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Abstract 

In this paper, a class of third-order nonlinear delay dynamic equations 
on time scales is studied. By using the generalized Riccati 
transformation and the inequality technique, two new sufficient 
conditions which ensure that every solution is oscillatory or converges 
to zero are established. The results obtained essentially generalize and 
improve earlier ones. Examples are given to illustrate our main results. 

1. Introduction 

In recent years, there has been much research activity concerning the 
oscillation and nonoscillation of solutions of various equations on time 
scales, and we refer the reader to the studies by Bohner and Saker [1] and 
Erbe et al. [2, 3], and there are some results dealing with oscillatory behavior 
of second-order delay dynamic equations on time scales [4-9]. However, 
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there are few results dealing with the oscillation of the solutions of third-
order delay dynamic equations on time scales, we refer the reader to the 
papers [10-12]. 

In this paper, we consider oscillatory behavior of all solutions of the 
third-order nonlinear delay dynamic equation 

 ( ( ) [( ( ) ( )) ] ) ( ) ( )[ ]( ) ,,,0 012 ttttgxftqtxtrtr ≥∈=+ΔαΔΔ T  (1.1) 

where 0>α  is the ratio of two positive odd integers. 

Throughout this paper, we will assume the following hypotheses: 

( )1H  T  is a time scale (i.e., a nonempty closed subset of the real 

numbers )R  which is unbounded above, and T∈0t  with ,00 >t  we define 

the time scale interval of the form [ )T∞,0t  by [ ) [ ) .,, 00 TT ∩∞=∞ tt  

( )2H  ( ),1 tr  ( ),2 tr  ( )tq  are positive, real-valued rd-continuous functions 

defined on ,T  and ( ) ( )trtr 21 ,  satisfy 

( ) ( )∫ ∫
∞ ∞ α ∞=Δ⎟

⎠
⎞

⎜
⎝
⎛∞=Δ

0 0
.1,1

1

21t t
ssrssr  

( )3H  ( ) ([ ) ),,,0
1 TT∞∈ tCtg rd  ( ) ,ttg ≥  and ( ) .TT =g  

( )4H  RR →:f  is a continuous function such that ( ) ,0>≥
α

K
x

xf  for 

.0≠x  

By a solution of (1.1), we mean a nontrivial function ( )tx  satisfying 

(1.1) which has the properties ( ) ([ ) )RT ,,0
1 ∞∈ TCtx rd  for ,0tTx ≥  and 

( )[( ( ) ( )) ] ([ ) ).,,1
12 RT∞∈αΔΔ

xrd TCtxtrtr  Our attention is restricted to 

those solutions of (1.1) which satisfy ( ){ } 0:sup >≥ Tttx  for all .xTT ≥  

A solution x of equation (1.1) is said to be oscillatory on [ )T∞,xT  if it is 

neither eventually positive nor eventually negative. Otherwise it is called 
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nonoscillatory. The equation itself is called oscillatory if all its solutions are 
oscillatory. 

If ,1=α  ( ) ,ttg =  then (1.1) simplifies to the third-order nonlinear 

dynamic equation 

 ( ( )[( ( ) ( )) ]) ( ) ( )( ) .,,0 012 ttttxftqtxtrtr ≥∈=+ΔΔΔ T  (1.2) 

If, furthermore, ( ) ( ) ( ) ( ) ,,,121 ttgxxftrtr ====  then (1.1) reduces 

to the third-order linear dynamic equation 

 ( ) ( ) ( ) .,,0 0ttttxtqtx ≥∈=+ΔΔΔ T  (1.3) 

If, in addition, ,1=α  then (1.1) reduces to the nonlinear delay dynamic 
equation 

 ( ( ) [( ( ) ( )) ]) ( ) ( )[ ]( ) .,,0 012 ttttgxftqtxtrtr ≥∈=+ΔΔΔ T  (1.4) 

In 2005, Erbe et al. [10] considered the general third-order nonlinear 
dynamic (1.2). By employing the generalized Riccati transformation 
techniques, they established some sufficient conditions which ensure that 
every solution of (1.2) is oscillatory or converges to zero. In 2007, Erbe et al. 
[11] studied the third-order linear dynamic (1.3), and they obtained Hille and 
Nehari type oscillation criteria for the (1.3). In 2011, Han et al. [12] extended 
and improved the results of [10, 11], meanwhile obtained some oscillatory 
criteria for the (1.4). On this basis, we discuss the oscillation of solutions of 
(1.1). By using the generalized Riccati transformation and the inequality 
technique, we obtain some sufficient conditions which guarantee that every 
solution of (1.1) is oscillatory or converges to zero. 

The paper is organized as follows: In Section 1, we present some basic 
definitions and useful results from the theory of calculus on time scale. In 
Section 2, we give several lemmas. In Section 3, we use the generalized 
Riccati transformation and the inequality technique to obtain some sufficient 
conditions which guarantee that every solution of (1.1) is either oscillatory or 
converges to zero. 
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We will make use of the following product and quotient rules for the 
derivative of the product fg and the quotient gf  of two differentiable 

functions f and g: 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ),tgtftgtftgtftgtftfg σ+=σ+= ΔΔΔΔΔ  (1.5) 

( ) ( ) ( ) ( ) ( )
( ) ( )( ) ,tgtg

tgtftgtftg
f

σ
−

=⎟
⎠
⎞⎜

⎝
⎛

ΔΔΔ
 if .0≠σgg  (1.6) 

For T∈cb,  and a differentiable function f, the Cauchy integral of Δf  is 

defined by 

( ) ( ) ( ) ( )∫ −=ΔΔc

b
bfcfttf .  

The integration by parts formula reads 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ Δ−−=Δ ΔσΔc

b

c

b
ttgtfbgbfcgcfttgtf ,  

and infinite integrals are defined by 

( ) ( )∫∫ Δ=Δ
∞

∞→

t

bb t
ssfssf .lim  

For more details, see [17, 18]. 

2. Several Lemmas 

Throughout this paper, for sufficiently large ,0 T∈T  we denote 

( ) ( ) ( ) ( )
( )∫ ∫ Δ=Δ⎟

⎠
⎞

⎜
⎝
⎛= αt

T

t

T
ssr

TsRTtRssrTtR
0 0

,,:,,1:,
1

01
02

1

2
01  

( ) ( ) .:

1
α∞
⎟
⎠
⎞

⎜
⎝
⎛ Δ= ∫t

ssqKtQ  
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In order to the definition of ( )tQ  meaningful, we denote 

 ( )∫
∞

∞<Δ
t

ssq .  (2.1) 

In this section, we present several lemmas that will be needed in the proofs of 
our results in Section 3. 

Lemma 2.1. Assume that ( )tx  is an eventually positive solution of (1.1). 

Then there exists [ )T∞∈ ,0tT  such that either 

 (I) ( ) ,0>tx  ( ) ,0>Δ tx  ( ( ) ( )) ,01 >ΔΔ txtr  ( ( )[( ( ) ( )) ] ) ,012 <ΔαΔΔ txtrtr  

[ ) ;, T∞∈ Tt  

or 

(II) ( ) ,0>tx  ( ) ,0<Δ tx  ( ( ) ( )) ,01 >ΔΔ txtr  ( ( )[( ( ) ( )) ] ) ,012 <ΔαΔΔ txtrtr  

[ ) ., T∞∈ Tt  

Proof. Assume that ( )tx  is an eventually positive solution of (1.1), then 

there exists [ )T∞∈ ,0tT  such that ( ) 0>tx  and ( )( ) 0>tgx  for all ∈t  

[ ) ., T∞T  From (1.1), we have 

 ( ( )[( ( ) ( )) ] ) ( ) ( )( )( ) ( ) ( )[ ] .012 <−≤−= αΔαΔΔ tgxtKqtgxftqtxtrtr  (2.2) 

Hence, ( )[( ( ) ( )) ]αΔΔ txtrtr 12  is decreasing and therefore eventually of one 

sign, so ( ( ) ( ))ΔΔ txtr1  is either eventually positive or eventually negative. We 

assert that ( ( ) ( )) 01 >ΔΔ txtr  for all [ ) ., T∞∈ Tt  

Assume that ( ( ) ( )) 01 <ΔΔ txtr  eventually, then there exists [ )T∞∈ ,1 Tt  

such that ( ( ) ( )) .0111 <ΔΔ txtr  We get 

( )[( ( ) ( )) ] ( )[( ( ) ( )) ] [ ) .,,0 11111212 T∞∈<≤ αΔΔαΔΔ tttxtrtrtxtrtr  
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Let ( )[( ( ) ( )) ] .011112 >−= αΔΔ txtrtrM  Then 

 ( ) ( )
( )( )

.1
1

2

1

1
α

αΔ −≤
tr

Mtxtr  (2.3) 

Integrating (2.3) from 1t  to ( [ ) )T∞∈ ,1ttt  provides 

( ) ( ) ( ) ( )
( )( )

∫ +∞→−∞→Δ−≤
α

αΔΔ t

t
ts

sr
Mtxtrtxtr

1
.,1

1
2

1

1111  

Then there exists [ )T∞∈ ,12 tt  such that ( ) ( ) ( ) ( ) .02211 <≤ ΔΔ txtrtxtr  

Similarly, we obtain 

( ) ( ) ( ) ( )
( )( )

∫ ∞+→∞−→Δ+≤
α

Δ t

t
ts

sr
txtrtxtx

2
,,1

1
1

2212  

which contradicts with ( ) .0>tx  So ( ( ) ( )) ,01 >ΔΔ txtr  this implies that 

( ) 0>Δ tx  or ( ) .0<Δ tx  This completes the proof. 

Lemma 2.2 [16]. Assume that ( )tx  is a positive solution of equation 

(1.1) which satisfies case (I) in Lemma 2.1. Then 

( ) ( )
( ) ( ) ( ( ) ( )) ,,

1

1

21
01 ΔΔαΔ > txtrtrtr

TtRtx  (2.4) 

( ) ( ) ( ) ( ( ) ( )) ., 1

1

202
ΔΔα> txtrtrTtRtx  (2.5) 

If conditions (2.1) and ( )3H  hold, then 

 ( ) ( ) ( ) ( ( ) ( )) .1
1

1

2
ΔΔα< txtrtrtQtx  (2.6) 
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Lemma 2.3. Assume that ( )tx  is a positive solution of equation (1.1) 

which satisfies case (I) in Lemma 2.1, and ( )3H  holds. Then 

 ( )
( )

( )
( ) ( )( ) ( ( )( ) ( )( ))

( )( ) ,, 1
2

1
0

αΔΔΔ

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
σ

σσ
σ≥ tx

txtrtrtr
TtR

tx
tx  (2.7) 

where 

 ( )
( ) ( )( )

( ) ( )( )⎪⎩

⎪
⎨
⎧

>ασ

≤α<σ
=

α−

α−

.1,,,

,10,,
,

0
1
201

1
01

0
TtRTtR

tQTtR
TtR  (2.8) 

Proof. Because the ( )tx  is a positive solution of (1.1) and which satisfies 

case (I) in Lemma 2.1, and ( ) ,tt ≥σ  hence 

 ( )( ) ( ).txtx ≥σ  (2.9) 

From (2.2), we have 

 ( )[( ( ) ( )) ] ( )( )[( ( )( ) ( )( )) ] .1212
αΔΔαΔΔ σσσ≥ txtrtrtxtrtr  (2.10) 

Hence, 

( )
( )

( ) ( )
( )( )

( ) ( )
( )

( ) ( ( ) ( ))
( )( )tx

txtrtr
tr
TtR

tx
tx

tx
tx

σ
≥

σ
≥

ΔΔαΔΔ
1

1

2
1

01
4.29.2 ,  

( ) ( )
( )

( )( )[( ( )( ) ( )( )) ]
( )( ) ., 12

1
01

10.2

tx
txtrtr

tr
TtR

σ
σσσ

≥
αΔΔ

 (2.11) 

Thus, when ,10 ≤α<  

( )
( )

( )
( ) ( )( ) ( ( )( ) ( )( ))

( )( )

αΔΔΔ

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
σ

σσ
σ≥ tx

txtrtrtr
TtR

tx
tx 1

2
1

01 ,  

( )( ) ( ( )( ) ( )( ))
( )( )

α−
ΔΔα

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

σ
σσσ

⋅

1

1

1

2
tx

txtrtr
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( ) ( ) ( )( )
( ) ( )( ) ( ( )( ) ( )( ))

( )( )

αΔΔα−
⎥
⎦

⎤
⎢
⎣

⎡
σ

σσσ
σ

≥ tx
txtrtrtr

tQTtR 1
2

1

1
01

6.2 ,  

( ) ( )
( ) ( )( ) ( ( )( ) ( )( ))

( )( ) ;, 1
2

1
0

8.2 αΔΔ
⎥
⎦

⎤
⎢
⎣

⎡
σ

σσσ= tx
txtrtrtr

TtR  

when ,1>α  

( )
( )

( )
( ) ( )( ) ( ( )( ) ( )( ))

( )( )

αΔΔΔ

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
σ

σσ
σ≥ tx

txtrtrtr
TtR

tx
tx 1

2
1

01 ,  

( )( )

( )( ) ( ( )( ) ( )( ))

1

1

1

2

−α

ΔΔα ⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

σσσ

σ⋅

txtrtr

tx  

( ) ( ) ( )( )
( ) ( )( ) ( ( )( ) ( )( ))

( )( )

αΔΔ−α
⎥
⎦

⎤
⎢
⎣

⎡
σ

σσσ
σ

≥ tx
txtrtrtr

TtRTtR 1
2

1
0

1
201

5.2 ,,  

( ) ( )
( ) ( )( ) ( ( )( ) ( )( ))

( )( ) ., 1
2

1
0

8.2 αΔΔ
⎥
⎦

⎤
⎢
⎣

⎡
σ

σσσ= tx
txtrtrtr

TtR  

This completes the proof. 

Lemma 2.4. Assume that ( )tx  is an eventually positive solution of (1.1) 

which satisfies case (II) in Lemma 2.1 such that 

 ( ) ( ) ( )∫ ∫ ∫
∞ ∞ α∞

∞=ΔΔ⎥⎦
⎤

⎢⎣
⎡ Δ

0
.11

1

21t t s
tsuuqsrtr  (2.12) 

Then ( ) .0lim =
∞→

tx
t

 

Proof. Assume that ( )tx  is an eventually positive solution of (1.1) which 



Oscillation Theorems of the Third-order Nonlinear Delay Dynamic ... 83 

satisfies case (II) in Lemma 2.1. Then ( )tx  is decreasing and ( ) =
∞→

tx
t
lim  

.0≥l  

If ,0>l  then it is easy to see that there exists [ )T∞∈ ,01 tt  such that 

( )[ ] ( ) 0>≥≥ ltxtgx  for all [ ) .,11 T∞∈ tt  From (2.2), we have 

 ( ( )[( ( ) ( )) ] ) ( ) ( )[ ] ( ).12 tqKltgxtKqtxtrtr ααΔαΔΔ −≤−≤  (2.13) 

If (2.1) does not hold, then integrating (2.12) from 1t  to ( [ ) ),,1 T∞∈ ttt  we 

get 

( )[( ( ) ( )) ] ( )[( ( ) ( )) ] ( )∫ −∞→Δ−≤ ααΔΔαΔΔ t

t
ssqKltxtrtrtxtrtr

1
1111212  

( ).+∞→t  

This is contrary to ( ( ) ( )) .01 >ΔΔ txtr  

If (2.1) holds, then integrating (1.1) from t to ∞, we get 

( )[( ( ) ( )) ] ( ) ( )[ ] ( )∫ ∫
∞ ∞αααΔΔ Δ−≤Δ−≤−
t t

ssqKglssgxsqKtxtrtr ,12  

[ ) .,1 T∞∈ tt  

Hence, we have 

( ( ) ( )) ( ) ( ) .1
1

2
1

α∞ΔΔ
⎥⎦
⎤

⎢⎣
⎡ Δ−≤− ∫t

ssKqtrltxtr  

Integrating the above inequality from t to ∞, we obtain 

( ) ( ) ( ) ( )∫ ∫
∞ α∞

αΔ Δ⎥⎦
⎤

⎢⎣
⎡ Δ−≤

t s
suuqsrlKtxtr .1

1

2

1

1  
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Integrating the last inequality again from T to t, we have 

( ) ( ) ( ) ( ) ( )∫ ∫ ∫
∞ α∞

α ΔΔ⎥⎦
⎤

⎢⎣
⎡ Δ−≤

t

T s u
suvvqursrlKTxtx .11

1

21

1
 

Since condition (2.12) holds, we obtain ( ) ,lim −∞=
∞→

tx
t

 which contradicts 

( ) .0>tx  Hence .0=l  This completes the proof. 

3. Main Results 

In this section, we state and prove our main results. Write 

{( ) [ ) }.,,,:, 00 TTD ∞∈≥≥≡ tsttstst  

Called function ( )stH ,  has the property P (denoted as ),PH ∈  if for 

sufficiently large 0tt ≥  satisfy 

 (i) ( ) ( ) [ ) ;,,,,0,;,0, 000 T∞∈≥>>≥= tsttststHttttH  

(ii) ( )stH ,  has a nonpositive continuous Δ-partial derivative ( )stH s ,Δ  

with respect to the second variable. 

Theorem 3.1. Assume that ( ) ( )41 H-H  and (2.12) hold. Assume that 

there exist positive functions ([ ) ( )),,0,,, 0
1 ∞∞∈ϕδ TtCrd  ( ) ,, PstH ∈  

( ) ( )RDT ,, rdCsth ∈  such that 

 ( ) ( )
( )( ) ( ) ( )

( )( ) ( ),,,,,, 2
1

0 stHs
sthstHs

TsRstH s
σδ

=
σδ

−−
∗

Δ  (3.1) 

and for all sufficiently large 01 TT ≥  such that 

 ( ) ( ) ( ) ( ) ( )
( ) ( )∫ ∞=Δ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

αδ
− −

∞→

t

Tt
sTsRs

srsthTsQstHTtH 1
,,4

,,,,
1suplim

0
1

2
0

1
 (3.2) 
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where 

 ( ) ( ) ( ) ( )
( ) ( )( ) ( )( ),,2, 2

1
0

0 ttrtr
TtRttTtR σϕσαδ+δ= Δ∗  (3.3) 

 ( ) ( ) ( ) ( ) ( )( ) ( )
( ) ( )( ) ( )( )( ) ,,, 2

2
1

0
20 ⎭

⎬
⎫

⎩
⎨
⎧ σϕσ

α
+ϕ−δ= Δ ttrtr

TtRttrtKqtTtQ  (3.4) 

 ( ) ( ){ } ( ) ( ){ }.,,0max,,,,0max, sthsthsthsth =−= +−  (3.5) 

Then (1.1) is either oscillatory or converges to zero. 

Proof. Assume that (1.1) has a nonoscillatory solution ( )tx  on [ ) .,0 T∞t  

Without loss of generality, we may assume that there exists sufficiently large 

0tT ≥  such that ( ) 0>tx  and ( )( ) 0>tgx  for all [ ) ., T∞∈ Tt  By Lemma 

2.1, we see that ( )tx  satisfies either then only case (I) or case (II) may occur. 

If case (I) holds, then ( ) [ ) .,,0 T∞∈>Δ Tttx  Define the function ( )tW  

by 

 ( ) ( ) ( ) ( ( ) ( ))
( ) ( ) [ ) .,,1

2 T∞∈
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
ϕ+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
δ=

αΔΔ
Ttttx

txtrtrttW  (3.6) 

Then ( ) 0>tW  and 

( ) ( )
( )

( ( )[( ( ) ( )) ] )ΔαΔΔ
α

Δ δ= txtrtr
tx

ttW 12  

( )
( )

( ( )[( ( ) ( )) ] ) ( ) ( ) ( )( )ΔσαΔΔ
Δ

α
ϕδ+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ δ+ ttrttxtrtr
tx

t
212  

( ) ( )
( )

( ) ( )[ ]( )( )tgxftq
tx

t −δ= α

1.1
 

( )
( )

( ( )[( ( ) ( )) ] ) ( ) ( ) ( )( )ΔσαΔΔ
Δ

α
ϕδ+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ δ+ ttrttxtrtr
tx

t
212  
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( ) ( )
( )

( ( ) ( )[ ])tgKxtq
tx

t α
α −δ≤

3H
 

( )
( )

( ( )[( ( ) ( )) ] ) ( ) ( ) ( )( ) .212
ΔσαΔΔ

Δ

α
ϕδ+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ δ+ ttrttxtrtr
tx

t  (3.7) 

From ( ) ( ) ,0,,0 >α>>Δ ttgtx  we obtain 

 ( )( )
( )

.1>
α

α

tx
tgx  (3.8) 

Using (3.7) and (3.8), we obtain 

( ) ( ) ( ) ( )
( )

( ( )[( ( ) ( )) ] ) ( ) ( ) ( )( ) .212
ΔσαΔΔ

Δ

α
Δ ϕδ+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ δ+δ−= ttrttxtrtr
tx

ttqtKtW  

 (3.9) 

From 

( ( )) ( ) ( )( ) ( ) ( )( )∫ −αΔΔα −+σα=
1

0
11 dhtxhthxtxtx  

( ) ( ) ( ) ( )( ) ( ) ( )∫ −αΔ−αΔ α=−+α≥
1

0
11 ,1 txtxdhtxhthxtx  

we obtain 

( )
( )

( ) ( ) ( ) ( ( ))
( ) ( )( )

( ) ( ) ( )
( ) ( )( )

.
txtx

txtt
txtx

txttxt
tx

t
σ

1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
αδ−δ≤

σ

δ−δ
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ δ
α

Δ
Δ

αα

ΔααΔΔ

α
 

 (3.10) 
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Hence, we get 

 ( )
( )

( ( )[( ( ) ( )) ] )σαΔΔ
Δ

α ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ δ txtrtr
tx

t
12  

( ) ( ) ( )
( ) ( )( )

( ( )[( ( ) ( )) ] )σαΔΔ
α

Δ
Δ

σ

1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
αδ−δ≤ txtrtr

txtx
txtt 12  

( ) ( ) ( )
( ) ( ) ( ( ) ( ))

( )

σαΔΔΔ
Δ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
αδ−δ= tx

txtrtrtx
txtt 1

2  

( )
( ) ( ) ( )

( ) ( )( ) ( ( )( ) ( )( ))
( )( ) ⎟⎟

⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
σ

σσ
σαδ−δ≤

αΔΔ
Δ

tx
txtrtrtr

TtRtt 1
2

1
0

7.2 ,  

( ) ( ( ) ( ))
( )

σαΔΔ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⋅ tx

txtrtr 1
2  

( ) ( ) ( ( ) ( ))
( )

σαΔΔ
Δ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
δ= tx

txtrtrt 1
2  

( ) ( )
( ) ( ) ( ( ) ( ))

( )

2

1
2

1
0,

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
αδ−

σαΔΔ

tx
txtrtrtr

TtRt  

( )
( ) ( )( )

( )( ) ( )( ) ( )( )⎟
⎠
⎞⎜

⎝
⎛ σϕσ−

σδ
σδ= Δ ttrt

tWt 2
6.3

 

( ) ( )
( )

( )( )
( )( ) ( )( ) ( )( )

2
2

1
0,

⎟
⎠
⎞⎜

⎝
⎛ σϕσ−

σδ
σαδ− ttrt

tW
tr
TtRt  

( ) ( )( ) ( )( ) ( ) ( )
( ) ( )( ) ( )( )( )22

1
0

2
, ttrtr

TtRtttrt σϕσαδ−σϕσδ−= Δ  
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( ) ( ) ( )
( ) ( )( ) ( )( ) ( )( )

( )( )t
tWttrtr

TtRtt
σδ
σ

⎟
⎠
⎞

⎜
⎝
⎛ σϕσαδ+δ+ Δ

2
1

0,2  

( ) ( )
( )

( )( )
( )( ) ., 2

1
0 ⎟

⎠
⎞⎜

⎝
⎛

σδ
σαδ− t

tW
tr
TtRt  (3.11) 

From (3.9), (3.11) and (3.3), (3.4), we obtain 

( ) ( ) ( ) ( ) ( )( ) ( )( )ttrttqtKtW σϕσδ−δ−≤ ΔΔ
2  

( ) ( )
( ) ( )( ) ( )( )( ) ( ) ( ) ( )( )Δϕδ+σϕσαδ− ttrtttrtr
TtRt 2

2
2

1
0,  

( ) ( ) ( )
( ) ( )( ) ( )( ) ( )( )

( )( )t
tWttrtr

TtRtt
σδ
σ

⎟
⎠
⎞

⎜
⎝
⎛ σϕσαδ+δ+ Δ

2
1

0,2  

( ) ( )
( )

( )( )
( )( )

2

1
0,

⎟
⎠
⎞⎜

⎝
⎛

σδ
σαδ− t

tW
tr
TtRt  

( ) ( ) ( ) ( )( ) ( )
( ) ( )( ) ( )( )( ) ⎟

⎠
⎞

⎜
⎝
⎛ σϕσ

α
+ϕ−δ−≤ Δ 2

2
1

0
2

, ttrtr
TtRttrtKqt  

( ) ( ) ( )
( ) ( )( ) ( )( ) ( )( )

( )( )t
tWttrtr

TtRtt
σδ
σ

⎟
⎠
⎞

⎜
⎝
⎛ σϕσαδ+δ+ Δ

2
1

0,2  

( ) ( )
( )

( )( )
( )( )

2

1
0,

⎟
⎠
⎞⎜

⎝
⎛

σδ
σαδ− t

tW
tr
TtRt  

( ) ( ) ( )( )
( )( )

( ) ( )
( )

( )( )
( )( ) .,,,

2

1
0

00 ⎟
⎠
⎞⎜

⎝
⎛

σδ
σαδ

−
σδ
σ+−≤ ∗

t
tW

tr
TtRt

t
tWTtRTtQ  (3.12) 

From (3.12), we get 

 ( ) ( ) ( ) ( )( )
( )( )

( ) ( )
( )

( )( )
( )( ) .,,,

2

1
0

00 ⎟
⎠
⎞⎜

⎝
⎛

σδ
σαδ

−
σδ
σ+−≤ ∗Δ

t
tW

tr
TtRt

t
tWTtRtWTtQ  (3.13) 
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Replace t with s, multiply both sides by ( ),, stH  integrating from 1T  to 

,1Tt >  we obtain 

( ) ( ) ( ) ( )∫ ∫ Δ−≤Δ Δt

T

t

T
ssWstHsTsQstH

1 1
,,, 0  

( ) ( ) ( )( )
( )( )∫ Δ

σδ
σ+ ∗t

T
ss

sWTsRstH
1

0,,  

( ) ( ) ( )
( )

( )( )
( )( )∫ Δ⎟

⎠
⎞⎜

⎝
⎛

σδ
σαδ

−
t

T
ss

sW
sr

TsRsstH
1

.,,
2

1
0  (3.14) 

From PH ∈  and (3.1), we get 

( ) ( ) ( ) ( ) ( ) ( )( )∫ ∫ Δσ+=Δ− ΔΔt

T

t

T
ssWstHTWTtHssWstH s

1 1
,,, 11  

( ) ( ) ( )
( )( ) ( ) ( )( )∫ Δσ

σδ
−=

∗t

T
ssWstHs

TsRTWTtH
1

,,, 0
11  

( )
( )( ) ( ) ( )( )∫ Δσ

σδ
−

+
t

T
ssWstHs

sth
1

.,, 2
1

 (3.15) 

From (3.14), (3.15) and (3.5), we obtain 

( ) ( )∫ Δ
t

T
sTsQstH

1
0,,  

( ) ( ) ( )
( )( ) ( ) ( )( )∫ Δσ

σδ
−

+≤
t

T
ssWstHs

sthTWTtH
1

,,, 2
1

11  

( ) ( ) ( )
( )

( )( )
( )( )∫ Δ⎟

⎠
⎞⎜

⎝
⎛

σδ
σαδ

−
t

T
ss

sW
sr

TsRtstH
1

2

1
0,,  
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( ) ( ) ( )
( )( ) ( ) ( )( )∫ Δσ

σδ
+≤ −t

T
ssWstHs

sthTWTtH
1

,,, 2
1

11  

( ) ( ) ( )
( )

( )( )
( )( )∫ Δ⎟

⎠
⎞⎜

⎝
⎛

σδ
σαδ

−
t

T
ss

sW
sr

TsRtstH
1

2

1
0,,  

( ) ( )11, TWTtH=  

( )
( )( ) ( ) ( )( ) ( ) ( ) ( )

( )
( )( )
( )( )∫ Δ

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛

σδ
σαδ

−σ
σδ

+ −t

T
ss

sW
sr

TsRtstHsWstHs
sth

1

2

1
02

1 ,,,,  

 (3.16) 

such that 

( )
( )( ) ( ) ( )( ) ( ) ( ) ( )

( )
( )( )
( )( )

2

1
02

1 ,,,,
⎟
⎠
⎞⎜

⎝
⎛

σδ
σαδ

−σ
σδ
−

s
sW

sr
TsRtstHsWstHs

sth  

( ) ( )
( )( ) ( ) .,4
,

0
1

2

TsRs
srsth

σαδ
≤ −  (3.17) 

From (3.16), (3.17), we obtain 

( ) ( ) ( ) ( ) ( )
( )( ) ( ) ( )∫ ≤Δ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
σαδ

− −t

T
TWsTsRs

srsthTsQstHTtH 1
.,4

,,,,
1

1
0

1
2

0
1

 

This is contrary to (3.2). 

If case (II) holds, from (2.12), by Lemma 2.4, ( ) .0lim =
∞→

tx
t

 This 

completes the proof. 

Theorem 3.2. Assume that ( ) ( ),H-H 41  (2.12) hold. Assume that there 

exist positive functions ([ ) ( )),,0,,0
1 ∞∞∈δ TtCrd  ( ) ,, PstH ∈  ( ) ∈sth ,  

( )RDT ,rdC  such that 

 ( ) ( )
( )( ) ( ) ( )

( )( ) ( ),,,,, 1 stHs
sthstHs

sstH s α+
αΔ

Δ
σδ

−=
σδ
δ+  (3.18) 
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and for all sufficiently large 01 TT ≥  such that 

( ) ( ) ( ) ( ) ( ) ( )
( )( ) ( ) ( )[ ]∫ ∞=Δ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

δα+
−δ

αα+

α+α
−

∞→

t

Tt
s

TsRs
srsthsqsstKHTtH 1

.
,1

,,,
1suplim

01
1

1
1

1
 

 (3.19) 

Then (1.1) is either oscillatory or converges to zero. 

Proof. Assume that (1.1) has a nonoscillatory solution ( )tx  on [ ) .,0 T∞t  

Without loss of generality, we may assume that there exists sufficiently large 

0tT ≥  such that ( ) 0>tx  and ( )( ) 0>tgx  for all [ ) ., T∞∈ Tt  By Lemma 

2.1, we see that ( )tx  satisfies either then only case (I) or case (II) may occur. 

If case (I) holds, then ( ) [ ) .,,0 T∞∈>Δ Tttx  Define the function ( )tW  

by 

 ( ) ( ) ( ) ( ( ) ( ))
( ) [ ) .,,1

2 T∞∈⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
δ=

αΔΔ
Tttx

txtrtrttW  (3.20) 

Then ( ) 0>tW  and 

( )tW Δ  

( )
( )

( ( )[( ( ) ( )) ] ) ( )
( )

( ( )[( ( ) ( )) ] )σαΔΔ
Δ

α
ΔαΔΔ

α ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ δ+δ= txtrtr
tx

ttxtrtr
tx

t
1212  

( ) ( )
( )

( ( ) ( )[ ]( )) ( )
( )

( ( )[( ( ) ( )) ] )σαΔΔ
Δ

αα ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ δ+−δ= txtrtr
tx

ttgxftq
tx

t
12

1.1
 

( ) ( )
( )

( ( ) ( )[ ]) ( )
( )

( ( )[( ( ) ( )) ] )σαΔΔ
Δ

α
α

α ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ δ+−δ≤ txtrtr
tx

ttgKxtq
tx

t
12

H3
 

( )
( ) ( ) ( )

( )
( ( )[( ( ) ( )) ] )σαΔΔ

Δ

α ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ δ+δ−≤ txtrtr
tx

ttqtK 12
8.3
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( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ( ) ( ))
( )

σαΔΔΔ
Δ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
αδ−δ+δ−≤ tx

txtrtrtx
txtttqtK 1

2
10.3

 

( )
( ) ( ) ( ) ( ) ( ( ) ( ))

( )

σαΔΔ
Δ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
δ+δ−≤ tx

txtrtrttqtK 1
2

11.2
 

( ) ( )
( )

( )( )[( ( )( ) ( )( )]
( )( ) ( ) ( ( ) ( ))

( )

σαΔΔΔΔα

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
σ

σσσ
αδ− tx

txtrtrtx
txtrtr

tr
TtRt 1

2
1

1

2
1

01 ,  

( )
( ) ( ) ( ) ( )( )

( )( )
( ) ( )

( )
( )( )
( )( ) .,

11

1
01

20.3 α
+

Δ ⎟
⎠
⎞⎜

⎝
⎛

σδ
σαδ

−
σδ
σδ+δ−= t

tW
tr

TtRt
t
tWttqtK  

Thus, 

( ) ( ) ( ) ( ) ( )( )
( )( )

( ) ( )
( )

( )( )
( )( ) .,

11

1
01 α

+
ΔΔ ⎟

⎠
⎞⎜

⎝
⎛

σδ
σαδ

−
σδ
σδ+−≤δ t

tW
tr

TtRt
t
tWttWtqtK  

 (3.21) 

Replace t with s, multiply both sides by ( ),, stH  integrating from 1T  to 

,1Tt >  we obtain 

 ( ) ( ) ( )∫ Δδ
t

T
ssqsKstH

1
,  

( ) ( ) ( ) ( ) ( )( )
( )( )∫ ∫ Δ

σδ
σδ+Δ−≤ ΔΔt

T

t

T
ss

sWsstHssWstH
1 1

,,  

( ) ( ) ( )
( )

( )( )
( )( )∫ Δ⎟

⎠
⎞⎜

⎝
⎛

σδ
σαδ

− α
+t

T
ss

sW
sr

TsRsstH
1

.,,
11

1
01  (3.22) 
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From PH ∈  and (3.18), we obtain 

( ) ( ) ( ) ( ) ( ) ( )( )∫ ∫ Δσ+=Δ− ΔΔt

T

t

T
ssWstHTWTtHssWstH s

1 1
,,, 11  

( ) ( ) ( ) ( ) ( )( )
( )( )∫ Δ

σδ
σδ−= Δt

T
ss

sWsstHTWTtH
1

,, 11  

( ) ( ) ( )( )
( )( )∫ Δ

σδ
σ−+ α+

αt

T
ss

sWstHsth
1

,, 1  

( ) ( ) ( ) ( ) ( )( )
( )( )∫ Δ

σδ
σδ−≤ Δt

T
ss

sWsstHTWTtH
1

,, 11  

( ) ( ) ( )( )
( )( )∫ Δ

σδ
σ+ α+

α

−
t

T
ss

sWstHsth
1

.,, 1  (3.23) 

From (3.22), (3.23), we obtain 

( ) ( ) ( ) ( ) ( )∫ ≤Δδ
t

T
TWTtHssqsKstH

1
11,,  

( ) ( ) ( )( )
( )( ) ( ) ( ) ( )

( )
( )( )
( )( )∫ Δ

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛

σδ
σαδ

−
σδ
σ+ α

+
α+
α

−
t

T
ss

sW
sr

TsRtstHs
sWstHsth

1
.,,,,

11

1
011  

 (3.24) 

Now set 

( ) ( ) ( )
( )

( )( )
( )( ) ,,,

1
01

λ
λ ⎟

⎠
⎞⎜

⎝
⎛

σδ
σαδ

= s
sW

sr
TsRsstHX  

( ) ( )

( ) ( )[ ]
,

,

,
1

01

1

11

λ

λ
−−λ

αδλ
=

TsRs

srsth
Y  
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where 0,11 ≥>
α
+α=λ X  and .0≥Y  Using the equality 

( ) ,11 λλ−λ −λ≤−λ YXXY  

which yields 

( ) ( ) ( )( )
( )( )

( ) ( ) ( )
( )

( )( )
( )( )

α
+α+

α

− ⎟
⎠
⎞⎜

⎝
⎛

σδ
σσδ

−
σδ

σ
11

1
011 ,,,,

s
sW

sr
TsRtstH

s
sWstHsth  

( ) ( )
( ) ( ) ( )[ ]

.
,1

,

01
1

1
1

αα+

αα+
−

δα+
≤

TsRs
srsth  (3.25) 

From (3.24) and (3.25), we have 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )[ ]

( ).
,1

,,,
1

1
1

01
1

1
1

1 ∫ ≤Δ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

δα+
−δ αα+

αα+
−t

T
TWs

TsRs
srsthsqsKstHTtH  

This is contrary to (3.19). 

If case (II) holds, from (2.12), by Lemma 2.4, ( ) .0lim =
∞→

tx
t

 This 

completes the proof. 

Example 3.1. Consider the third-order nonlinear delay dynamic equation 

( ) ( )( ) ( ( ( ))) ,021ln1211 23
5

2

3
5

3
2

=+++
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛

Δ
Δ

Δ txtx
t

txtt  

.2:,2 0 =≥∈ ttt z  (3.26) 

Here ,3
5=α  ( ) ,1

1 ttr =  ( ) ,3
2

2 ttr =  ( ) ,1
2t

tq =  ( ) ( ( ))23
5

1ln1 xxxf ++=  

and ( ) .2 tttg >=  
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Conditions ( ) ( )31 H-H  are clearly satisfied, ( )4H  holds with ,1=K  and 

( ) ( ) ( )∫ ∫ ∫ ∫ ∫∫
∞ ∞ ∞ ∞ ∞α∞

ΔΔ
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
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⎤
⎢⎣
⎡ Δ

0 2

5
3

2
3
2

1
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1111
t t t ss
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u

s

ttsuuqsrtr  
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so (1.2) holds. Noting that 
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−

−
=Δ=Δ⎟

⎠
⎞

⎜
⎝
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−αt

T

t

T
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5
3

0
5
3

5
21

2
01  
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−
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t
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5
3

0
5
8

1
01

002  
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1
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5
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5
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⎢
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Let ( ) ( ) ,, 3
5−

=ϕ=δ tttt  since ( ) ,2tt =σ  we obtain 

( ) ( ) ( ) ( )
( ) ( )( ) ( )( ) ( ),,3

51,2, 02
1

01
0 TtRtttrtr

TtRttTtR ⋅⋅+=σϕσαδ+δ= Δ∗  
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( ) ( ) ( ) ( ) ( )( ) ( )
( ) ( )( ) ( )( )( )

⎭
⎬
⎫

⎩
⎨
⎧ σϕσ

α
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2
1

0
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⎤
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Let ( ) ( ) ,, 2ststH −=  that there exists a function 

( ) ( ) ( ) ( )

( )

( ) ( )stHTsR

stH

stsstHTsRsth ,,

,

322,,, 2
1

0
2
1

0 ⋅≥
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−= ∗
∗

 

such that 

( ) ( )
( )( ) ( ) ( )

( )( ) ( )stHs
sthstHs

TsRstH s ,,,,, 2
1

0
σδ

=
σδ
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∗

Δ  

and 

( ) ( ) ( ) ( ) ( )
( ) ( )∫ Δ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

αδ
−⋅ −

∞→

t

Tt
sTsRs

srsthTsQstHTtH 1 0
1

2
0

1 ,4
,,,,

1suplim  

( ) ( ) ( )

( ) ( )

( )
∫ Δ

⎪
⎪
⎪

⎭

⎪⎪
⎪

⎬

⎫

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

⋅⋅

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⋅

−⎥⎦
⎤

⎢⎣
⎡ ⋅+≥

∗

∞→

t

Tt
s

TsRs

stHTsR

TsRsstHTtH 1 0
2

2
2
1

0

0
1 ,3

20

,,

,12
5

2
3,,

1suplim  

( ) ( ) ( ) [ ( )]

( )
∫ Δ

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⋅⋅
−⎥⎦

⎤
⎢⎣
⎡ ⋅+=

∗

∞→

t

Tt
s

TsRs

TsRTsRsstHTtH 1 0
2

2
0

0
1 ,3

20
,,12

5
2
3,,

1suplim  

( ) ( ) ( )
( )

( )
s

TsRs

TsRs
TsRsstHTtH

t

Tt
Δ

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

⋅⋅

⎥⎦
⎤

⎢⎣
⎡ ⋅⋅+

−⎥⎦
⎤

⎢⎣
⎡ ⋅+= ∫∞→ 1 0

2

2
0

0
1 ,3

20

,3
51

,12
5

2
3,,

1suplim  



Oscillation Theorems of the Third-order Nonlinear Delay Dynamic ... 97 

( ) ( ) ( )∫ ⎩
⎨
⎧

⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡ ⋅+=

∞→

t

Tt
TsRsstHTtH 1

0
1

,12
5

2
3,,

1suplim  

( )
( ) sTsRsTsRs

Δ
⎪⎭

⎪
⎬
⎫
⎟
⎟
⎠

⎞

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⋅++

⋅⋅
− 0

0
2 ,12

5
2
1

,20
3  

( ) ( )
( )∫ Δ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

⋅⋅
−=

∞→

t

Tt
s

TsRssstHTtH 1 0
21 ,20

31,,
1suplim  

( )
( )∫ ≥∞=Δ

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

⋅
−

−
≥

∞→

t

Tt
TTs

ssst
Tt 1

,,
20

31,1suplim 012
2

2
1

 

so (3.1), (3.2) hold. Then, by Theorem 3.1, every solution ( )tx  of (3.26) is 

either oscillatory or converges to zero. 

Example 3.2. Consider the third-order nonlinear delay dynamic equation 
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so (2.12) holds. Noting that 
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so (3.18), (3.19) hold. Then, by Theorem 3.2, every solution ( )tx  of (3.27) is 

either oscillatory or converges to zero. 
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