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Abstract 

In this paper, we discuss and study certain properties of interval-
valued intuitionistic fuzzy sets and their level subsets. We introduce a 
special class of interval-valued intuitionistic fuzzy ideals of a ring 
having the same tip and prove that it forms a complete sublattice of the 
lattice of interval-valued intuitionistic fuzzy ideal of a ring. Further a 
sub-class of the interval-valued intuitionistic fuzzy ideals with the 
same tip is introduced and shows that it forms a complete modular 
sublattice of the lattice of interval-valued intuitionistic fuzzy ideal of a 
ring. 

1. Introduction 

Zadeh [15] in 1965 introduced the concept of a fuzzy set to describe 
vagueness mathematically in its very abstractness. In [14], Rosenfeld 
introduced the notion of fuzzy subgroups and fuzzy ideals. Ajmal and 
Thomas [1] formulated, the lattice structures of various fuzzy algebraic 
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structures and their modularity. Zadeh [16] made an extension of the concept 
of a fuzzy subset by an interval-valued fuzzy subset, i.e., a fuzzy subset with 
an interval-valued membership function. In [9], Lee and others applied 
interval-valued fuzzy sets to ring theory. Atanassov [2] introduced the idea of 
intuitionistic fuzzy sets which is a generalization of fuzzy sets. The notion of 
interval-valued intuitionistic fuzzy sets was introduced by Atanassov and 
Gargov [3]. Interval-valued fuzzy subsets have many application in several 
areas. Biswas [6] worked on Rosenfeld’s fuzzy subgroups with interval-
valued membership function. Several mathematicians [4, 5, 7, 8] applied the 
concept of interval-valued intuitionistic fuzzy sets to algebraic structures. 

In our previous papers [10-13], we studied intuitionistic L-fuzzy sets on a 
ring. In this paper, we investigate the lattice structure of certain types of 
sublattice of the lattice of interval-valued intuitionistic fuzzy subring of a 
given ring. We prove that the set of interval-valued intuitionistic fuzzy ideals 
with sup property and the same tip forms a sublattice of interval-valued 
intuitionistic fuzzy ideal of a ring. In addition to this, the above sublattice is 
modular. 

2. Preliminaries 

Now we list some basic concepts which are applied in this paper. 

Let ( )ID  be the set of all closed subintervals of the unit interval 

[ ].1,0=I  The elements of [ ]1,0D  called interval numbers are generally 

denoted by ,α̂  where [ ],,ˆ UL αα=α  where ,10 ≤α≤α≤ UL  where Lα  

and Uα  are the lower and upper end points, respectively. The interval [ ]αα,  

is identified with the number [ ].1,0∈α  For interval numbers [ ],,ˆ UL αα=α  

[ ] [ ],1,0,ˆ DUL ∈ββ=β  we define 

[ ],,ˆˆ UULL β∨αβ∨α=β∨α  

[ ],,ˆˆ UULL β∧αβ∧α=β∧α  
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[ ],,ˆ U
iIi

L
iIiiIi α∨α∨=α∨ ∈∈∈  

[ ],,ˆ U
iIi

L
iIiiIi α∧α∧=α∧ ∈∈∈  where [ ].,ˆ U

i
L
ii αα=α  

For any two interval numbers ,ˆ,ˆ βα  we define 

(1) LL β≤α⇔β≤α ˆˆ  and UU β≤α  

(2) LL β=α⇔β=α ˆˆ  and UU β=α  

(3) LL β<α⇔β<α ˆˆ  and .UU β<α  

Now we recall interval-valued intuitionistic fuzzy sets and list some of 
its basic concepts. We define interval-valued intuitionistic fuzzy subrings and 
ideals and discuss some of its properties. We introduce a subclass of interval-
valued intuitionistic fuzzy ideals of a ring having the same tip. Let R denote a 
commutative ring with binary operations denoted by “+” and “.”. In this 
paper, we assume that any two interval numbers are comparable. 

Definition 2.1. An interval-valued intuitionistic fuzzy set in X 
( )( )XIVIFS  is defined as an expression of the form ( ) ( ){ xxxA AA νμ= ˆ,ˆ,  

},Xx ∈  where [ ],1,0:ˆ DXA →μ  [ ]1,0:ˆ DXA →ν  with ( ) =μ xAˆ  

[ ( ) ( )]xx U
A

L
A μμ ,  and ( ) [ ( ) ( )]xxx U

A
L
AA νν=ν ,ˆ  such that ( ) ( )xx L

A
L
A ν+μ≤0  

1≤  and ( ) ( ) .10 ≤ν+μ≤ xx U
A

U
A  

Definition 2.2. Let ( ) ( ){ }XxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }XxxB ∈ν̂  be ( ).IVIFS X  

Let { } ( ).IVIFS XA I ∈∈αα  Then 

(a) ( ) ( )xxBA BA μ≤μ⇔⊆ ˆˆ  and ( ) ( )xx BA ν≥ν ˆˆ  for all ,Xx ∈  

(b) ( ) ( )xxBA BA μ=μ⇔= ˆˆ  and ( ) ( )xx BA ν=ν ˆˆ  for all ,Xx ∈  

(c) { ( ) ( ) },ˆ,ˆ, XxxxxA c
A

c
A

c ∈νμ=  where 

( ) [ ( ) ( )] ( ) [ ( ) ( )],1,1ˆ,1,1ˆ xxxxxx L
A

U
A

c
A

L
A

U
A

c
A ν−ν−=νμ−μ−=μ  
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(d) ( ) ( ) ( ) ( ){ },ˆˆ,ˆˆ, XxxxxBA BABA ∈ν∧νμ∨μ=∪  where 

( ) ( ) [ ( ) ( ) ( ) ( )]xxxxx U
B

U
A

L
B

L
ABA μ∨μμ∨μ=μ∨μ ,ˆˆ  

and 

( ) ( ) [ ( ) ( ) ( ) ( )],,ˆˆ xxxxx U
B

U
A

L
B

L
ABA ν∧νν∧ν=ν∧ν  

(e) ( ) ( ){ },ˆ,ˆ, XxxxxAA AAiIi ∈νμ== ∈∩  where 

( ) [ ( ) ( )]xxx U
AIi

L
AIiA ii

μ∧μ∧=μ ∈∈ ,ˆ  

and 

( ) [ ( ) ( )].,ˆ xxx U
AIi

L
AIiA ii

ν∨ν∨=ν ∈∈  

Definition 2.3. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFS R  

Then A is called an interval-valued intuitionistic fuzzy subring of R 
( )( )RIVIFSR  if for ,, Ryx ∈  

  (i) ( ) ( ) ( )yxyx AAA μ∧μ≥−μ ˆˆˆ  

 (ii) ( ) ( ) ( )yxxy AAA μ∧μ≥μ ˆˆˆ  

(iii) ( ) ( ) ( )yxyx BAA ν∨μ≤−ν ˆˆˆ  

(iv) ( ) ( ) ( ).ˆˆˆ yxxy AAA ν∨ν≤ν  

Proposition 2.4. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFSR R  

Then 

 (i) ( ) ( )xAA μ≥μ ˆ0ˆ  and ( ) ( )xAA ν≤ν ˆ0ˆ  

(ii) ( ) ( )xAxA =−  for all .Rx ∈  

Definition 2.5. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFSR R  

Then 
( ) ( ) ( ) ( )xx A

Rx
AA

Rx
A ν=νμ=μ

∈∈
ˆinf0ˆ,ˆsup0ˆ  

is called the tip of A. 
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Example 2.6. Consider the commutative ring, ( ),,,4 ⋅+= ZR  where 

{ }.3,2,1,04 =Z  Let ( ) ( ){ }4ˆ,ˆ, ZxxxxA AA ∈νμ=  be given by 

[ ] [ ] [ ] [ ]{ ,5.0,3.0,3.0,2.0,1,2.0,1.0,6.0,4.0,0  

[ ] [ ] [ ] [ ] }.5.0,3.0,3.0,2.0,3,3.0,2.0,5.0,4.0,2  

Then A is an ( ).IVIFSR R  

Proposition 2.7. Let ( ) ( ){ },ˆ,ˆ, RxxxxA AAi ∈νμ=  ,Ii ∈  be an 

( ).IVIFSR R  Then ( ).RIVIFSRAiIi ∈∈∩  

Proof. Let ( ) ( ){ },ˆ,ˆ, RxxxxAA AAiIi ∈νμ== ∈∩  where ( ) =μ xAˆ  

( ) ( ) ( ).ˆˆ,ˆ xxx ii AIiAAIi ν∨=νμ∧ ∈∈  

For ,, Ryx ∈  

( ) ( )yxyx iAIiA −μ∧=−μ ∈ ˆˆ  

( ( ) ( ))yx ii AAIi μ∧μ∧≥ ∈ ˆˆ  

( ( ( ))) ( ( ( )))yx ii AIiAIi μ∧∧μ∧= ∈∈ ˆˆ  

( ) ( )yx AA μ∧μ= ˆˆ  

and 

( ) ( )xyxy iAIiA μ∧=μ ∈ ˆˆ  

( ( ) ( ))yx ii AAIi μ∧μ∧≥ ∈ ˆˆ  

( ( ( ))) ( ( ( )))yx ii AIiAIi μ∧∧μ∧= ∈∈ ˆˆ  

( ) ( ).ˆˆ yx AA μ∧μ=  

For ,, Ryx ∈  

( ) ( )yxyx iAIiA −ν∨=−ν ∈ ˆˆ  

( ( ) ( ))yx ii AAIi ν∨ν∨≤ ∈ ˆˆ  
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( ( ( ))) ( ( ( )))yx ii AIiAIi ν∨∨ν∨= ∈∈ ˆˆ  

( ) ( )yx AA ν∨ν= ˆˆ  

and 

( ) ( )xyxy iAIiA ν∨=ν ∈ ˆˆ  

( ( ) ( ))yx ii AAIi ν∨ν∨≤ ∈ ˆˆ  

( ( ( ))) ( ( ( )))yx ii AIiAIi ν∨∨ν∨= ∈∈ ˆˆ  

( ) ( ).ˆˆ yx AA ν∨ν=  

Hence ( ).IVIFSR RA ∈  � 

Definition 2.8. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFSR R  

Let { } IA ∈αα  be the family of ( )RIVIFSR  containing A. Then α∈α AI∩  

containing A is called the ( )RIVIFSR  generated by A and denoted by .A  It 

is the smallest ( )RIVIFSR  containing A. 

The set of ( )RIVIFSR  is a poset with respect to .⊆  Define two 

operations ∧∨,  on ( )RIVIFSR  as follows: for ( ),IVIFSR, RBA ∈  

BABA ∩=∧  and .BABA ∪=∨  

Proposition 2.9. The set ( )( )∧∨,,IVIFSR R  is a complete lattice under 

the ordering of interval value of intuitionistic fuzzy set. 

Definition 2.10. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFSR R  

Then A is called an interval-valued intuitionistic fuzzy ideal of R ( )( )RIVIFI  

if for ,, Ryx ∈  

  (i) ( ) ( ) ( )yxyx AAA μ∧μ≥−μ ˆˆˆ  

 (ii) ( ) ( )xxy AA μ≥μ ˆˆ  

(iii) ( ) ( ) ( )yxyx AAA ν∨ν≤−ν ˆˆˆ  

(iv) ( ) ( ).ˆˆ xxy AA ν≤ν  
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The set of ( )RIVIFI  with the same tip is denoted by ( ).IVIFI0 R  The 

following result is straightforward. 

Proposition 2.11. Let { } IiiA ∈  be ( ).IVIFI R  Then ( ).IVIFI RAiIi ∈∈∩  

Example 2.12. Consider the commutative ring ( ),,,4 ⋅+= ZR  where 

{ }.3,2,1,04 =Z  Let ( ) ( ){ }4ˆ,ˆ, ZxxxxB BB ∈νμ=  be given by 

[ ] [ ] [ ] [ ]{ ,2.0,1.0,2.0,2.0,1,1.0,1.0,6.0,5.0,0  

[ ] [ ] [ ] [ ] }.2.0,1.0,2.0,2.0,3,1.0,1.0,4.0,3.0,2  

Then B is an ( ).IVIFI R  

Proposition 2.13. The set of ( )RIVIFI  is a complete sublattice of 

( ).IVIFSR R  

Definition 2.14. Let X be a set and ( ).IVIFS XA ∈  Then A is said to 

have the sup property if for each subset Y of X, there exists a Yy ∈0  such 

that 

( ) ( )yy AYyA μ∨=μ ∈ ˆˆ 0  

and 

( ) ( ).ˆˆ 0 yy AYyA ν∧=ν ∈  

Definition 2.15. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  be IVIFS of R. Then the sum of A and B is defined as 

follows: for ,, Ryx ∈  

( ) ( ){ },ˆ,ˆ, RzzzzBA BABA ∈νμ=+ ++  

where 

( ) [ ( ) ( )]zzz U
BA

L
BABA +++ μμ=μ ,ˆ  

[ ( ( ) ( )) ( ( ) ( ))]yxyx U
B

U
Ayxz

L
B

L
Ayxz μ∧μ∨μ∧μ∨= +=+= ,  
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and 

( ) [ ( ) ( )]zzz U
BA

L
BABA +++ νν=ν ,ˆ  

[ ( ( ) ( )) ( ( ) ( ))]., yxyx U
B

U
Ayxz

L
B

L
Ayxz ν∨ν∧ν∨ν∧= +=+=  

Definition 2.16. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  be ( ).IVIFS R  Then the composition of A and B is defined as 

follows: for ,, Ryx ∈  

( ) ( ){ },ˆ,ˆ, RzzzzBA BABA ∈νμ= DDD  

where 

( ) [ ( ) ( )]zzz U
BA

L
BABA DDD μμ=μ ,ˆ  

[ ( ( ) ( )) ( ( ) ( ))]yxyx U
B

U
Axyz

L
B

L
Axyz μ∧μ∨μ∧μ∨= == ,  

and 

( ) [ ( ) ( )]zzz U
BA

L
BABA DDD νν=ν ,ˆ  

[ ( ( ) ( )) ( ( ) ( ))]., yxyx U
B

U
Axyz

L
B

L
Axyz ν∨ν∧ν∨ν∧= ==  

Definition 2.17. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFS R  

Then for [ ],1,0ˆ,ˆ D∈μλ  the set 

 (i) [ ] { ( ) ( ) }μ≤νλ≥μ∈=μλ ˆˆandˆˆˆ,ˆ xxXxA AA  is called the [ ]μλ ˆ,ˆ  

level subset of A. 

(ii) The set ( ) { ( ) ( ) }μ<νλ>μ∈=μλ ˆˆandˆˆˆ,ˆ xxXxA AA  is called the 

strong level subset of A. 

3. Relation Between Ideals and Interval-valued Intuitionistic              
Fuzzy Ideals 

We study some properties of the level subsets of interval-valued 
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intuitionistic fuzzy sets of R and also give its relation with ( )RIVIFSR  and 

( ).IVIFI R  Moreover, some properties of interval-valued intuitionistic fuzzy 

ideals under ring homomorphism are discussed. 

Theorem 3.1. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFS R  

Then ( )RA IVIFI∈  ( )( )RIVIFSR  iff [ ]μλ ˆ,ˆA  is an ideal (subring) of R for 

each [ ].1,0ˆ,ˆ D∈μλ  

Proof. Let ( ).IVIFI RA ∈  For ,, Ryx ∈  let [ ]., ˆ,ˆ μλ∈ Ayx  Then 

( ) ( ) ( )yxyx AAA μ∧μ≥+μ ˆˆˆ  

λ≥ ˆ  

and 

( ) ( ) ( )yxyx AAA ν∨ν≤+ν ˆˆˆ  

.μ̂≤  

Hence [ ].ˆ,ˆ μλ∈+ Ayx  

For Rr ∈  and [ ],ˆ,ˆ μλ∈ Ax  

( ) ( ) λ≥μ≥μ ˆˆˆ xxr AA  

and 

( ) ( ) .ˆˆˆ μ≤ν≤ν xxr AA  

Hence [ ].ˆ,ˆ μλ∈ Axr  Therefore, [ ]μλ ˆ,ˆA  is an ideal of R. 

Conversely, assume that [ ]μλ ˆ,ˆA  is an ideal of R. For each ,, Ryx ∈  let 

[ ( ) ( ) ( ) ( )]yxyx U
A

U
A

L
A

L
A μ∧μμ∧μ=λ ,ˆ  

and 

[ ( ) ( ) ( ) ( )].,ˆ yxyx U
A

U
A

L
A

L
A ν∨νν∨ν=μ  
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Let [ ]., ˆ,ˆ μλ∈ Ayx  Then [ ].ˆ,ˆ μλ∈+ Ayx  Hence 

( ) [ ( ) ( ) ( ) ( )]yxyxyx U
A

U
A

L
A

L
AA μ∧μμ∧μ=λ≥+μ ,ˆˆ  

and 

( ) [ ( ) ( ) ( ) ( )].,ˆˆ yxyxyx U
A

U
A

L
A

L
AA ν∨νν∨ν=μ≤+ν  

Let ( )xAμ=λ ˆˆ  and ( ).ˆˆ xAν=μ  For ,Rr ∈  

( ) ( )xxr AA μ=λ≥μ ˆˆˆ  and ( ) ( ).ˆˆˆ xxr AA ν=μ≤ν  

Hence ( ).IVIFI RA ∈  � 

Corollary 3.2. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFS R  

Then A is an ( )RIVIFI  ( )( )RIVIFSR  if and only if for all [ ]1,0ˆ,ˆ D∈μλ  

with ( )μλ≤μ+λ ˆ,ˆ,1ˆˆ A  is an ideal (subring) of R. 

( )RA IVIFI∈  ( )( )RIVIFSR  

Theorem 3.3. If ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  is an ( ),IVIFI R  then 

[ ] [ ]δνβα ⊆ ˆ,ˆˆ,ˆ AA  if ν≥α ˆˆ  and ,ˆˆ δ≤β  where [ ].1,0ˆ,ˆ,ˆ,ˆ D∈δνβα  

Proof. Let [ ].ˆ,ˆ βα∈ Ax  Then ( ) α≥μ ˆˆ xA  and ( ) .ˆˆ β≤ν xA  But ν≥α ˆˆ  

and ,ˆˆ δ≤β  then ( ) ν≥μ ˆˆ xA  and ( ) .ˆˆ δ≤ν xA  Then [ ].ˆ,ˆ δν∈ Ax  � 

Theorem 3.4. If ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  are ( ),IVIFI R  then 

( )[ ] [ ] [ ],ˆ,ˆˆ,ˆˆ,ˆ βαβαβα = BABA ∩∩  where [ ].1,0ˆ,ˆ D∈βα  

Proof. We have 

( )[ ] { ( ) ( ) }.ˆˆandˆˆˆ,ˆ β≤να≥μ∈=βα xxRxBA BABA ∩∩∩  
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Now, 

( )[ ] ( ) α≥μ⇔∈ βα ˆˆˆ,ˆ xBAx BA∩∩  and ( ) β≤ν ˆˆ xBA∩  

( ) ( ) α≥μ∧μ⇔ ˆˆˆ xBA  and ( ) ( ) β≤ν∨ν ˆˆˆ xBA  

( ) ( ) α≥μ∧μ⇔ ˆˆˆ xx BA  and ( ) ( ) β≤ν∨ν ˆˆˆ xx BA  

( ) ( ) α≥μα≥μ⇔ ˆˆ,ˆˆ xx BA  and ( ) ( ) β≤γβ≤ν ˆˆ,ˆˆ xx BA  

[ ]βα∈⇔ ˆ,ˆAx  and [ ]βα∈ ˆ,ˆBx  

[ ] [ ].ˆ,ˆˆ,ˆ βαβα∈⇔ BAx ∩  

Therefore, ( )[ ] [ ] [ ].ˆ,ˆˆ,ˆˆ,ˆ βαβαβα = BABA ∩∩  � 

Theorem 3.5. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  be ( )RIVIFI  such that .BA ⊆  Then [ ] [ ],ˆ,ˆˆ,ˆ βαβα ⊆ BA  

where [ ].1,0ˆ,ˆ D∈βα  

Proof. Let [ ].ˆ,ˆ βα∈ Ax  Then ( ) α≥μ ˆˆ xA  and ( ) .ˆˆ β≤ν xA  Since ,BA ⊆  

( ) ( ) α≥μ≥μ ˆˆˆ xx AB   and  ( ) ( ) .ˆˆˆ β≤ν≤ν xx AB  

Hence [ ].ˆ,ˆ βα∈ Bx  Therefore, [ ] [ ].ˆ,ˆˆ,ˆ βαβα ⊆ BA  � 

Theorem 3.6. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  be ( ).IVIFI R  Then ( )[ ] [ ] [ ],ˆ,ˆˆ,ˆˆ,ˆ βαβαβα ⊇ BABA ∪∪  where 

[ ].1,0ˆ,ˆ D∈βα  

Proof. Since BAA ∪⊆  and ,BAB ∪⊆  

[ ] ( )[ ]βαβα ⊆ ˆ,ˆˆ,ˆ BAA ∪   and  [ ] ( )[ ].ˆ,ˆˆ,ˆ βαβα ⊆ BAB ∪  

Hence ( )[ ] [ ] [ ].ˆ,ˆˆ,ˆˆ,ˆ βαβαβα ⊇ BABA ∪∪  � 
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Remark 3.7. Reverse of inclusion in the above theorem does not always 
hold. Consider the ring { }.,,4 ×+= ZR  Define two ( )RIVIFI  

[ ] [ ] [ ] [ ]{ ,5.0,3.0,3.0,2.0,1,2.0,1.0,6.0,4.0,0=A  

[ ] [ ] [ ] [ ] }5.0,3.0,3.0,2.0,3,3.0,2.0,5.0,4.0,2  

and 

[ ] [ ] [ ] [ ]{ ,2.0,1.0,2.0,2.0,1,1.0,1.0,6.0,5.0,0=B  

[ ] [ ] [ ] [ ] },2.0,1.0,2.0,2.0,3,1.0,1.0,4.0,3.0,2  

[ ] [ ] [ ] [ ]{ ,2.0,1.0,3.0,2.0,1,1.0,1.0,6.0,5.0,0=BA ∪  

[ ] [ ] [ ] [ ] }.2.0,1.0,3.0,2.0,3,1.0,1.0,5.0,4.0,2  

For [ ]3.0,1.0ˆ =α  and [ ],2.0,1.0ˆ =β  [ ] { },0ˆ,ˆ =βαA  [ ] { }2,0ˆ,ˆ =βαB  and 

( )[ ] { }.3,2,1,0ˆ,ˆ =βαBA ∪  Hence 

( )[ ] [ ] [ ].ˆ,ˆˆ,ˆˆ,ˆ βαβαβα ⊆/ BABA ∪∪  

Definition 3.8. Let YXf →:  be a mapping and { ( ),ˆ, xxA Aμ=  

( ) }XxxA ∈ν̂  and ( ) ( ){ }YyyyyB BB ∈νμ= ˆ,ˆ,  be IVIFS of X and Y. 

Then the image 

( ) ( ) ( ) ( ) ( ){ }YyyfyfyAf AA ∈νμ= ˆ,ˆ,  

is defined as 

( ) ( )
( ) ( )( ) ( )

[ ]⎪⎩

⎪
⎨
⎧ φ≠=∈μ∨

=μ
−

otherwise0,0

 if,ˆ
ˆ

1 yfyxfXxx
yf A

A  

and 

( ) ( ) ( ) ( )( ) ( )
[ ]⎩
⎨
⎧ φ≠=∈ν∧=ν

−

otherwise.1,1
 if,ˆˆ

1 yfyxfXxxyf A
A  
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Similarly inverse image 

( ) { ( ) ( ) ( ) ( ) }XxxfxfxBf BB ∈νμ= −−− ˆ,ˆ, 111  

is defined by 

( ) ( ) ( )( )xfxf BB μ=μ− ˆˆ1  

and 

( ) ( ) ( )( )xfxf BB ν=ν− ˆˆ1  for all .Xx ∈  

Lemma 3.9. If RRf ′→:  is a ring epimorphism and { ( ),ˆ, xxA Aμ=  

( ) }RxxA ∈ν̂  be an ( ).IVIFI R  Then ( ( ) ) ( )( )( ),ˆ,ˆˆ,ˆ βαβα = AfAf  where 

[ ].1,0ˆ,ˆ D∈βα  

Proof. Let ( ( ) ).ˆ,ˆ βα∈ Afy  Then there exists ( )βα∈ ˆ,ˆ0 Ax  such that 

( ).0xfy =  Now ( ) α>μ ˆˆ 0xA  and ( ) .ˆˆ 0 β<ν xA  Hence 

( ) ( ) ( ) ( ){ } α>=∈μ∨=μ ˆ,ˆˆ yxfRxxyf AA  

and 

( ) ( ) ( ) ( ){ } .ˆ,ˆˆ β<=∈ν∧=ν yxfRxxyf AA  

Hence ( )( )( ).ˆ,ˆ βα∈ Afy  Therefore, 

( ( ) ) ( )( )( ).ˆ,ˆˆ,ˆ βαβα ⊆ AfAf  

For the reverse inclusion, let ( )( )( ).ˆ,ˆ βα∈ Afy  Then 

( ) ( ) ( ) ( ){ }yxfRxxyf AA =∈μ∨=μ ,ˆˆ  

α> ˆ  

and 

( ) ( ) ( ) ( ){ }yxfRxxyf AA =∈ν∧=ν ,ˆˆ  

.β̂<  
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Hence there exists ( )yfx 1
0

−∈  such that ( ) α>μ ˆˆ 0xA  and ( ) .ˆˆ 0 β<ν xA  

Hence ( )βα∈ ˆ,ˆ0 Ax  and ( ) ( ( ) ).ˆ,ˆ0 βα∈= Afxfy  Therefore, ( )( )( ) ⊆βα ˆ,ˆAf  

( ( ) ).ˆ,ˆ βαAf  Therefore, 

( )( )( ) ( ( ) ).ˆ,ˆˆ,ˆ βαβα = AfAf  � 

Lemma 3.10. Let RRf ′→:  be a ring homomorphism and 

{ ( ) ( ) }RxxxxB BB ′∈νμ= ˆ,ˆ,  

be IVIFI ( ).R′  Then ( ( ) ) ( ( ))( ),ˆ,ˆ
1

ˆ,ˆ
1

βα
−

βα
− = BfBf  where [ ].1,0ˆ,ˆ D∈βα  

Proof. Let .Rx ∈  Then 

( ( ) ) ( ) ( )βαβα
− ∈⇔∈ ˆ,ˆˆ,ˆ

1 BxfBfx  

( )( ) α>μ⇔ ˆˆ xfB  and ( )( ) β<ν ˆˆ xfB  

( ) ( ) α>μ⇔ − ˆˆ1 xf B  and ( ) ( ) β<ν− ˆˆ1 xf B  

( ( ))( ).ˆ,ˆ
1

βα
−∈⇔ Bfx  

Hence the result. � 

Lemma 3.11. Let RRf ′→:  be a ring epimorphism and A, A′  be 

ideals of R and ,R′  respectively. Then ( )Af  and ( )Af ′−1  are ideals of R′  

and R, respectively. 

Theorem 3.12. Let RRf ′→:  be a ring epimorphism and 

( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  

be an ( )RIVIFI  ( )( )RIVIFSR  and ( ) ( ){ }RyyyyB BB ′∈νμ= ˆ,ˆ,  be an 

IVIFI ( )R′  ( )( ).RIVIFSR ′  Then 

 (i) ( ) ( ) ( )( )RIVIFSRRIVIFIAf ′′∈  

(ii) ( ) ( ) ( )( ).1 RIVIFSRRIVIFIBf ∈−  
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Proof. Let ( ).IVIFI RA∈  Then ( )βα ˆ,ˆA  is an ideal of R for [ ].1,0ˆ,ˆ D∈βα  

Then ( ( ) )βα ˆ,ˆAf  is an ideal of .R′  But 

( ( ) ) ( )( )( ).ˆ,ˆˆ,ˆ βαβα = AfAf  

Hence ( )( )( )βα ˆ,ˆAf  is an ideal of .R′  Therefore, ( ) ( ).IVIFI RAf ′∈  

(ii) Let ( ).IVIFI RB ′∈  Then ( )βα ˆ,ˆB  is an ideal of ,R′  where ∈βα ˆ,ˆ  

[ ].1,0D  Then ( ( ) )βα
−

ˆ,ˆ
1 Bf  is an ideal of R. But ( ( ) ) =βα

−
ˆ,ˆ

1 Bf  

( ( ))( ).ˆ,ˆ
1

βα
− Bf  Hence ( ( ))( )βα

−
ˆ,ˆ

1 Bf  is an ideal of R. Therefore, ( ) ∈− Bf 1  

( ).IVIFI R  � 

4. Lattice of Interval-valued Intuitionistic Fuzzy Ideal 

Here we prove that ( )R0IVIFI  forms a complete sublattice of ( ).IVIFI R  

The sup properties of ( )RIVIFI  are studied. We consider an interesting 

subclass of ( )R0IVIFI  which constitutes a sublattice of ( ).IVIFI0 R  Here 

we prove the results for the non-membership function of ( ).IVIFS R  

Lemma 4.1. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RyxB ∈ν̂  be ( ).RIVIFI  If A and B have the sup property, then 

( )[ ] [ ] [ ]βαβαβα +=+ ˆ,ˆˆ,ˆˆ,ˆ BABA  

for all [ ].1,0ˆ,ˆ D∈βα  

Proof. Let .Rz ∈  For ( )[ ],ˆ,ˆ βα+∈ BAz  

( ) [ ( ( ) ( )) ( ( )) ( )] .ˆ,ˆ β≤ν∨ν∧ν∨ν∧=ν +=+=+ yxyxz U
B

U
Ayxz

L
B

L
AyxzBA  (4.1) 

Now, for each decomposition ,yxz +=  we have either ( ) ( )yx L
B

L
A ν≥ν  

and ( ) ( )yx U
B

U
A ν≥ν  or ( ) ( )xy L

A
L
B ν≥ν  and ( ) ( ).xy U

A
U
B ν≥ν  
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Hence, we define the following subsets of R: 

( ) { yxzRxzP +=∈= ,  for some Ry ∈  such that 

( ) ( )yx L
B

L
A ν≥ν  and ( ) ( )},yx U

B
U
A ν≥ν  

( ) { yxzRyzQ +=∈= ,  for some Rx ∈  such that 

( ) ( )xy L
A

L
B ν≥ν  and ( ) ( )},xy U

A
U
B ν≥ν  

( ) { yxzRxzP +=∈=∗ :  for some Rx ∈  such that 

( ) ( ) ( ) ( )}., xyxy U
A

U
B

L
A

L
B ν≥νν≥ν  

Clearly ( ) ( ),zPzPR ∗= ∪  since A, B have the sup property, there exist 

( )zPx ∈0  and ( )zQy ∈0  such that 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
.

,
and

,

00

00

⎪
⎭

⎪
⎬

⎫

ν∧=νν∧=ν

ν∧=νν∧=ν

∈∈

∈∈

yyyy

xxxx

U
BzQy

U
B

L
BzQy

L
B

U
AzPx

U
A

L
AzPx

L
A

 (4.2) 

Since ( ),0 zPx ∈  there exists Ry ∈′0  with 00 yxz ′+=  such that 

( ) ( )00 yx L
B

L
A ′ν≥ν  and ( ) ( ).00 yx U

B
U
A ′ν≥ν  

Since ( ),0 zQy ∈  there exists Rx ∈′0  with 00 yxz +′=  such that 

( ) ( )00 xy L
A

L
B ′ν≥ν  and ( ) ( ).00 xy U

A
U
B ′ν≥ν  

But for ( ),0 zPx ∈  ( ),0 zQy ∈  we have either ( ) ( )00 yx L
B

L
A ν≥ν  and 

( ) ( )00 yx U
B

U
A ν≥ν  or ( ) ( )00 xy L

A
L
B ν≥ν  and ( ) ( ).00 xy U

A
U
B ν≥ν  

Case i. Suppose ( ) ( )00 yx L
B

L
A ν≥ν  and ( ) ( ).00 yx U

B
U
A ν≥ν  Then 

( ( ) ( ))yx L
B

L
Ayxz ν∨ν∧ +=  

( ( ) ( ))xzx L
B

L
ARx −ν∨ν∧= ∈  
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( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( )))yxxzx L
B

L
AzQy

L
B

L
AzPx ν∨ν∧∧−ν∨ν∧= ∈∈  

( ( ) ( ( ))) ( ( ) ( ( )))yx L
BzQy

L
AzPx ν∧∧ν∧= ∈∈  

( ) ( )00 yx L
B

L
A ν∧ν=  (By (4.2)) 

( ).0yL
Bν=  

Similarly 

[ ( ) ( )] ( ).0yyx U
B

U
A

U
Ayxz ν=ν∨ν∧ +=  

By (4.1), ( ) LL
B y β≤ν 0  and ( ) .0

UU
B y β≤ν  

So [ ].ˆ,ˆ0 βα∈ By  Since ( ) ( ) LL
B

L
A yx β≤ν≤′ν 00  and 

( ) ( ) [ ].ˆ,ˆ000 βα∈′⇒β≤ν≤′ν Axyx UU
B

U
A  

Thus [ ] [ ].ˆ,ˆˆ,ˆ00 βαβα +∈+′= BAyxz  

Case ii. Suppose ( ) ( )00 yx L
B

L
A ν≤ν  and ( ) ( ).00 yx U

B
U
A ν≤ν  Then as 

above, it follows that [ ]βα∈ ˆ,ˆ0 Ax  and [ ].ˆ,ˆ0 βα∈′ By  Thus 

[ ] [ ].ˆ,ˆˆ,ˆ00 βαβα +∈′+= BAyxz  

Hence 

( )[ ] [ ] [ ].ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +⊆+ BABA  

Let [ ] [ ].ˆ,ˆˆ,ˆ βαβα +∈ BAz  Then there exist [ ]βα∈ ˆ,ˆ0 Ax  and [ ]βα∈ ˆ,ˆ0 By  such 

that .00 yxz +=  Then ( ) β≤ν ˆˆ 0xA  and ( ) .ˆˆ 0 β≤ν yB  

For ,Rz ∈  

( ) [ ( ( ) ( )) ( ( ) ( ))]yxyxz U
B

U
Ayxz

L
B

L
AyxzBA ν∨ν∧ν∨ν∧=ν +=+=+ ,ˆ  

[ ]UL ββ≤ ,  
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β= ˆ  

( )[ ].ˆ,ˆ βα+∈⇒ BAz  

Hence [ ] [ ] ( )[ ].ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +⊆+ BABA  Therefore, 

( )[ ] [ ] [ ].ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +=+ BABA  � 

Lemma 4.2. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  be IVIFS (R). Let [ ].1,0ˆ,ˆ D∈βα  Then 

( )( ) ( ) ( ).ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +=+ BABA  

Proof. Let ( )( ).ˆ,ˆ βα+∈ BAz  Then 

( ) [ ( ( ) ( )) ( ( ) ( ))]yxyxz U
B

U
Ayxz

L
B

L
AyxzBA ν∨ν∧ν∨ν∧=ν +=+=+ ,ˆ  

.β̂<  

Then there exist Ryx ∈00,  with 00 yxz +=  such that ( ) ( )00 yx L
B

L
A ν∨ν  

Lβ<  and ( ) ( ) .00
UU

B
U
A yx β<ν∨ν  Hence ( ) ,0

LL
A x β<ν  ( ) LL

B y β<ν 0  and 

( ) ( ) ., 00
UU

B
UU

A yx β<νβ<ν  

Then ( )βα∈ ˆ,ˆ0 Ax  and ( ).ˆ,ˆ0 βα∈ By  Then ( ) ( ).ˆ,ˆˆ,ˆ00 βαβα +∈+= BAyxz  

Hence 
( )( ) ( ) ( ).ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +⊂+ BABA  

Let ( ) ( ).ˆ,ˆˆ,ˆ βαβα +∈ BAz  Then there exist ( )βα∈ ˆ,ˆ0 Ax  and ( )βα∈ ˆ,ˆ0 By  such 

that 00 yxz +=  and 

( ) [ ( ( ) ( )) ( ( ) ( ))]yxyxz U
B

U
Ayxz

L
B

L
AyxzBA ν∨ν∧ν∨ν∧=ν +=+=+ ,ˆ  

[ ( ) ( ) ( ) ( )]0000 , yxyx U
B

U
A

L
B

L
A ν∨νν∨ν≤  

.β̂<  
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Then ( )( ).ˆ,ˆ βα+∈ BAz  Hence 

( ) ( ) ( )( ).ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +⊂+ BABA  

Therefore, 

( )( ) ( ) ( ).ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +=+ BABA  � 

Proposition 4.3. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  be ( ).0 RIVIFI  Then .BABA +=∨  

Proof. Let ( ) ( ) 0ˆ0ˆ0ˆ α=μ=μ BA  and ( ) ( ) ,ˆ0ˆ0ˆ 0β=ν=ν BA  where 

[ ].1,0ˆ,ˆ 0 D∈βα  Let .Rz ∈  Then 

( ) ( ) ( )[ ]yxz BAyxzBA ν∨ν∧=ν +=+ ˆˆˆ  

[ ( ) ( ) ( ) ( )]00,00 U
B

U
A

L
B

L
A ν∨νν∨ν≥  

.ˆ
0β=  

Hence ( ) .ˆˆ 0β≥ν∧ +∈ zBARz  Also, 

( )( ) ( )0ˆˆ BABARz z ++∈ ν≤ν∧  

( ) ( )[ ]yx BAyx ν∨ν∧= += ˆˆ0  

[ ( ( ) ( )) ( ( ) ( ))]yxyx U
B

U
Ayx

L
B

L
Ayx ν∨ν∧ν∨ν∧= +=+= 00 ,  

[ ( ) ( ) ( ) ( )]00,00 U
B

U
A

L
B

L
A ν∨νν∨ν≤  

.ˆ
0β=  

Hence ( ) .ˆ0ˆ 0β=ν +BA  

For each [ ]1,0ˆ,ˆ D∈βα  with 0ˆˆ α<α  and ,ˆˆ
0β>β  ( )( ) .ˆ,ˆ φ≠+ βαBA  

By Lemma 4.2, 

( )( ) ( ) ( ).ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +=+ BABA  
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Since ( ),IVIFI, RBA ∈  ( ),ˆ,ˆ βαA  ( )βα ˆ,ˆB  are ideals of R. Hence ( )( )βα+ ˆ,ˆBA  

is an ideal of R. Therefore, ( ) ( ).IVIFI RBA ∈+  Moreover, ∈+ BA  

( ).IVIFI0 R  

Let .Rz ∈  Then 

( ) ( ( ) ( ))yxz L
B

L
Ayxz

L
BA ν∨ν∧=ν +=+  

( ) ( )0L
B

L
A z ν∨ν≤  

( )zL
Aν=  

and 

( ) ( ( ) ( ))yxz U
B

U
Ayxz

U
BA ν∨ν∧=ν +=+  

( ) ( )0U
B

U
A z ν∨ν≤  

( ).zU
Aν=  

Hence ,BAA +⊆  similarly .BAB +⊆  Let ( )RC 0IVIFI∈  such that 

CA ⊆  and .CB ⊆  Let .Rz ∈  Then 

( ) [ ( ( ) ( )) ( ( ) ( ))]yxyxz U
B

U
Ayxz

L
B

L
AyxzBA ν∨ν∧ν∨ν∧=ν +=+=+ ,ˆ  

[ ( ( ) ( )) ( ( ) ( ))]yxyx U
C

U
Cyxz

L
C

L
Cyxz ν∨ν∧ν∨ν∧≥ +=+= ,  

( ).ˆ zCν=  

Thus .CBA ⊆+  Therefore, .BABA +=∨  

The following result is straightforward. � 

Proposition 4.4. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  be ( ).0 RIVIFI  Then ( ).0 RIVIFIBA ∈∩  
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The set of ( )R0IVIFI  is a poset with respect to ”.“⊆  Define two 

operations ∧∨,  on ( )R0IVIFI  as follows: for ( ),IVIFI, 0 RBA ∈  

BABA ∩=∧  and .BABA +=∨  

Theorem 4.5. The set ( )( )∧∨,,0 RIVIFI  is a complete sublattice of 

( ).RIVIFI  

Lemma 4.6. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ),ˆ, xxB Bμ=  

( ) }RxxB ∈ν̂  be ( ).RIVIFI  If A and B have sup property, then 

 (i) BA +  has the sup property. 

(ii) BA ∩  has the sup property. 

Proof. (i) Let S be any subset of R. Then 

( )zBASz +∈ ν∧ ˆ  

[ ( ( ) ( )) ( ( ) ( ))]yxyx U
B

U
Ayxz

L
B

L
AyxzSz ν∨ν∧ν∨ν∧∧= +=+=∈ ,  

[( ( ) ( )) ( ( ) ( ))]., yxyx U
B

U
Ayxz

L
B

L
Ayxz ν∨ν∧ν∨ν∧= +∈+=  

This leads us to define two subsets ( )SP  and ( )SQ  of R by 

( ) { yxzSzRxSP +=∈∈= ,:  for some Ry ∈  

such that ( ) ( ) ( ) ( )}yxyx U
B

U
A

L
B

L
A ν≥νν≥ν ,  

and 

( ) { yxzSzRySQ +=∈∈= ,:  for some Rx ∈  

such that ( ) ( ) ( ) ( )}., yxyx U
B

U
A

L
B

L
A ν≤νν≤ν  

Since A and B have sup property, there exist ( )SPx ∈′  and ( )SQy ∈′′  such 

that 
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( ) [ ( ) ( ) ( ) ( )],,ˆ xxx U
ASPx

L
ASPxA μ∨μ∨=′μ ∈∈  

( ) [ ( ) ( ) ( ) ( )]xxx U
ASPx

L
ASPxA ν∧ν∧=′ν ∈∈ ,ˆ  

and 

( ) [ ( ) ( ) ( ) ( )],,ˆ yyy U
BSQy

L
BSQyB μ∨μ∨=′′μ ∈∈  

( ) [ ( ) ( ) ( ) ( )].,ˆ yyy U
BSQy

L
BSQyB ν∧ν∧=′′ν ∈∈  

Since ( ),SPx ∈′  there exists Sz ∈′  such that yxz ′+′=′  for some Ry ∈′  

satisfying ( ) ( )yx L
B

L
A ′ν≥′ν  and ( ) ( ).yx L

B
U
A ′ν≥′ν  Also, since ( ),SQy ∈′′  

there exists Sz ∈′′  such that yxz ′′+′′=′′  for some Rx ∈′′  satisfying 

( ) ( )yx L
B

L
A ′′ν≤′′ν  and ( ) ( ).yx U

B
U
A ′′ν≤′′ν  

But we have either 

( ) ( )yx L
B

L
A ′′ν≤′ν  and ( ) ( )yx U

B
U
A ′′ν≤′ν  

or 

( ) ( )yx L
B

L
A ′′ν≥′ν  and ( ) ( ).yx U

B
U
A ′′ν≥′ν  

Case i. Suppose 

( ) ( )yx L
B

L
A ′′ν≤′ν  and ( ) ( ).yx U

B
U
A ′′ν≤′ν  

Then 

( ( ) ( ))yx L
B

L
ASz

yxz
ν∨ν∧

+=
∈  

( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( )))yxyx L
B

L
ASQx

L
B

L
ASPx ν∨ν∧∧ν∨ν∧= ∈∈  
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( ( ) ( ( ))) ( ( ) ( ( )))yx L
BSQy

L
ASPx ν∧∧ν∧= ∈∈  

( ) ( )yx L
B

L
A ′′ν∧′ν=  

( ).xL
A ′ν=  

Similarly we have 

( ( ) ( )) ( ).xyx U
A

U
B

U
ASz

yxz
′ν=ν∨ν∧

+=
∈  

Thus 

( ) ( ),zx L
BASz

L
A +∈ ν∧=′ν  

( ) ( ).zx U
BASz

U
A +∈ ν∧=′ν  (4.3) 

Here we claim that for ,Rz ∈′  

( ) ( )zz L
BA

L
BASz ′ν=ν∧ ++∈    

and   

( ) ( ).zz U
BA

U
BASz ′ν=ν∧ ++∈  

For decomposition ,ii yxz ′+′=′  we have 

( ) ( ( ) ( ))i
L
Bi

L
Ayxz

L
BA yxz ii ν∨′ν∧=′ν ′+′=+  

and 

( ) ( ( ) ( )).i
U
Bi

U
Ayxz

U
BA yxz ii ν∨′ν∧=′ν ′+′=′+  

Again we construct subsets ( ) ( )zQzP ′′ ,  of R as follows: 

( ) { iii yxzRxzP ′+′=′∈′=′ :  for some Ryi ∈′  

such that ( ) ( )i
L
Bi

L
A yx ′ν≥′ν  and ( ) ( )},i

U
Bi

U
A yx ′ν≥′ν  
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( ) { iii yxzRyzQ ′+′=′∈′=′ :  for some Rxi ∈′  

such that ( ) ( )i
L
Bi

L
A yx ′ν≤′ν  and ( ) ( )}.i

U
Bi

U
A yx ′ν≤′ν  

Then 

( ) ( ( ) ( ))i
L
Bi

L
Ayxz

L
BA yxz ii

′ν∨′ν∧=′ν ′+′=′+  

( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( )))i
L
Bi

L
AzQyi

L
Bi

L
AzPx yxyx ii

′ν∨′ν∧∧′ν∨′ν∧= ′∈′′∈′  

( ( ) ( ( ))) ( ( ) ( )).i
L
BzQyi

L
AzPx yx ii

′ν∧∧′ν∧= ′∈′′∈′  

Similarly we have 

( ) ( ( ) ( ))i
U
Bi

U
Ayxz

U
BA yxz ii

′ν∨′ν∧=′ν ′+′=′+  

( ( ) ( ( ))) ( ( ) ( ( ))).i
U
BzQyi

U
AzPx yx ii

′ν∧∧′ν∧= ′∈′′∈  

Since ( ) ( )SPzP ⊂′  and ( ),zPx ′∈′  we have 

( ) ( ) ( ) ( ) ( ) ( )xxxx L
A

L
ASPxi

L
AzPx

L
A i

′ν=ν∧≥′ν∧≥′ν ∈′∈′  

and 

( ) ( ) ( ) ( ) ( ) ( ).xxxx U
A

U
ASPxi

U
AzPx

U
A i

′ν=ν∧≥′ν∧≥′ν ∈′∈′  

Thus 

( ) ( ) ( )xx L
Ai

L
AzPxi

′ν=′ν∧ ′∈′  and ( ) ( ) ( ).xx U
Ai

U
AzPxi

′ν=′ν∧ ′∈′  (4.4) 

Also, since ( ) ( ),SQzQ ⊂′  we have 

( ) ( ) ( ) ( ) ( )i
L
BzQyi

L
BSQy

L
B yyy ii

′ν∧≤′ν∧=′′ν ′∈′∈′  

and 

( ) ( ) ( ) ( ) ( ).i
U
BzQyi

U
BSQy

U
B yyy ii

′ν∧≤′ν∧=′′ν ′∈′∈′  
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By case (i), we have 

( ) ( ) ( ) ( ) ( ) ( )i
L
BzQy

L
B

L
Ai

L
AzPx yyxx ii

′ν∧≤′′ν≤′ν=′ν∧ ′∈′′∈′  

and 

( ) ( ) ( ) ( ) ( ) ( ).i
U
BzQy

U
B

U
Ai

U
AzPx yyxx ii

′ν∧≤′′ν≤′ν=′ν∧ ′∈′′∈′  

Thus 

( ) ( ( ) ( ( )) ( ( ) ( ( ))))i
L
BzQyi

L
AzPx

L
BA yxz ii

′ν∧∧′ν∧=′ν ′∈′′∈′+  

( ) ( )i
L
AzPx xi

′ν∧= ′∈′  

( )xL
A ′ν=  (4.5) 

and 

( ) ( ( ) ( ( )) ( ( ) ( ( ))))i
U
BzQyi

U
AzPx

U
BA yxz ii

′ν∧∧′ν∧=′ν ′∈′′∈′+  

( ) ( )i
U
AzPx xi

′ν∧= ′∈′  

( ).xU
A ′ν=  (4.6) 

From (4.3), (4.5) and (4.6), 

( ) ( )zz L
BASz

L
BA +∈+ ν∧=′ν   and  ( ) ( ).zz U

BASz
U

BA +∈+ ν∧=′ν  

Case ii. Suppose, let ( ) ( )yx L
B

L
A ′′ν≥′ν  and ( ) ( ).yx U

B
U
A ′′ν≥′ν  We can 

verify that 

( ) ( )zz L
BASz

L
BA +∈+ ν∧=′′ν  and ( ) ( )zz U

BASz
U

BA +∈+ ν∧=′′ν  

for all .Sz ∈′′  Hence BA +  has the sup property. 

(ii) Let S be any subset of R. Then 

( ) [ ( ) ( ) ( ) ( )].,ˆ xxxxx U
B

U
A

L
B

L
ABA ν∨νν∨ν=ν ∩  
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Define subsets ( ) ( )SQSP ,  of R as follows: 

( ) { ( ) ( ) ( ) ( )},,: xxxxRxSP U
B

U
A

L
B

L
A ν≥νν≥ν∈=  

( ) { ( ) ( ) ( ) ( )}.,: xxxxRxSQ U
A

U
B

L
A

L
B ν≥νν≥ν∈=  

Then ( ) ( ).SQSPR ∪=  A and B have sup property, there exists ( )SPx ∈0  

and ( )SQy ∈0  such that 

( ) ( ) ( ) ( ) ( ) ( )xxxx U
ASPx

U
A

L
ASPx

L
A ν∧=νν∧=ν ∈∈ 00 ,  

and 

( ) ( ) ( ) ( ) ( ) ( )., 00 yyyy U
BSQy

U
B

L
BSQy

L
B ν∧=νν∧=ν ∈∈  

Case (i). Suppose ( ) ( )00 yx L
B

L
A ν≤ν  and ( ) ( ).00 yx U

B
U
A ν≤ν  Then 

( )xL
BASx ∩ν∧ ∈  

( ( ) ( ))xx L
B

L
ASx ν∨ν∧= ∈  

( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( )))xxxx L
B

L
ASQx

L
B

L
ASPx ν∨ν∧∧ν∨ν∧= ∈∈  

( ( ) ( ( ))) ( ( ) ( ( )))xx L
BSQx

L
ASPx ν∧∧ν∧= ∈∈  

( ) ( )00 yx L
B

L
A ν∧ν=  

( ).0xL
Aν=  

Similarly, we have 

( ) ( ( ) ( )) ( ).0xxxx U
A

U
B

U
ASx

U
BASx ν=ν∨ν∧=ν∧ ∈∈ ∩  

Thus 

( ) ( )0xx L
A

L
BASx ν=ν∧ ∈ ∩   and  ( ) ( ).0xx U

A
U

BASx ν=ν∧ ∈ ∩  
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Because ( ),0 SPx ∈  therefore, 

( ) ( ) ( ) ( )0000 xxxx L
BA

L
B

L
A

L
A ∩ν=ν∨ν=ν  

and 

( ) ( ) ( ) ( ).0000 xxxx U
BA

U
B

U
A

U
A ∩ν=ν∨ν=ν  

Then 

( ) ( ) ( ) ( )00 xxx L
BA

L
A

L
BASPx ∩∩ ν=ν=ν∧ ∈  

and 

( ) ( ) ( ) ( ).00 xxx U
BA

U
A

U
BASPx ∩∩ ν=ν=ν∧ ∈  

Case ii. Suppose let ( ) ( )00 yx L
B

L
A ν≥ν  and ( ) ( ).00 yx U

B
U
A ν≥ν  As 

above, we can verify that 

( ) ( ) ( )yy L
BASQy

L
BA ∩∩ ν∧=ν ∈0   

and 

 ( ) ( ) ( ).0 yy U
BASQy

U
BA ∩∩ ν∧=ν ∈  

Hence BA ∩  has the sup property. � 

Let the set of all ( )RIVIFI  with sup property and the same tip be 

denoted as ( ).sIVIFI0 R  

Proposition 4.7. ( )RsIVIFI0  forms a sub-lattice of ( )RIVIFI0  and hence 

of ( ).RIVIFI  

Proof. Let ( ) ( ){ }RxxxxA AA ∈νμ= ˆ,ˆ,  and { ( ) ( )xxxB BB νμ= ˆ,ˆ,  

}Rx ∈  be ( )RsIVIFI0  with tip [ ].1,0ˆ,ˆ 00 D∈βα  For each [ ],1,0ˆ,ˆ D∈βα  

[ ] [ ]βαβα ˆ,ˆˆ,ˆ , BA  are ideals of R. Then [ ] [ ]βαβα + ˆ,ˆˆ,ˆ BA  is an ideal of R. 
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Since A and B have sup property, by Lemma 4.1 

[ ] [ ] ( )[ ].ˆ,ˆˆ,ˆˆ,ˆ βαβαβα +=+ BABA  

Hence ( ).sIVIFI0 RBA ∈+  

For ,RSz ⊂∈  

( ) ( ( ) ( ))yxz L
B

L
Ayxz

L
BA ν∨ν∧=ν +=+  

( ) ( )0L
B

L
A z ν∨ν≤  

( )zL
Aν=  

and 

( ) ( ( ) ( ))yxz U
B

U
Ayxz

U
BA ν∨ν∧=ν +=+  

( ) ( )0U
B

U
A z ν∨ν≤  

( ).zU
Aν=  

Then .BAA +⊆  Similarly .BAB +⊆  Let ( )RC sIVIFI0∈  such that 

CA ⊆  and .CB ⊆  Let Sz ∈  such that .yxz +=  Then 

( ) ( ) ( ) ( )yxyxz L
C

L
C

L
C

L
C ν∨ν≤+ν=ν  

and 

( ) ( ) ( ) ( ).yxyxz U
C

U
C

U
C

U
C ν∨ν≤+ν=ν  

Thus 

( ) ( ( ) ( ))yxz L
B

L
Ayxz

L
BA ν∨ν∧=ν +=+  

( ( ) ( ))yx L
C

L
Cyxz ν∨ν∧≥ +=  

( )zL
Cν=  
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and 

( ) ( ( ) ( ))yxz U
B

U
Ayxz

U
BA ν∨ν∧=ν +=+  

( ( ) ( ))yx U
C

U
Cyxz ν∨ν∧≥ +=  

( ).zU
Cν=  

So .CBA ⊆+  Hence BA +  is the least ( )RsIVIFI0  containing A and B. 

Therefore, BABA +=∨  and ( ).sIVIFI0 RBA ∈∩  Thus the set of 

( )RsIVIFI0  forms a sublattice of ( )R0IVIFI  and hence of ( ).IVIFI R  � 

5. Modularity 

In this section, we prove that the interval-valued intuitionistic fuzzy 
ideals on a ring with sup property and same tip form a complete modular 
lattice. 

Lemma 5.1. Let ( ) ( ){ }XxxxxA AA ∈νμ= ˆ,ˆ,  be an ( ).IVIFSR R  If 

( ) ( )yx AA μ<μ ˆˆ  and ( ) ( )yx AA ν>ν ˆˆ  for some ,, Ryx ∈  then 

( ) ( )xyx AA μ=+μ ˆˆ  and ( ) ( ).ˆˆ xyx AA ν=+ν  

Proof. For ,, Ryx ∈  

( ) ( ) ( ) ( )xyxyx L
A

L
A

L
A

L
A ν=ν∨ν≤+ν  

and 

( ) ( ) ( ) ( ).xyxyx U
A

U
A

U
A

U
A ν=ν∨ν≤+ν  

Assume that ( ) ( )xyx L
A

L
A ν<+ν  and ( ) ( ).xyx U

A
U

BA ν<+ν +  Then 

( ) ( ) ( ) ( )yyxyyxx L
A

L
A

L
A

L
A ν∨+ν≤−+ν=ν  

( )xL
Aν<  
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and 

( ) ( ) ( ) ( )yyxyyxx U
A

U
A

U
A

U
A ν∨+ν≤−+ν=ν  

( ).xU
Aν<  

This is a contradiction. Hence 

( ) ( )xyx L
A

L
A ν≥+ν   

and  

( ) ( ).xyx U
A

U
A ν≥+ν  

Therefore, 

( ) ( ).ˆˆ xyx AA ν=+ν  � 

Theorem 5.2. The sublattice ( )RsIVIFI0  of ( )RIVIFI  is modular. 

Proof. Let ( )RCBA sIVIFI,, 0∈  such that .AB ⊂  Then by modular 

inequality 

( ) ( ) ACBACB ∧∨⊂∧∨  (5.1) 

holds. Assume that 

( ) ( ) .ACBACB ∧∨≠∧∨  

Let .Rz ∈  Then 

( ( )) ( ) (( ) ) ( )zz L
ACB

L
ACB ν∧ν∨ν>ν∧ν∨ν  

and 

( ( )) ( ) (( ) ) ( ).zz U
ACB

U
ACB ν∧ν∨ν>ν∧ν∨ν  

By Proposition 4.7, 

( ) ( ) ( ) ( )( ) ( )zzz L
ACB

L
A

L
CB ν∨ν+ν<ν∨ν+ν  
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and 

( ) ( ) ( ) ( )( ) ( ).zzz U
ACB

U
A

U
CB ν∨ν+ν<ν∨ν+ν  

So 

( ) ( )( ) ( ),zz L
ACB

L
A ν∨ν+ν<ν  

( ) ( )( ) ( )zz U
ACB

U
A ν∨ν+ν<ν  (5.2) 

and 

( ) ( ) ( )( ) ( ),zz L
ACB

L
CB ν∨ν+ν<ν+ν  

( ) ( ) ( )( ) ( ).zz U
ACB

U
CB ν∨ν+ν<ν+ν  

Then there exists Ryx ∈00,  with 00 yxz +=  such that 

( ) ( ) ( )( ) ( )zyx L
ACB

L
C

L
B ν∨ν+ν<ν∨ν 00  

and 

( ) ( ) ( )( ) ( ).00 zyx U
ACB

U
C

U
B ν∨ν+ν<ν∨ν  

Thus 

( ) ( )( ) ( ),0 zx L
ACB

L
B ν∨ν+ν<ν  

( ) ( )( ) ( )zx U
ACB

U
B ν∨ν+ν<ν 0  (5.3) 

and 

( ) ( )( ) ( ),0 zy L
ACB

L
C ν∨ν+ν<ν  

( ) ( )( ) ( ).0 zy U
ACB

U
C ν∨ν+ν<ν  (5.4) 

For ,Rz ∈  
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( )( ) ( ) ( ( ) ( ) ( ))yxz L
AC

L
Byxz

L
ACB ν∨ν∨ν∧=ν∨ν+ν +=  

( ( ) ( ) ( ))yyx L
A

L
C

L
Byxz ν∨ν∨ν∧= +=  

( ) ( ) ( ).000 yyx L
A

L
C

L
B ν∨ν∨ν≤  (5.5) 

Similarly for ,Rz ∈  

( )( ) ( ) ( ) ( ) ( ).000 yyxz U
A

U
C

U
B

U
ACB ν∨ν∨ν≤ν∨ν+ν  

Hence (from (5.2), (5.3) and (5.4)) 

( ) ( ) ( ) ( ) ( ) ( )00000 ,, yyxyxz L
A

L
C

L
B

L
C

L
B

L
A ν∨ν∨ν<ννν  

and 

( ) ( ) ( ) ( ) ( ) ( ).,, 00000 yyxyxz U
A

U
C

U
B

U
C

U
B

U
A ν∨ν∨ν<ννν  

Now it follows that 

( ) ( ) ( ) ( )0000 yyxy L
A

L
C

L
B

L
A ν∨ν∨ν=ν  

and 

( ) ( ) ( ) ( ).0000 yyxy U
A

U
C

U
B

U
A ν∨ν∨ν=ν  (5.6) 

Hence by (5.2), ( ) ( )0yz L
A

L
A ν<ν  and ( ) ( ).0yz U

A
U
A ν<ν  

Therefore, ( ) ( ) ( ) ( )0000 yxzyy L
A

L
A

L
A

L
A +ν=ν>ν=−ν  and 

( ) ( ) ( ) ( ).0000 yxzyy U
A

U
A

U
A

U
A +ν=ν>ν=−ν  

Then by Lemma 5.1, 

( ) ( )00 yx L
A

L
A ν=ν  and ( ) ( )00 yx U

A
U
A ν=ν  (5.7) 

which implies that 

( ) ( )00 xx L
A

L
B ν<ν  and ( ) ( ).00 xx U

A
U
B ν<ν  
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This is a contradiction to the fact .AB ⊂  Hence 

( ) ( ) .ACBACB ∧∨=∧∨  

Therefore, ( )RsIVIFI0  is modular. � 
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