTpzxTpxTzp nnnn ,,,, 1 →−+≤ −  as .∞→n  

Case 2. 

( ) ( ) ( ) ( ) ( )zzpxTxTpzxTpxTxTpzTzp nnnnn ,,,,, 11 →−+≤ −−  

as .∞→n  

Case 3. 

( ) ( ) ( ) ( ) ( )zzpxTxTpzxTpzzpzTzp nnn ,,,,, →−+≤  as .∞→n  

Therefore, 
 ( ) ( ).,, zTzpzzp =  (6) 

Now we show that pX  (see Definition 2) is nonempty. For each ,N∈k  

choose Xxk ∈  with ( ) ,1, kxxp pkk +ρ<  where .xTx k
k =  First, we prove 

that 
 ( ) .,lim

, pmnnm
zzp ρ=

∞→
 (7) 

Given ,0>ε  take [ ( )] .13: 1
0 +ε= −fn  If ,0nk >  then 

( ) ( ) ( ) kxxprzzpTzTzp pkkxkkkkp k
1,,, +ρ<≤=≤≤ρ  

( ).311 1
0 ε+ρ<+ρ< −fn pp  
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Set ( ) ( ).,,: kkkkk TzTzpzzpU −=  Then ( )ε< − 31 1fUk  for .0nk >  Thus, 

if ,, 0nnm >  then by (6) and the fact that f (and hence )1−f  is increasing, 

we have 

( ) ( ) ( ) ( )mmmnnnmn zTzpTzTzpTzzpzzp ,,,, ++≤  

( ) ( )mmnn TzTzpTzTzp ,, −−  

( )mnmn TzTzpUU ,++=  

( ) ( )( ) ( ) ( ){ }mmnnmn zzpzzpzzpf ,,,,,max32 1 φ+ε< −  

{ ( ( )) ( ) }pfff ρ+εε≤ −−− 33,32max 111  

{ ( ) }ε+ρε≤ −
pf ,32max 1  

( ).321 ε+ε+ρ≤ −fp  

Therefore, if we let ,0→ε  then we get (7). Since ( )pX ,  is a complete 

partial metric space, there exists Xu ∈  such that 

( ) ( ) .,lim, , pmnnm zzpuup ρ== ∞→  

Consequently, pXu ∈  and hence pX  is nonempty. 

Now choose an arbitrary .pXx ∈  Then 

( ) ( ) ( ) ,,,, pxp rzzpzTzpTzTzp ρ===≤≤ρ  

which, using (P2), implies that .zTz =  To prove uniqueness of the fixed 
point, we suppose that pXvu ∈,  are both fixed points of T. Then 

( ) ( ) ( )( ) ( ) ( ){ }vvpuupvupTvTupvupp ,,,,,max,, φ≤=≤ρ  

{ ( )( ) }.,,max pvup ρφ≤  

Case 1. 

( ) ( ) ( ) ( ) .,,,, vuvvpuupvupvup ppp =⇒==ρ=⇒ρ≤≤ρ  
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Case 2. 

( ) ( )( )vupvup ,, φ≤  

( ) ( )( ) 0,, ≤φ−⇒ vupvup  

( )( ) 0, ≤⇒ vupf  

( )( ) 0, =⇒ vupf  

( ) 0, =⇒ vup  

.vu =⇒  

Thus, the fixed point is unique. ~ 

Clearly, the above theorem does not guarantee uniqueness of the fixed 
point in X. However, if (3) is replaced by the condition below, then we can 
show uniqueness. 

Theorem 3. Let ( )pX ,  be a complete partial metric space. Suppose 

XXT →:  is a given mapping satisfying: 

 ( ) ( )( ) ( ) ( ) ,2
,,,,max,

⎭⎬
⎫

⎩⎨
⎧ +φ≤ yypxxpyxpTyTxp  (8) 

where [ ) [ )∞→∞φ ,0,0:  is as in Theorem 2. Then there is a unique point 

Xz ∈  such that .zTz =  Furthermore, pXz ∈  and for each pXx ∈  the 

sequence { } 1≥n
nxT  converges with respect to the metric sp  to z. 

Proof. Using Theorem 2, we only need to prove uniqueness. Suppose 
there exist Xvu ∈,  such that uTu =  and .vTv =  Now 

( ) ( ) ( )( ) ( ) ( ) .2
,,,,max,,

⎭
⎬
⎫

⎩
⎨
⎧ +
φ≤=

vvpuupvupTvTupvup  

Case 1. 

( ) ( )( )vupvup ,, φ≤  

( ) ( )( ) 0,, ≤φ−⇒ vupvup  
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( )( ) 0, ≤⇒ vupf  

( )( ) 0, =⇒ vupf  

( ) 0, =⇒ vup  

.vu =⇒  

Case 2. 

( ) ( ) ( )
2

,,, vvpuupvup +≤  

( ) ( ) ( ) 0,,,2 ≤−−⇒ vvpuupvup  

( ) 0, =⇒ vups  

.vu =⇒  ~ 

Corollary 1. Let ( )pX ,  be a 0-complete partial metric space. Suppose 

XXT →:  is a given mapping satisfying: 

 ( ) ( )( ),,, yxpTyTxp φ≤  (9) 

where [ ) [ )∞→∞φ ,0,0:  is an increasing function such that ( ) ( )tttf φ−=  

is increasing with 1−f  is right continuous at 0. Also, assume ( )tn
n φ∞→lim  

0=  for all 0≥t  (and hence ( ) ,00 =φ  ( ) tt <φ  for ).0>t  Then there is a 

unique Xz ∈  such that .zTz =  Also, ( ) 0, =zzp  and for each Xx ∈  the 

sequence { }xT n  converges with respect to the metric sp  to z. 

Corollary 2. If in Theorem 2 and Theorem 3 the function ( ) ,tt α=φ  

( ],1,0∈α  then Theorem 1 and Theorem 3.2 in [15] will follow. 

Example 2. Let [ ] [ ].4,31,0 ∪=X  Define ,: R→× XXp  XT :  

X→  and [ ) [ )∞→∞φ ,0,0:  as follows: 

( ) { },,max, yxyxp =  
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( )
[ ]

[ ]⎪
⎩

⎪
⎨

⎧

∈

∈
=

,4,3,5
7

,1,0,2
x

xx
xT  

( ) .1 t
tt
+

=φ  

The above definitions satisfy the hypothesis of Theorem 3. In particular, we 
make the following observations: 

• ( )pX ,  is a complete partial metric space. 

• We can easily prove by induction that ( ) nt
ttn
+

=φ 1  which implies 

that ( ) .0lim =φ∞→ tn
n  

• T satisfies condition (8): 

(1) If { } [ ] ,4,3, ∅≠∩yx  then 

( ) { } 5
7,max, == TyTxTyTxp  

( )( ) ( ) ( ) .2
,,,,max

⎭
⎬
⎫

⎩
⎨
⎧ +
φ≤

yypxxpyxp  

(2) If { } [ ],1,0, ⊂yx  then 

( ) { }
⎭
⎬
⎫

⎩
⎨
⎧== 2,2max,max, yxTyTxTyTxp  

( )( ) ( ) ( ) .2
,,,,max

⎭
⎬
⎫

⎩
⎨
⎧ +
φ≤

yypxxpyxp  

• By Theorem 3, there is a unique fixed point which is .0=z  

• On the other hand, if the partial metric p is replaced by the usual 
absolute value metric, then it can be easily checked that condition (8) is not 
satisfied with, for example, 1=x  and .3=y  
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• We remark that this our example does not verify the conditions of the 
main theorem in [8]. Therefore, our result has a benefit over [8]. 

• Our example does not verify the conditions of Theorem 4 in [17]. For 
example, the φ-contractive condition appeared there is not satisfied for 

,3=x .4=y  Thus, it has an advantage over [17]. 

• Our example does not verify the conditions of Theorem 3 in [17]. 
Check for ,3=x .4=y  
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