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Abstract

In this paper, we discuss and study certain properties of interval-
valued intuitionistic fuzzy sets and their level subsets. We introduce a
special class of interval-valued intuitionistic fuzzy ideals of a ring
having the same tip and prove that it forms a complete sublattice of the
lattice of interval-valued intuitionistic fuzzy ideal of a ring. Further a
sub-class of the interval-valued intuitionistic fuzzy ideals with the
same tip is introduced and shows that it forms a complete modular
sublattice of the lattice of interval-valued intuitionistic fuzzy ideal of a
ring.

1. Introduction

Zadeh [15] in 1965 introduced the concept of a fuzzy set to describe
vagueness mathematically in its very abstractness. In [14], Rosenfeld
introduced the notion of fuzzy subgroups and fuzzy ideals. Ajmal and
Thomas [1] formulated, the lattice structures of various fuzzy algebraic
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structures and their modularity. Zadeh [16] made an extension of the concept
of a fuzzy subset by an interval-valued fuzzy subset, i.e., a fuzzy subset with
an interval-valued membership function. In [9], Lee and others applied
interval-valued fuzzy sets to ring theory. Atanassov [2] introduced the idea of
intuitionistic fuzzy sets which is a generalization of fuzzy sets. The notion of
interval-valued intuitionistic fuzzy sets was introduced by Atanassov and
Gargov [3]. Interval-valued fuzzy subsets have many application in several
areas. Biswas [6] worked on Rosenfeld’s fuzzy subgroups with interval-
valued membership function. Several mathematicians [4, 5, 7, 8] applied the
concept of interval-valued intuitionistic fuzzy sets to algebraic structures.

In our previous papers [10-13], we studied intuitionistic L-fuzzy sets on a
ring. In this paper, we investigate the lattice structure of certain types of
sublattice of the lattice of interval-valued intuitionistic fuzzy subring of a
given ring. We prove that the set of interval-valued intuitionistic fuzzy ideals
with sup property and the same tip forms a sublattice of interval-valued
intuitionistic fuzzy ideal of a ring. In addition to this, the above sublattice is
modular.

2. Preliminaries

Now we list some basic concepts which are applied in this paper.

Let D(I) be the set of all closed subintervals of the unit interval

| =[0,1]. The elements of D[0, 1] called interval numbers are generally

L L

denoted by &, where & =[ab, aV], where 0 <ot < oY <1, where a

and oV are the lower and upper end points, respectively. The interval [a, o]

is identified with the number o e [0, 1]. For interval numbers & = o', a" ]

B =[BL, Y] < Do, 1], we define

=[OLL VBL’ OLU VBU]v

-

av

&/\f&:[aLABL,aU /\BU],
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Viel @i = [Vier af, viey of ],
Aiet i = [nier af, ey of |, where &; = [af, af |
For any two interval numbers @, ﬁ we define
1) &<peat<ptanda <pY
2 6=p<a-=p-and oV =pY
(3) a<p e ot <ptand oV <pY.

Now we recall interval-valued intuitionistic fuzzy sets and list some of
its basic concepts. We define interval-valued intuitionistic fuzzy subrings and
ideals and discuss some of its properties. We introduce a subclass of interval-
valued intuitionistic fuzzy ideals of a ring having the same tip. Let R denote a
commutative ring with binary operations denoted by “+” and “.”. In this
paper, we assume that any two interval numbers are comparable.

Definition 2.1. An interval-valued intuitionistic fuzzy set in X
(IVIFS(X)) is defined as an expression of the form A = {(x, pa(x), Va(X))

/x e X}, where fp:X — D[0,1], vp:X — D[0,1] with [(a(x)=
[Wa(x), mA(X)] and ¥ a(x) = [VA(X), VA(X)] such that 0 < pg(x)+ vA(X)
<land 0<pR(x)+va(x)<1.

Definition 2.2. Let A= {(x, ia(X), Va(X))/x € X} and B = {(x, ng(Xx),
I (X))/x € X} be IVIFS(X).

Let {Ay},c; € IVIFS(X). Then
(@) Ac B < aa(x) <pag(x) and va(x) > vg(x) forall x e X,
(b) A=B < a(x) =p[g(x) and va(x) = vg(x) forall x e X,

(© A° = {{x, (%), 9%00}/x < X}, where

AR00 = [L= WA (), L= waOO] VA0 = L= VA(X), L= VRO,
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(d) AUB = {(x, (ia v iig)(x). (Va A VB) (X))x € X}, where
(fa v fig) (%) = [AC) v ug (X), KA () v 1 (X)]
and
(Va A V) (X) = [VA(X) A VE(X), VA(X) A VB (X)),
© A=Nict A = {(x, fa(X), Va(X))/x & X}, where
fa(x) = [nier b, (0, Aier iy ()]
and
A0 = [Vier vi (%), Vier va (0]
Definition 2.3. Let A= {(x, fia(x), Va(X))/x € R} be an IVIFS(R).

Then A is called an interval-valued intuitionistic fuzzy subring of R
(IVIFSR (R)) if for x, y € R,

() pa(x=y) 2 pa(x) A paly)
(i) pa(xy) = Ba(X) A a(Y)
(i) va(x = y) < pa(x) v ve(y)
(iv) Va(xy) < va(X) v Va(Y).

Proposition 2.4. Let A = {(x, pa(x), Va(X))/x € R} be an IVIFSR (R).
Then

(i) a(0) 2 [ia(x) and VA(0) < Va(X)
(i) A(-x) = A(x) forall x e R.
Definition 2.5. Let A = {(x, La(X), VA (X)/Xx € R)} be an IVIFSR(R).

Then

RA(0) = sup ia(x),  va(0) = inf Va(X)
XxeR xeR

is called the tip of A.
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Example 2.6. Consider the commutative ring, R = (Z4, +, -), where
Z, =10, 1, 2,3} Let A={(x, ia(X), Va(X)/X € Z4)} be given by

{(0, [0.4, 0.6], [0.1, 0.2]), (4, [0.2, 0.3], [0.3, 0.5]),
(2, 0.4, 0.5], [0.2, 0.3]), (3, [0.2, 0.3], [0.3, 0.5])}.
Then Alisan IVIFSR (R).

Proposition 2.7. Let A = {(X, ia(X), Va(X)/x € R)}, iel, be an
IVIFSR (R). Then Nic; A € IVIFSR (R).

Proof. Let A=ic; A = {{x, La(X), VA (X)/x € R)}, where [ia(x) =
Aiel B (%), Va(X) = Vie Vp (X).
For x, y € R,
PA(X = Y) = Ajerfip (X —y)
> el (i (X) Al (Y))
= (nier (g (D) A (nier (g (9))
= Aa(x) A fia(y)
and
Pa(Xy) = Ajer g (Xy)
> el (i (X) Al (Y))
= (nicr (g (D) A (nier (g (9))
= [1a(X) A RA(Y).
For x, y € R,
Va(x = y) = vie Vp(x - )

< Viel ({/A (X)V {’,A‘ (y))
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= (Viet (VA )V (Vier (Vo (Y))

=va(X) v va(y)

and
VA(XY) = Vig) Vi (xy)
< Viel (Vg (x) v va (y))
= (Viet (Vo (X)) v (Vier (V4(Y))
= Va(X) v Va(y).
Hence A e IVIFSR (R). [

Definition 2.8. Let A = {(X, ia(X), Va(X))/X € R} be an IVIFSR(R).
Let {A,},c, be the family of IVIFSR(R) containing A. Then Mgy Ay
containing A is called the IVIFSR (R) generated by A and denoted by (A). It
is the smallest IVIFSR (R) containing A.

The set of IVIFSR(R) is a poset with respect to <. Define two
operations v, A on IVIFSR(R) as follows: for A, B € IVIFSR(R),
AAB=ANBand Av B =(AUB).

Proposition 2.9. The set (IVIFSR(R), v, A) is a complete lattice under
the ordering of interval value of intuitionistic fuzzy set.

Definition 2.10. Let A = {(x, ia(X), Va(X))/X € R} be an IVIFSR(R).
Then A is called an interval-valued intuitionistic fuzzy ideal of R (IVIFI(R))
if for x, y € R,

() Ba(x =y) = pa(X) A pa(Y)
(i) palxy) = pa(x)
(i) vA(x = y) < Va(X) v VA(Y)

(iv) va(xy) < Va(X).
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The set of IVIFI(R) with the same tip is denoted by IVIFly (R). The
following result is straightforward.

Proposition 2.11. Let {A;j};_, be IVIFI(R). Then N A € IVIFI(R).

Example 2.12. Consider the commutative ring R = (Z4, +, -), where
Z4 =1{0,1, 2, 3}. Let B = {(x, ig(x), Vg(X))/X € Z4} be given by

{(0,[0.5, 0.6], [0.1, 0.1]), (1, [0.2, 0.2], [0.1, 0.2]),
(2,0.3,0.4], [0.1, 0.1]), (3,[0.2, 0.2], [0.1, 0.2])}.
Then Bisan IVIFI(R).

Proposition 2.13. The set of IVIFI(R) is a complete sublattice of
IVIFSR (R).

Definition 2.14. Let X be a set and A e IVIFS(X). Then A is said to
have the sup property if for each subset Y of X, there exists a yg € Y such
that

ia(Yo) = vyey Ba(Y)
and
Va(Yo) = Ayey Va(Y):

Definition 2.15. Let A= {(x, i a(X), Va(X))/x € R} and B = {(x, ig(x),
vg(x))/x € R} be IVIFS of R. Then the sum of A and B is defined as
follows: for x, y € R,

A+B ={(z {ip:8(2), VasB(2))/7 € R},

where
fiare(@) = A () nR48(2)]

= [Va=xty (Hk(x) A HIE(Y))’ Vi=x+y (HLA(X) A Hlé (y)]
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and
Yar8(2) = [Var8(2), VA:(2)]
= [/\z:x+y (V!&(X) v VIE(Y))’ Nz=x+y (V%(X) v Vlé(Y))]

Definition 2.16. Let A= {(x, ia(X), Va(X))/x € R} and B = {(x, ig(x),
ve(x))/x € R} be IVIFS(R). Then the composition of A and B is defined as
follows: for x, y € R,

Ao B ={(z, in.(2), Va.B(2))/Z € R},
where
fa.B(2) = [HkoB(Z), HLAOB(Z)]
= [Vamry (WA A RB(Y)): Vamxy (HR(X) A KB (V)]
and
Va8(2) = [VE:8(2) Va-B(2)]
= [Azmsy (VA v VE(Y)): Agmyy (VA() v VB (V)]
Definition 2.17. Let A = {(x, pa(x), va(x))/x € R} be an IVIFS(R).
Then for 2, fi € D[0, 1], the set
() A ap= X e X/ia(0)2 A and V(x) < i} is called the [A, fi]
level subset of A.
(ii) The set A; o) = {x e X/fia(x) > A and vA(X) < [i} is called the
strong level subset of A.

3. Relation Between Ideals and Interval-valued Intuitionistic
Fuzzy ldeals

We study some properties of the level subsets of interval-valued
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intuitionistic fuzzy sets of R and also give its relation with IVIFSR(R) and
IVIFI(R). Moreover, some properties of interval-valued intuitionistic fuzzy

ideals under ring homomaorphism are discussed.

Theorem 3.1. Let A= {(x, pa(x), va(x))/x € R} be an IVIFS(R).
Then A e IVIFI(R) (IVIFSR(R)) iff A{}Z il is an ideal (subring) of R for

each %, fi € D[0, 1].

Proof. Let A e IVIFI(R). For x, y e R, let x, y € A[i al Then

Ba(X+Y) 2 0a(X) A Ra(Y)

\Y
>

and
VAX+Y) < Va(X) v Valy)
<L
Hence x + y € A[;l il
For r e R and XEAﬁﬁ],

fAa(Xr) = fa(x) > &
and

va(xr) < va(x) < [

Hence xr e A[i il Therefore, A[i il is an ideal of R.

Conversely, assume that A[i ] is an ideal of R. For each x, y € R, let

%= [g(¥) A A(Y), LR (X) A pR (Y)]

and

i =[VA(X) v VA(Y), Va(X) v VA(Y)]
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Let X, y e Ap: il Then x+y e A[i il Hence

AaGc+Y) 2 4 = [WA() A RR(Y), KAG) A HA(Y)]

and
VAl +y) <= [VEX) v VA(Y), VA() v VAL
Let % = fia(x) and fi = VA(X). For r € R,
fia(xr) = 4 = fia(x) and YA (xr) < fi = VA(%).
Hence A e IVIFI(R). ]

Corollary 3.2. Let A={(x, pa(x), va(x))/x € R} be an IVIFS(R).
Then A is an IVIFI(R) (IVIFSR(R)) if and only if for all A, fi € D[0, 1]

with L + i <1, A g 15 an ideal (subring) of R.
A e IVIFI(R) (IVIFSR(R))
Theorem 3.3. If A= {(x, ia(x), Va(x))/x € R} is an IVIFI(R), then

A[&,lg] - A[O,S] if & >v and B <8, where a, B, v, € D[0, 1].

Proof. Let x e A g Then [ia(x)2 & and Ta(x) < B. But &>
and B < 3, then ia(x) > v and 9 o(x) < 8. Then x e AW 5] ]
Theorem 3.4. If A= {(x, ia(X), Va(X))/x € R} and B = {(x, ig(x),
vg(x))/x € R} are IVIFI(R), then
(AN B)[&,fi] = A[&] 8] N B[&,ﬁ], where a, B € D[0, 1].
Proof. We have

(ANB)g,p) = (X € R/fiang(x) = & and Y ang(x) < ).
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Now,
X e (ANB)g 3 < fians(X) = & and Yanp(X) < B
< (fiaAfig)(X) 2 6 and (Yo v ig)(X) <B
& fia(x) Afig(x¥) = @ and Ya(x) v Ig(x) < B

& ia(x) = & fig(x) > & and Va(x) < B, 7(x) < B

& X e A[&.ﬁ] and X e B[&.ﬁ]

Therefore, (AN B)pg,f = A{a, B N B[&,B]' =

Theorem 3.5. Let A = {(x, fa(X), va(X))/x € R} and B = {(x, ig(x),

vg(x))/x € R} be IVIFI(R) such that A < B. Then A[& 5l S B[& At

where &, B e D[0, 1].

Proof. Let x e A[& Al Then ia(x) > & and va(x) < B. Since A c B,

fig(x) = ia(x) 2 & and Jg(x) < Va(x) <.

[

Hence x e B[ Therefore, AT&, i1 < B

&, B]’ [6,B]"

Theorem 3.6. Let A = {(x, pia(X), va(X))/x € R} and B = {(x, ig(x),
ve(x))/x € R} be IVIFI(R). Then (AU B)ia.p] 2 A[& il U B[d B where
&, p e D[, 1].

Proof. Since Ac AUB and B < AU B,

A[&’ﬁ] c (AU B)[&’B] and B[&yﬁ] c (AU B)[&YB].

Hence (AU B)[5 5] 2 A Bl U Blapy -
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Remark 3.7. Reverse of inclusion in the above theorem does not always
hold. Consider the ring R = {Zy4, +, x}. Define two IVIFI(R)

A = {(0, [0.4, 0.6], [0.1, 0.2]), (1, [0.2, 0.3], [0.3, 0.5]),
(2,[0.4, 05), [0.2, 0.3]), (3, [0.2, 0.3], [0.3, 0.5])}

and

= {(0, [0.5, 0.6, [0.1, 0.1]), (1, [0.2, 0.2], [0.1, 0.2]),
(2,[0.3,0.4], [0.1, 0.1]), (3, [0.2, 0.2], [0.1, 0.2])},
AUB = {(0, [05, 0.6}, [0.1, 0.1]), (1, [0.2, 0.3], [0.1, 0.2]),
(2,04, 0.5], [0.1, 0.1]), (3, [0.2, 0.3], [0.1, 0.2])}.
For 6 =[0.1,0.3] and B =[0.1 0.2], Mo =10} Brg 5y=10,2} and
(AUB)j5 3 = 0.1, 2, 3}. Hence
(AUBG. A1 € Aapp Y By

Definition 3.8. Let f : X — Y be a mapping and A = {(x, pa(x),
va(x))/x e X} and B = {(y, pg(y), vg(y))/y € Y} be IVIFS of X and Y.
Then the image

F(A) =y, Flaa)(y) FVa)(y)/y €Y}

is defined as

- B -
f(EA)() = {V (a00/x € X, 100 = y) i £7y) # 6
[0, 0] otherwise

and

FE)(y) = {A FaG)/x e X, £ =y) if £74(y) ¢

[1, 1] otherwise.
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Similarly inverse image
F74B) = {(x, f(fig)(x), f(¥8)(0)/x X}
is defined by
(i) (¥) = fig(f(x))
and
f 1) (x) = vg(f(x)) forall x e X.

Lemma3.9.If f : R > R’ isaring epimorphism and A = {(x, (ia(X),
va(x))/x € R} be an IVIFI(R). Then f(A(& fs)) = (f(A)4,p) Where

&, p e D[, 1].
Proof. Let y e f(A(&,ﬁ))' Then there exists X e A(&,ﬁ) such that

y = f(Xg). Now fp(Xg) > & and v(Xg) < B. Hence

Flaa)(y) = viia(¥)/x e R, f(x) = y} > a
and

FEA) () = APA()/x e R, T(x) = y} <B.
Hence y e (f(A))(&’lg). Therefore,

F(Aap)) < (F(A) @, by

For the reverse inclusion, let y (f(A))(&‘[;). Then

Faa)(y) = viia ()/x e R, £(x) = y}

~

> o

and

FVA)(Y) = Ava(X)/x e R, F(x) = y}

< B.
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Hence there exists Xp € f 1(y) such that [is(Xg) > & and Va(X) < B.
Hence xq e A(&‘ﬁ) and y = f(xg) e f(A(&’ﬁ)). Therefore, (f(A))(&,lg) c
f(A(&,B))' Therefore,
(F(Aapy = F(Ag ) H
Lemma 3.10. Let f : R —> R’ be a ring homomorphism and
B = {(x, ig(x), vg(X))/x € R’}

be IVIFI(R’). Then f_l(B(&lﬁ)) = (1 71(B))s, ) Where &, B < D[0, 1].

Proof. Let x € R. Then

X e f‘l(B(&’ﬁ)) o f(x)e B 4

< fig(f(x) > & and vg(f(x)) <B

o ) (x) > and f1(Eg)(x) <P

e xe(f7B) g by
Hence the result. []

Lemma 3.11. Let f : R — R’ be a ring epimorphism and A, A" be

ideals of R and R’, respectively. Then f(A) and f_l(A') are ideals of R’
and R, respectively.

Theorem 3.12. Let f : R — R’ be a ring epimorphism and
A= {(X, fLa(X), va(X))/x € R}

be an IVIFI(R) (IVIFSR(R)) and B = {(y, ng(y), vg(y))/y € R’} be an
IVIFI (R') (IVIFSR(R')). Then

(i) f(A) e IVIFI (R)(IVIFSR (R"))

(i) f7X(B) e IVIFI (R)(IVIFSR(R)).
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Proof. Let A e IVIFI(R). Then Aa.p) is an ideal of R for &, B  D[0, 1].

Then f(A(d [3)) is an ideal of R". But
F(Ae.p)) = (A, py
Hence (f(A))(&‘ﬁ) is an ideal of R'. Therefore, f(A) e IVIFI(R').

(ii) Let B € IVIFI(R’). Then B is an ideal of R’, where &, B e

(& B)

D[0,1]. Then f~i(B is an ideal of R. But f (B

(@) @) =
(f _l(B))(&,ﬁ)' Hence (f _l(B))(&,ﬁ) is an ideal of R. Therefore, f %(B) e

IVIFI(R). ]
4, Lattice of Interval-valued Intuitionistic Fuzzy Ideal

Here we prove that IVIFIy (R) forms a complete sublattice of IVIFI(R).
The sup properties of IVIFI(R) are studied. We consider an interesting
subclass of IVIFlg (R) which constitutes a sublattice of 1VIFIly (R). Here

we prove the results for the non-membership function of IVIFS(R).

Lemma 4.1. Let A= {(x, pa(x), va(x))/x € R} and B = {(x, pg(x),
ve(x))/y € R} be IVIFI (R). If A and B have the sup property, then

(A+B)af1 = Aapy * Ba.f)
for all &, p e D[0, 1].
Proof. Let z e R. For z e (A + B)[&’[;],
VasB(2) = [Apmxay (VROOV VB Agmxay (VA()) v VB (V)] < B. (4.1)

Now, for each decomposition z = x + y, we have either vk(x) > v,'g(y)

and vA(x) > v (y) or vi(y) = v&(x) and v (y) = VR (x).
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Hence, we define the following subsets of R:

P(z)={x e R, z=x+y forsome y e R such that
vA(0) = vg(y) and vA(x) 2 Vg ()},

Q(z)={y e R, z=x+y forsome x € R such that
VE(Y) 2 V() and vg (y) = VA(0)},

P*(z) = {x e R:z=x+y forsome x € R such that
VE(Y) 2 VE(X), vB(¥) 2 VA(X)}

Clearly R = P(z) U P*(z), since A, B have the sup property, there exist
Xg € P(z) and yg € Q(z) such that

Vk(XO) = /\XEP(Z)V!&(X)v VLA(XO) = /\XEP(Z)VLAJ\(X)
and . (4.2)
VI@(YO) = /\yeQ(z)Vlé(Y): V%(YO) = /\yeQ(z)VLé (y)

Since xg € P(z), there exists yy € R with z = Xy + yj such that
VA(X0) = vg(¥0) and Va(xo) = vg (¥o).

Since yp € Q(z), there exists x5 € R with z = x5 + yo such that
vE(¥o) = vA(xp) and vg (Yo) > Va(xp).

But for X € P(2), Yo € Q(z), we have either vi(xg) = vE(yo) and

VA(xo) = VB (Yo) or vE(Yo) > vi(xo) and v (¥o) > VA (X)-

Case i. Suppose vi(Xg) = vE(Yg) and VR (Xg) = vB (Yo). Then
Nz=x+y (V!&(X) v Vlé(y))

= Axer(VA(X) v vB(Z = X))
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= (Axep(z) (VA(X) v VE(Z = X)) A (Ayeq@z) (VA(X) v VE(Y))
= (Axep(e) (VRO A (ryeqe) (VE(Y)
= V&(¥0) A VE(Yo) (BY (4.2)
= v8(Yo).
Similarly

Az=xry VA vV VR (Y)] = VB (Yo)-
By (4.1), vg(yo) < B" and VB (yo) < B".

So yo < By Since vi(x)) < vE(yo) < BL and

&, BY

vap) < VB(Yo) <BY = xp € A[&,g]-
Thus z =Xy + Yyp € A[&,B] + B[&,ﬁ]'
Case ii. Suppose vi(x) < vE(Yg) and vR(xp) < vB(Yg). Then as

above, it follows that xq € A[& ] and yg € B[ . Thus

&.B]
Z=%0+Y0 € Ag f+ Bra,
Hence
(A+Ba, 5 < Ag,py + Ba,py

~- such

Let z € AT&, ft B~ . Then there exist Xy A[&’ il and yg € B[&, )

[0 B]
that z = Xg + Yo. Then Ya(Xy) < B and vg(yg) < B-

For z e R,
VarB(2) = [Agexsy (VA)V VB(Y)) Azexsy (VA(X) v VB (Y))]

<[p-.pY]
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=B
> 7 € (A + B)[&l B]

Hence A[& A1t B[&’ Al S (A+ B)[&’ f]- Therefore,

(A+Ba,3) = Aap) * Blapy -

Lemma 4.2. Let A= {(x, ia(x), Va(X))/x € R} and B = {(x, ig(x),
U (x))/x € R} be IVIFS (R). Let &, p < D[0, 1]. Then
(A+ B = Aap) * Bapy

Proof. Let z € (A + B)(&,ﬁ)' Then

a:8(2) = [ha=xsy (VAO) v VB(Y)) Azmxry (VA(X) v VB (Y))]
<B.
Then there exist Xg, yo € R With z = Xy + Yo such that vk(xg) v vE(yo)
<p- and vLA(xo)vaBJ(yo) < BY. Hence v,'&(xo) < B, v'g(yo) <p- and
va(xo) <BY, vB(yo) < B.

Then xg € A’(&,B) and yg € B(fx,ﬁ)' Then z=Xy+Yg € A(&‘ﬁ) +B

Hence

(@)

(A+B)a.f) < Aap) ™ Bapy

Letz e A\&,ﬁ) + B(a,ﬁ)- Then there exist xg € A\&,ﬁ) and yg € B( 5\ such

o, p)
that z = xg + Yy and

VarB(2) = [Az=x4y (V,IZ\(X) v VIE(Y))v Nz=x+y (Vg\(x) v V%(Y))]
< [V&(x0) v vB(¥o) VA (o) v VB (¥o)]

< B.
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Then z e (A + B)5, ). Hence

Aap) * Bap = A+ Blafy
Therefore,
(A+B)ap) = Aad) * By [
Proposition 4.3. Let A= {(x, La(X), Va(X))/x e R} and B = {(x, ig(x),
95(x))/x € R} be IVIFIG(R). Then Av B = A+ B.

Proof. Let [io(0)={ig(0)=dy and VA(0)=Vg(0) =Py where
&, Bg € D[0, 1]. Let z € R. Then

VaB(2) = /\z:x+y[\A/A(X) v vg(y)]
> [v(0) v vg(0), vA(0) v v (0)]

Bo.

Hence A,cr Va.p(2) = Bo. Also,
Azer (Far8() < 9a48(0)
= Aomxay A0 v 95 (Y)]
= [ooxay (VAROOV VE(Y)) Agoxsy (VR(X) v VB (Y))]
<[v&(0) v v§(0), vA(0) v V8 (0)]
_ .
Hence ¥ a.5(0) = Bo.

For each &, B« D[0, 1] with & < &g and > g, (A+ B)a.p) * ¢
By Lemma 4.2,

(A+B)@a,p) = Aap) * Bapy
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Since A, B € IVIFI(R), A(& B B(& 5) are ideals of R. Hence (A + B)(&,[f’))

is an ideal of R. Therefore, (A+ B)e IVIFI(R). Moreover, A+Be
IVIFI, (R).

Let z € R. Then
VEB(D) = Azexsy(VA(O) v VE(Y))
< VA(2) v vE(0)
= Va(2)
and
VR+B(2) = Azxry (VA() v VB ()
<VA(2) v VB (0)

=W (2).

Hence A< A+ B, similarly B < A+ B. Let C e IVIFIy(R) such that
AcC and Bc C. Let z e R. Then
- _ L L U U
vare(2) = [/\z=x+y (va(x) v ve(y)), Nz=x+y (va(x) v vg(y))]
2 [/\z:x+y (V(LJ (x) v VIC_:(y))’ Nz=x+y (VlCJ: (x) v VlCJ:(Y))]
= Qc(Z).
Thus A+ B < C. Therefore, Av B = A+ B.

The following result is straightforward. H

Proposition 4.4. Let A={(x, ia(X), Va(X))/x e R} and B = {(x, ig(x),
U5(x))/x € R} be IVIFIy(R). Then A B e IVIFI, (R).
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The set of IVIFlg(R) is a poset with respect to “<”. Define two
operations v, A on IVIFIy (R) as follows: for A, B € IVIFIy (R),

AAB=ANBand AvB=A+B.

Theorem 4.5. The set (IVIFIy(R), v, A) is a complete sublattice of
IVIFI (R).

Lemma 4.6. Let A = {(x, ia(x), va(x))/x € R} and B = {(x, pg(x),
vg(x))/x € R} be IVIFI (R). If Aand B have sup property, then

(i) A+ B has the sup property.
(i) AN B has the sup property.

Proof. (i) Let S be any subset of R. Then
Azes Va+B(2)
= AzesAz=x+y (VIA(X) v VIE(Y))a Nz=x+y (V%(X) v VlEJB D))

= Azex sy (VRO v VB Azexry (VAGO v VB (V)]
This leads us to define two subsets P(S) and Q(S) of R by
P(S)={xeR:zeS,z=x+y forsome y e R
such that vx(x) = v5(y), va(x) = v (y)}
and
Q(S)={yeR:zeS,z=x+y forsome x e R
such that vi(x) < vE(y), va(x) < vB (y)}.

Since A and B have sup property, there exist x' € P(S) and y” € Q(S) such
that



70 K. Meena and K. V. Thomas
fia(X) = [Vxep(s) BAX), Vxep(s) HAMX)]
VA(X) = [Axep(s) VA Axep(s) VA(X)]

and
fp(Y") = [Vyca(s) MB(Y): Vyeq(s) HB (V).

Vs(Y") = [Ayeq(s) VB(Y): Ayea(s) vB (V)]

Since x" € P(S), there exists z' € S suchthat z’ = x' + y" for some y’ € R

satisfying vx(x') = vE(y") and V] (x) = vE(Y'). Also, since y" e Q(S),

there exists z" € S suchthat z” = X" + y" for some x" € R satisfying
L n L 4 U n U n
vA(X") < vg(y") and va(x") < vg(y").
But we have either

VA(X) < vg(y") and va(X) < vB(Y")

or
VA(X) 2 vg(y") and v (x) 2 vi (¥").
Case i. Suppose
VR(X) < VE(y") and VA (X') < VB (y").
Then

A zes (VRO v vE(Y)
Z=X+Yy

= (Axep(s) (VE() v VE(Y) A (Axeq(s) (VE(¥) v VE(Y)))
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= (Axep(s) (VACO) A (Ayeq(s) (VE(Y))
= VA(X) A vE(Y")
= vk (x).
Similarly we have

A zes (VAOOV VB (Y)) = VA(X),
Z=X+y

Thus
VE(X) = AzesVA+B(2),
VA(X) = Azes Vars (2). (43)
Here we claim that for z’' € R,
Azes VAre(2) = Va.p(Z)
and
Azes Vare(2) = Vaig(2):
For decomposition z' = x{ + yj, we have
VEB(Z) = Azmxgay; (VAOY) v VE(Yi)
and
VAr8(2) = Azoxi sy (VACKH) v VB (¥)):
Again we construct subsets P(z'), Q(z') of R as follows:
P(Z)={xi e R:Z' =X +yj forsome y{ € R

such that v';\(xi’) > v,'g(yi') and vL,i(xi') > leJ;(yi’)},
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Q(z')={yi e R:Z' = x{ +yj forsome x{ € R
such that vk(xi’) < v,'g(yi’) and vL;{(xi’) < VLBJ(yi’)}.
Then
VA:B(Z) = Azexiey (VROG) v VE(Y])
= (Axiep(z) (VROS) v VE(YD) A (Ayeaz) (VA(K) v va(¥))
= (Axiep(@) (VRO A (Ayiea@) VE(Y)):
Similarly we have
VA:B(Z) = Azmxg ey (VA(X) v VB (¥]))
= (Axer(z) (VA A (Ayeq) (VB (Y)))
Since P(z') = P(S) and x' € P(z'), we have
VA(X) > Agep(z)VE($) 2 Axep(s)VA() = vA(X)
and
VA(X) 2 Axiep() VA (X)) 2 Axep(s)VA(X) = VA(X).
Thus
Axep(z) VAK) = VA(X) and Aycpy VAGY) = VA(X).  (44)
Also, since Q(z") = Q(S), we have
vB(Y") = Ayieqs) VB < Ayeo(z) VB (¥)
and

VB(Y") = Ayea(s)VB (W) < Ayica(z) VB (V))-
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By case (i), we have

Axep() VA = VR(X) < VE(Y") < Ayieq(z)VE(Y)

and
/\xi’eP(z’)VLA(Xi’) = VLA(X') < Vlé (y") < /\yi’eQ(z’)V% (v)-
Thus
VarB(2) = (Axep(z) (VACD) A (Ayieq(zy (VE(Y)))
= /\xi’eP(z')VIA(Xi')
N )
= VA(X ) (45)
and

Va:8(2) = (Agep(z) VAL A (Ayicqz) (VB(¥))))
= Aep(z)VA(X)
= va(x). (4.6)
From (4.3), (4.5) and (4.6),
VE+B(Z) = Azes VR4B(2) and VA,g(Z) = AzesVAra(2).

Case ii. Suppose, let vk(x’) > v'g(y”) and vL,i(x’) > vlé(y”). We can
verify that

L " L U " U
VA+B(Z") = AzesVA4B(2) and VA, B(Z") = Azes VA4B(2)
forall z" € S. Hence A + B has the sup property.

(ii) Let S be any subset of R. Then

Vans () = [VA(X) v vE(X), VA(X) v VB (X)]
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Define subsets P(S), Q(S) of R as follows:

P(S) = {x € R: vk() 2 vE(X), vA(x) = VB (0},

Q(S) = {x e R: vg(x) = vR(X), VB (X) 2 VA(X)}.

Then R = P(S)U Q(S). A and B have sup property, there exists xg € P(S)
and yp € Q(S) such that

V/IR(XO) = /\XEP(S)V,%\(X)’ VL/i(Xo) = /\XeP(S)Vg\(X)
and
VE(Y0) = Aye(s)VE(Y) VB (Y0) = Ayeqis) VB (¥):
Case (i). Suppose v(xp) < vE(Yg) and v (x9) < v (Yo). Then
Axes Vang()
= Axes (VA(X) v VE(X))
= (Axep(s) (VA() v VE(X))) A (Axeq(s) (VA(X) v VE(X))
= (Axep(s) (VA(X)) A (Axeq(s) (VE(X)))
= V&(0) A VE(Yo)
= vA(Xo)-
Similarly, we have
Axes Vans(¥) = Axes (VA(X) v VB (X)) = VA (X0).
Thus

Axes VANB(X) = VA(X0) and Axcs VLAQB(X) = VA (%)-
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Because xg € P(S), therefore,

VA(X0) = VA(X0) v VE(%0) = Vg (%)

and

Va(x0) = VR (%) v VB (X0) = VL;J\QB(XO)-
Then

AxeP(s)VANB(X) = VA(X0) = VAne (Xo)
and

/\XEP(S)VLAQB(X) = V%(Xo) = VLAQB(XO)'

Case ii. Suppose let vk(xo) > vE(yo) and vR(xg) = vB(yp). As
above, we can verify that
L _ L
VAQB(yO) = /\yeQ(S)VAﬂB(y)
and
V%QB(yO) = /\yeQ(S)Vl,iﬂB(y)-

Hence A B has the sup property. O

Let the set of all IVIFI(R) with sup property and the same tip be
denoted as IVIFIgs (R).

Proposition 4.7. IVIFIys(R) forms a sub-lattice of IVIFIg(R) and hence
of IVIFI (R).

Proof. Let A = {(x, La(X), va(X))/x € R} and B = {(x, ig(x), vg(X))
/x e R} be IVIFIs(R) with tip &g, Bo € D[0, 1]. For each &, p e D[0, 1],

A[A - B[&’ﬁ] are ideals of R. Then A[&ﬁ] + B[

L is an ideal of R.

6B
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Since A and B have sup property, by Lemma 4.1

Aapy* Bap) = (A+ Blapy
Hence A+ B e IVIFIgs(R).

Forze S <R,
VArB(2) = Agexty (VR(X) v vE(Y))
vi(z) v vE(0)

viA(2)

IA

and

VarB(2) = Agex iy (VR(X) v VB (Y))

IN

va(2) v VB (0)

Va(2).

Then Ac A+ B. Similarly B < A+ B. Let C e IVIFlgs(R) such that
AcCand Bc C. Let ze S suchthat z=x+y. Then

VE(z) = VE(X + y) S VE(X) v VE(Y)

and

va(2) = ve(x + y) < Vg (x) v v& (y).

Thus
VA:B(2) = Agexiy(VA(X) v VE(Y))
2 /\z=x+y(Vé(X) v Vé(y))

= v&(2)
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and

VLA+B(Z) = Az=x+y(VLA(X) v V%(Y))
2 /\z=x+y(VlCJ: (x) v V% (y))

= v (2).
So A+B < C. Hence A+ B is the least IVIFIys(R) containing A and B.
Therefore, AvB=A+B and A[1B e IVIFlgs(R). Thus the set of
IVIFIgs (R) forms a sublattice of IVIFlg (R) and hence of IVIFI(R). ]

5. Modularity

In this section, we prove that the interval-valued intuitionistic fuzzy
ideals on a ring with sup property and same tip form a complete modular
lattice.

Lemma 5.1. Let A = {(x, pa(x), Va(X))/x € X} be an IVIFSR(R). If

na(x) < pa(y) and va(x) > va(y) for some x, y € R, then
Aa(x+y) =pna(x) and Va(x +y) = Va(x).
Proof. For X, y € R,
VR(X+Y) < VE(X) v VA(Y) = VA(X)
and
VR(X+ Y) S VRO v VA(Y) = VA(X).
Assume that v(x + y) < vk(x) and Vi, g(x + y) < VA (X). Then
VA(X) = VA(X+ Y = ¥) < VE(X+Y) v VE(Y)

< VE(x)
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and
VRO = VA +y - y) < VR (x+ y) v VA(Y)
< W (x).

This is a contradiction. Hence

VR(X+Y) 2 VR(X)
and

VAKX Y) 2 VA(0).
Therefore,

VA(X+y) = Va(x). [

Theorem 5.2. The sublattice 1VIFIys(R) of IVIFI (R) is modular.

Proof. Let A, B, C e IVIFIgs(R) such that B — A. Then by modular

inequality
BV(CAA c(BVC)AA (5.1)
holds. Assume that
BV(CAA)=(BvC)AA

Let z € R. Then

(vg v (vg A VA))L(Z) > ((vg vve) A VA)L(Z)
and

(vg v (ve Ava)Y (@) > (ve v ve) A val ().

By Proposition 4.7,

(vg +ve)(2) v v&(2) < (vg + (v v va) - (2)
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and
(vg +vc) () v VA(2) < (vg + (v v va) (2).
So
VR(2) < (vg + (vc v va)) (2),
Va(2) < (vg + (v v va) (2) (5.2)
and

(vg +ve) (z) < (vg + (v v va) - (2),
(vg +vc)l (2) < (vg + (ve v va)) (2).

Then there exists Xg, Yo € R with z = xg + yg such that

vE(X0) v VE(¥o) < (vg + (v v va)-(2)

and

VB (%) v V€ (Yo) < (v + (ve v va)) (2).
Thus

vE(0) < (vg + (ve v va)'(2),

vB(%) < (v + (ve vva) (2) (53)
and

vE(¥o) < (vg + (ve v va)(2),

v (yo) < (vg + (v v va)) (2). (5.4)

For z e R,
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(vg + (ve vV VAD (2) = Agoxay (VE() v (Ve v VA (Y))
= Azexay (VB v VE(Y) v VA(Y))
< vg(X) v vE(Yo) v VA(Yo). (5.5)
Similarly for z e R,
(vg +(ve vva)l (@) < VB (x0) v V& (Yo) v VA(¥o)-
Hence (from (5.2), (5.3) and (5.4))

vA(2), vE(Xo), VE (Yo) < VE(X0) v VE(Yo) v VA(Y0)

and

va(2), vB () V& (¥o) < VB (X0) v v&(¥o) v VA (o).

Now it follows that
vi(¥o) = vE(X0) v vE(¥o) v VA(Yo)
and
va(yo) = v (x0) v V& (¥o) v VA (¥o)- (5.6)
L L U U
Hence by (5.2), va(z) < va(yg) and va(z) < va(Yo)-
Th L L Loy _ L
erefore, va(~yo) = Va(yo) > va(z) = valxg + yo) and
VA(=Y0) = va(¥o) > va(2) = Va(xo + Yo).
Then by Lemma 5.1,

va(Xo) = VA(Yo) and va(x9) = VR (Yo) (5.7)

which implies that

VE(X) < VA(Xo) and VB (xg) < VA (Xo).
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This is a contradiction to the fact B — A. Hence

BVv(CAA)=(BVvC)AA

Therefore, IVIFlps(R) is modular. ]
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