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Abstract

In this paper, the modified S-iteration schemes are defined for
approximating a fixed point of total asymptotically nonexpansive non-
self mappings in CAT(0) spaces. Some A-convergence theorems are
proved under suitable conditions in CAT(0) spaces.

1. Introduction

In [1], Agarwal et al. introduced the S-iteration process and modified
S-iteration process in a Banach space
X € K,
Xne1 = L—ay)TXy + agTy,, neN, (1.2)
Yn = L=Dbp)Xy + baTxy,
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X € K,
Xpe1 = 1—ap)T "%, +a, 7"y, neN, (1.2)
Y = (L —Dy) Xy + by "Xy,

where the sequences {a,} and {b,} arein (0, 1).

These iterations have evoked many authors’ great interest, see [2-5] for
details.

Fixed point theory in a CAT(0) space has been first studied by Kirk [7].
He showed that every nonexpansive mapping defined on a bounded closed
convex subset of a complete CAT(0) space always has a fixed point. Since
then the fixed point theory in a CAT(0) space has rapidly developed and
many papers have appeared (see, e.g. [9-22]). In [15], Dhompongsa and
Panyanak obtained A-convergence theorems for the Mann and Ishikawa
iterations for nonexpansive single-valued mappings in CAT(0) spaces.
Laowang and Panyanak [17] extended results of [15] for nonexpansive non-
self mappings in CAT(0) spaces.

The purpose of this paper is to construct a modified S-iteration process
for approximating a fixed point of total asymptotically nonexpansive non-
self mappings. Some A-convergence theorems are proved under suitable
conditions in CAT(0) spaces. Our results improve and extend the
corresponding recent results in [2, 5, 17, 21, 22].

2. Preliminaries

A geodesic space is said to be a CAT(0) if all geodesic triangles of
appropriate sizes satisfy the following comparison axiom.

Let A be a geodesic triangle in X and let A be a comparison triangle for

A geodesic space X is a CAT(0) space. Then geodesic triangle A is said
to satisfy the CAT(0) inequality if or all x, y € A and all comparison points

X,y € A = E? (Euclidean space) such that d(x, y) < d(X, ).



On the A-convergence of Modified S-iteration Schemes ... 63

In this paper, we write (1-t)x @ty for the unique point z in the

geodesic segment joining from x to y such that
d(z, x) =td(x, y), d(z,y)=@Q-t)d(xy). (2.1)
A subset C of a CAT(0) space is convex if [x, y] = C forall x, y € C.

The following lemma plays an important role in this paper.

Lemma 2.1 [15]. A geodesic space X is a CAT(0) space if and only if the
following inequality holds:

d2(z, - t)x D ty) < (L-t)d?(z, x) + td?(z, y) - tA - t)d?(x, y) (2.2)
for all x,y,ze X and all te][0,1]. In particular, if x,y, ze X and
t € [0, 1], then

d(z, A-t)xdty) < (1-t)d(z, x) +td(z, y). (2.3)

Let {x,} be a bounded sequence in a CAT(0) space X. For x € X, we
set

r(x, {xp}) = limsupd(x, x,). (2.9)

n—oo

The asymptotic radius r({x,}) of {x,} is given by

r({xp}) = inf{r(x, {xp}): x e X}. (2.5)
The asymptotic center A({x,}) of {x,} is the set
Alfxn}) = {x € X2 r(x, {Xp}) = r({Xn ) (2.6)

Proposition 2.2 [14]. Let X be a complete CAT(0) space, {x,} be a
bounded sequence in X and C be a closed convex subset of X. Then

(1) there exists a unique point ueC such that r(u, {X,}) =

inf r(x, {x,})

(2) A({x,}) and Ac({x,}) both are singleton.
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Definition 2.3 [6, 9]. Let X be a CAT(0) space. A sequence {x,} in X is
said to A-converge to q e X, if q is the unique asymptotic center of {up}

for each subsequence {u,} of {x,}. In this case, we write A — lim x, = q
n—o

and call g the A-limit of {x,}.

Lemma 2.4 [15]. Let X be a complete CAT(0) space and {x,} be a
bounded sequence in X with A({x,}) = {qa}; {u,} is sequence of {x,} with
A({un}) = {u} and the sequence {d(x,, u)} converges. Then q = u.

Lemma 2.5. (1) Let X be a complete CAT(0) space, C be a closed convex
subset of X. If {x,} is a bounded sequence in C, then the asymptotic center

of {x,} isin C [11].

(2) Every bounded sequence in a complete CAT(0) space always has
A-convergent subsequence [9].

Lemma 2.6 [21]. Let X be a complete CAT(0) space and x € X. Suppose
{t,} isasequence in (0, 1) and {x,}, {y,} are sequences in X such that

limsupd(x,, X) <r, limsupd(y,, X)<r
n—oo n—0

and

lim d(L-ty)x, ®thyn, X) =71
n—oo

for some r > 0. Then lim d(x,, y,) = 0.
n—o0

Lemma 2.7 [21]. Let {a,}, {r,} and {c,} be the sequences of
nonnegative numbers such that

an <@+2rp)a, +¢p, VN1

o0 o0
If > hy<oo and D cy <oo, then lim a, exists. If there exists a
n=1 n=1 n—0

subsequence of {a,} which converges to zero, then lim a, = 0.
n—oo
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Let (X, d) be a metric space, and let C be a nonempty and closed subset

of X. Recall that C is said to be a retract of X if there exists a continuous map
P:X — C suchthat Px=x, YxeC. Amap P: X —» C issaidto be a

retraction if P2 = P. If P is a retraction, then Py =y for all y in the range
of P.

Definition 2.8. A non-self mapping T : C — X is said to be uniformly
L-Lipschitzian if there exists a constant L > 0 such that

dT(PT)"Ix, T(PT)"y) < Ld(x, y), vn=1x yeC. (2.7)

Definition 2.9. Let K be a nonempty subset of Xand T : K — X is said
to be ({1}, {vn}, p) total asymptotically nonexpansive non-self mapping if

there exist nonnegative sequences {u,} and {v,} with pn,, — 0, v, — 0 and
a strictly increasing continuous function p : [0, o) — [0, ) with p(0) = 0
such that

d(T(PT)" ™ x, T(PT)"y) < d(x, y) + vpp(d(X, ¥)) + up,
vn>1 x,yeC, (2.8)

where P is a nonexpansive retraction of X onto C.

Remark 2.10. It is to know that each nonexpansive non-self mapping is
an asymptotically nonexpansive non-self mapping with a sequence {k,, = 1},

and each asymptotically nonexpansive mapping is a ({1}, {vn}, p) total
asymptotically nonexpansive mapping with p, =0, v, =k, -1, vn>1
and s(t)=t,t>0.

Recently, Wang et al. [22] proved the demiclosed principle total

asymptotically nonexpansive non-self mappings in CAT(0) spaces. We cite
as following two lemmas.

Lemma 2.11. Let K be a nonempty closed convex subset of a complete
CAT(0) space X and T :K — X be a uniformly L-Lipschitzian and
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({unts {vn} p) total asymptotically nonexpansive non-self mapping. Let

{X,} be a bounded sequence in K such that {x,} — q and lim d(x,, Tx,)
n—oo
= 0. Then Tg = q.

Lemma 2.12. Let K be a nonempty closed convex subset of a complete
CAT(0) space X and T : K —» X be an asymptotically nonexpansive non-

self mapping with a sequence {k,} = [1, ©), k, — 1. Let {x,} be a bounded

sequence in K such that A — lim x, =q and lim d(x,, Tx,)=0. Then
N—o0 n—oo

Tq =q.
3. Main Results
Theorem 3.1. Let K be a nonempty, closed and convex subset of a
complete CAT(0) space X. Let Tj : K — X be a uniformly L-Lipschitzian
and total asymptotically nonexpansive non-self with sequence {pg)} and

{vg)} satisfying lim ug) =0 and lim o(ni) =0, and strictly increasing
n—oo n—oo

function p(i) . [0, 0) — [0, o) with p(i)(O) =0, i=12 Let {x,} be
defined as follows:

X € K,
Yn = P((L—by) X, ® byT(PT,)"1xy), (3.1)
Xns1 = P((1— an)Ti(PT)" Xy @ agTy(PT)" yp),
where {uﬂ)}, {o(ni)}, o), {a,} and {b,} satisfy the following conditions:
(1) Dup <o, Y vy <o
(2) there exist constants a, b € (0, 1) with 0 <b(1-a) s% such that

{an}, {bn} < [a, b];

(3) there exists a constant M > 0 such that p(r) < rM, r > 0;
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(4) d(xn, Ti(PTD)"yp) < d(Ta(PT)" . To(PTL)" y).
Then the sequence {x,} defined in (3.1) A-converges to a fixed point of T.
Proof. We separate our proof in four steps as follows:

Step 1. Set pu, = max{ugl), p%z)} and vy, = max{o(nl), ogz)}, n=1 2,
..y o0 suchthat » pp < oo and ) vy < oo,

Forany q € F(Ty) N F(T,), we have
d(¥n21, A) = d(PE - ag)Ty(PT)" %, @ 2, Ty(PTy)" " yp, 4)
< d(@-an)T(PT)" "Xy @ agTi(PT)" vy, @)

< (1-ap)d(Ty(PT)" %y, @) + g (T(PTY)" "y, )
< (1=ap)(d(xn, q) + vpp(d(Xn, @)+ 1n)
+ap (d(yn, a) + vpp(d(yn, @)+ 1n)
< (1-ap)(d(xy, q) + vpMd(xy, Q) + 1p)
+an((1+vaM)d(yn, Q) + up)
= (1-ay) 1+ vaM)d(Xy, Q)+ an(L+ vaM)d(Yp, ) + 1,
(3.2)

where
d(yn, a) = d(PA-by)x, @ bnTZ(PTZ)n_lxnv q)
< (1= by)d(Xq, 0) + byd(To(PT2)" ™ xy, Q)

< (L =bp)d(Xy, @) + by (d(Xn, 4) + vrp(d(Xy, ) + Kp)

< (14 byuaM)d(xy,, q) + byup. (3.3)
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Substituting (3.3) into (3.2), we have
d(Xp41, 6) < (L —an) @+ vaM)d(xy, Q)
+a,(L+vM)1L+byo,M)d(x,, )
+ap(1+v,M)byuy + 1y
=@+ 1+ apby + aybyunM)vM)d(x,, q)
+ 1+ @+ v,M)apby)up. (3.4)
Since D pp <o and Y vy <o, it follws from Lemma 2.7 that

lim d(x,, q) exists foreach g € F(Ty) N F(Ty).

n—o
Step 2. For each q € F(T;) N F(T,), we assume that lim d(x,, q) =r.
n—oo

From (3.3), we have
d(yn, 9) < @+ byu,M)d(X,, q) + bypp, (3.5)
and
nIi_r)ngoinf d(yp, 9) < nli_r)nwsup d(ynp, q) <. (3.6)
In addition, since
d(T(PT)" "y, @) < L+ vaM)d(¥n, @)+ i, (37)

we have lim sup d(Tl(PTl)”_lyn, q) < r, similarly, we also can show that
n—oo

lim supd(T,(PT,)" 2y, @) <r,  lim supd(Ty(PT)" *x,, q) < r
n—o0 n—

and

lim sup d(T,(PT,)" 1x,, q) <.
n—oo
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Since lim d(xp.1, q) =T, itis easy to prove that
n—o0

lim d((L-an)Ty(PT)" %y ® 2 Ty(PTy)" Hyp, @) = .
N—>

It follows from Lemma 2.6 that
lim d(Ty(PTy) " 1x,, T,(PT)"ty,) = 0.
n—oo
It follows from condition (4), we have that
n-1 n-1
d(Xp, Ti(PT1)""Xy) < d(Xp, Ti(PT1)" " ¥p)
+d(Ty(PT)" Ly, Ta(PT)" ™ xp)
< 2d(Ty(PT)" %, To(PT)" yn).
According (3.9), we obtain
lim d(x,, T,(PT)" 1x,) = 0.
Nn—o0
Since

d(Xp, T1Xn) < d(Xn, Xpy1) + d(Xpq, Tl(PTl)n Xn+1)

69

(3.8)

(3.9)

(3.10)

(3.11)

+ d(T(PT)" X041, To(PTL) %) + d(To(PTL) Xy, TiXn)

< (@L+ L)d (X4, Xn) + d (X1, T1(PTy) Xq41)

+ Ld(Ty(PT) 1%, %)

<@+ L)d(xy, 1-ay )Tl(PTl)n_lxn ® an-l-l(PTl)n_1 Yn)

+ d(Xne1, T(PT) Xpa1) + LA(TL(PT)" X, Xn)

<@ -ay +(2-ay)L)d(x,, Tl(PTl)n_lxn)

+d(Xn41, Tl(PTl)n Xn41) + (L + L)apd(xy, Tl(PTl)n_lyn)
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< 1+ 2L)d (xn, To(PT)" ™ %0) + d (a1, To(PTL)" X0 42)
+ 1+ L)apd(T(PT)" %0, Ti(PT)" L), (3.12)
it follows from (3.9) again and (3.11) that nlinoO d(x,, Tixg) = 0.

Similarly, we also can prove that lim d(x,, ToX,) = 0.
n—o

In fact, observe that we have

_1
Il

lim d(y,, q) = lim d(P(1=by)X, @ b,To(PT,)"1x,, 0)
Nn—oo N—oo

IA

lim {(L + bpu,M)d(X,, q) + boupt <1 (3.13)
nN—oo
So we have that
lim d((1—by)X, ® by T(PTo)" 1x,, q) =r. (3.14)
n—oo
By assuming the same proof in Step 2, we have lim d(x,, q)=r and
n—o
lim supd(T,(PT,)" x,, q) <.
n—oo
From Lemma 2.6, we have that
lim d(x, To(PT,)" 1x,) = 0. (3.15)
nN—o0
Finally, since
d(Xn, ToXn) < d(Xn, Xns1) + d(Xns1, T2(PT2)" Xn1)
+ d(T2(PT2) Xn41, T2(PT2)" %) + d(T2(PT2)" Xn41, ToXn)
< (1+ L) d(Xqe1, Xn) + d(Xns1s T2(PT2) Xn 1)

+Ld (TZ(PTZ)n_lxn’ Xn)
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< L+ L)d(%y, (L= an)T(PT)" ™ x @ agTa(PT1)" Hyn)
+ d(Xns1, T2(PT2) Xg41) + Ld(To(PT2)" %0, Xp)
< 1+ L)( - an)d (g, Tu(PTy)" " xy)
+ @+ L)agd (T (PT)" g, To(PT)" yn)
+ (X4, T2(PT2)" Xn41) + LA(T(PT2)" g, %q),  (3.16)
it follows from (3.9) again and (3.15) that nIi_r)noo d(Xn, ToX,) = 0. This is the

end of proof of Step 2.

Step 3. Let Wy, ({xn )= |J  A({un}).
{untcixn}

Let u e Wy,. Then there exists a subsequence {u,} of {x,} such that
A({up}) = {u}. By Lemma 2.5, there exists a subsequence {v,} of {u,} such

that A — lim v, =v e K. Since lim d(x,, Tyxy) = lim d(x,, Tox,) =0,
n—owo n—o n—oo

it follows from Lemma 2.11 that v e F(T;)N F(Ty). So, lim d(x,, q)
n—oo

exists. By Lemma 2.4, we have that q =v e F(T;) N F(T,). This implies
that Wy, ({x,}) = F(Ty) N F(T,).

Let {u,} be a subsequence of {x,} with A({u,}) = {u} and let A({x,})
= {x}. Since u e W,,(x,) = F(T;)N F(T,), according the conclusion of

Step 1 we know that {d(x,, u)} is convergent.

By Lemma 2.4, x =u. This implies that W,,({x,}) contains only one
point.

Step 4. In fact, it follows the conclusion of Step 1 that {d(x,, q)} is
convergent for each q e F(T;) N F(T,). According to the conclusion of
Step 2, r]Ii_r:god(xn,Tlxn): n“_TDd(Xn’TZXn):O' Since Wy, ({x,}) < F(T), and
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W, ({X,}) consists of exactly one point. This shows that {x,} A-converges

to a point of F(T).
Theorem 3.2. Let K be a nonempty closed and convex subset of a

complete CAT(0) space X. Let T : K — X be a uniformly L-Lipschitzian

and total asymptotically nonexpansive non-self with sequence {u} and {v,}

satisfying lim p, =0 and lim v, =0, and strictly increasing function
n—o N—0c0

p 1[0, ) — [0, o) with p(0) = 0. Let {x,} be defined as follows:

X| € K,
yn = P((L=by) %, @ b, T(PT)"1x,), (3.17)

Xne1 = P(L—an)T(PT)" " x, @ a7 T(PT) " Hyp),

where {u,}, {on} p, {ap} and {b,} satisfy the following conditions:

0 0
(1) pn <0, Y op <5
n=1 n=1
(2) there exist constants a, b € (0, 1) with 0 <b(1-a) < % such that
{an}, {bn} < [a, b];
(3) there exists a constant M *r, r > 0 such that p(r) < M™r, r > 0.

Then the sequence {x,} defined in (3.17) A-convergences to a fixed point of

T.
Proof. It can put S =T in Theorem 3.1 such that we use similar steps to

obtain our conclusion.
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