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Abstract

Let IS(v, G) denote the maximum cardinality among all independent

sets of G containing v. Then 1S(G) = min{IS(v) : v e V(G)} is called

the independence saturation number of G. In this paper, we compute
the independence saturation number of some classes of graphs such as
central graph, total graph, line graph of star graph K; , and double

star graph Ky p, central graph of cycle graph, expansion graphs,

corona graphs, Mycielskian graphs and maximal triangle free graphs.

1. Introduction

By a graph G = (V, E) we mean a finite, undirected graph without loops
or multiple edges. The neighbourhood of a vertex x € V(G) in the graph G
is denoted by N(x) and the closed neighbourhood {x} U N(x) by N[x]. If X
is a subset of V(G), then N[X]= UXEX N[x] and the subgraph induced by
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X is denoted by G[X]. Terms not defined here are used in the sense of
Harary [11].

Acharya [1] initiated a study of domsaturation. Arumugam and Kala [3,
4, 5] obtained further results on domsaturation, connected domsaturation and
global domsaturation. A collection of articles in graph saturation parameters
have been focussed on [2, 8, 15]. Arumugam and Subramanian [6, 15]
introduced the concept of independence saturation number. A subset S of V
in a graph G is said to be independent if no two vertices in S are adjacent.
The minimum cardinality of a maximal independent set is called the
independent domination number of G and is denoted by i(G). The maximum

cardinality of an independent set in G is called the independence number of
G and is denoted by Bo(G). Let IS(v, G) denote the maximum cardinality

among all independent sets of G containing v. Then IS(G) = min{IS(v):
v eV(G)} is called the independence saturation number of G. A vertex
v eV iscalled an IS-vertex if IS(v) = IS(G). Let v eV be such that 1S(v)
= 1S(G). Any maximal independent set of cardinality 1S(G) containing v is
called an 1S-set of G. Thus IS-set is a maximal independent set and hence is a
dominating set. Hence i(G) < IS(G) < Bo(G).

In the graph shown below, i(G) = 2, Bg(G) = 5 and IS(G) = 3.

“ o<,

For the above graph, u and r are the IS-vertices. {u, v, w} is an I1S-set
containing u and {r, s, t} is an IS-set containing r. Hence IS(u) = IS(r) =
IS(G) = 3. But IS(v) = IS(w) = IS(s) = IS(t) = 1S(z) = 5. Hence I1S(G) =
min{3, 5} = 3. Basic results are as follows:

Observation 1.1 [6]. (i) For the cycle C,, of length n, 1S(v) = n/2] for
every vertex v and hence IS(C,,) =|n/2].

(i) 1S(K,) =1 and IS(K, ) = min{m, n}.
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Theorem 1.2 [9]. Let G be a maximal triangle free graph of order n > 2
and minimum degree &(G). For every vertex v eV(G), Ng(v) is an

independent domination set and so i(G) < &(G) < | n/2].

Proposition 1.3. [10] For any graph G,
(@) i(exp(G, r)) = r -i(G),

(b) i(cor(G, r)) = r|V(G)| - (r —1)a(G).
2. Further Results on Independence Saturation Number

In the following propositions, we investigate the independence saturation
number of the central graph of star graph K; ,, double star K; ,, , and cycle
graph C,. Also we compute independence saturation number for the total
graph, line graph of star graph Kj ,, and double star graph families K; ,, ,
as defined in [16, 19].

A study of harmonious, achromatic coloring on middle graph, central

graph, total graph, line graph of various classes of graphs can be found in
[16, 17, 18, 19]. Double star K; j, , is a tree obtained from the star K; ,, by

adding a new pendant edge of the existing n pendant vertices. It has 2n +1
vertices and 2n edges. Let

V(Kynn) = ViU {v, va, o Vb U g, Ug, e U}
and

E(Kyn,n)=1{e1, €, . et U {sy, 2, - Sp -

The central graph C(G) of a graph G is formed by adding an extra vertex

on each edge of G and then joining each pair of vertices of the original graph
which were previously non-adjacent. The total graph of G has vertex set
V(G)U E(G), and edges joining all elements of this vertex set which are

adjacent or incident in G. The line graph of G denoted by L(G) is the graph
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with vertices are the edges of G with two vertices of L(G) adjacent whenever
the corresponding edges of G are adjacent.

Proposition 2.1. For any star graph Kj ,, we have
(i) 1S(C(Ky,n)) =2,

(i) IS(T(Klyn)) =1

(iii) IS(L(Ky ) = 1.

Proof. (i) By the definition of central graph, each edge vv; in Ky is
subdivided by the vertex ¢ in C(Ky ) and the vertices vy, vy, ..., vy induce

a clique of order nin C(Ky ), i.e.,
V(C(Kyp))=tviUlyi :1<i<njU{g :1<i<nj.

Since vj (1<i<n) induce a clique of order n and v; is adjacent to e,
{vitU {e(, €2, ..., €_1, €41, -~ €4} IS @ maximum independent set
containing v;j (1 <i <n). Hence, IS(vj) = n. Also {e}, ey, ..., &, ..., €y} IS
a maximum independent set containing € (1 <i <n). Hence, 1S(g) = n.
Moreover {v, v;} is a maximum independent set of C(Kj ) containing v.

Hence, IS(v) = 2 and so IS(C(Ky ) = 2.

(i) By the definition of total graph, we have V(T(Kyp))=1{v}U

{vi:1<i<njU{e :1<i<n}, in which the vertices v, e, ey, ..., €,
induce a clique of order n+1. Since v is adjacent to all the vertices of
T(Kyn) IS(v) =1 andso IS(T(Ky )) = 1.

(iii) Since L(Ky p) = K, IS(L(Ky p)) = 1. O
Proposition 2.2. For any double star graph Kj , ,,, we have

(i) 1S(C(Ky ) = n+1,
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(ii) |S(T(K1,n,n)) =n+1,
(iii) I1IS(L(Ky p ) = .

Proof. (i) By the definition of central graph, each edge vv; and v;u;
(L<i<n)in Ky, are subdivided by the vertices g and s; in C(Ky , ).
The vertices v, Uy, Uy, ..., U, induce a clique of order n +1 (say K,,1) and
the vertices v; (L<i<n) induce a clique of order n in C(Kypp), ie.,
VICKynn)=1v} U tyi:1<i<ni U{u:1<i<niU {g:1<i<nj
U {sj:1<i<n}. Now {v}U{s; :1<i < n} isamaximum independent set
containing v. Hence, I1S(v) =n+1. Then {g :1<i<n}U{s;:1<i<n}
is a maximum independent set containing e; (or sj). Hence, I1S(g) = 2n
and 1S(sj) = 2n. Also note that

Vit UduitUfer e, o &g, €41, s et U {S1, S24 s Sicty Sigas oo S}
is a maximum independent set containing v; (or u;). Hence, 1S(vj) = 2n
and I1S(uj) = 2n. Hence, 1S(G) = min{n +1, 2n} = n + 1.

(ii) By the definition of total graph, we have
VT(Kynn)=viUy 1<i<npU{y :1<i<nj
U{g:1<i<ntU{s;:1<i<n}

in which the vertices v, e, ey, ..., €, induce a clique of order n+1. Note
that {v} U {s; : 1 <i < n} is a maximum independent set containing v (or s;).
Hence, 1S(v) =n+1 and IS(sj) = n+1. Then forany j=1ton, {e;}U
{u; :1<i < n} is a maximum independent set containing €; (or uj), i =1
to n. Hence, I1S(gj)=n+1 and IS(uj) =n+1. Also {vi}U[Uj u;]U
{ej : J # i} is a maximum independent set containing v;. Hence 1S(v;) =

1+n-1+1=n+1. Therefore, IS(T(Kynpn)) =n+1.
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(iii) By the definition of line graph, each edge of K; ,, , taken to be as
vertex in (L(Ky , n))- The vertices ey, ey, ..., e, induce a clique of order
n and the vertices s, sy, ..., s, are all pendant in (L(Kypp)), ie.,
V(L(Ky o)) =1 :1<i<nfU{sj:1<i<nj. We observe that {g}U
[Ujisj] is a maximum independent set containing e;. Hence, IS(gj) = n.
Then {s; :1<i < n} is a maximum independent set containing s;. Hence,
IS(sj) = n and so IS(L(Ky n n)) = . O

Proposition 2.3. For any cycle C,, = (v, Vy, ..., V), we have I1S(C(C,)))
=n-1

Proof. By the definition of central graph, each edge vjv; (i<j and
1<i, j <n)in C, issubdivided by the vertex e in C(C,) and deg(v;) =
n —1, deg(e;) = 2. Note that {Vj, Vi 1, €i42, €43 --» €jsn_2} IS @ Maximum
independent set of C(C,,) containing v; (1 <i < n). Hence, IS(vj)=n -2
+1=n-1. Also {g, ey, ..., &4} is @ maximum independent set containing
e;. Hence, I1S(ej)=n(1<i<n)andso IS(G)=n-1. O

In the following proposition, we determine the independence saturation

number of expansion and corona of graphs. For r a positive integer, the
expansion exp(G; r) of a graph G is the graph obtained from G by replacing

each vertex v of G with an independent set I, of size r and replacing each
edge vw by a complete bipartite graph with partite sets 1, and I,,. The
corona cor(G) (sometimes denoted G o Kj) is the graph obtained from G by

adding a pendant edge at each vertex of G. In general, the generalized corona
cor(G; r) is the graph obtained from G by adding r pendant edges to each

vertex of G.
Proposition 2.4. For any graph G,
(@) I1S(exp(G, r)) =r - 1S(G),

(b) 1S(cor(G, r)) =r|V(G)|—r +1.
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Proof. (a) Let D be any independent set of exp(G, r). Each set I, in D
that corresponds a vertex v in G. Note that {v: I, < D} is an independent

set of G. Let z be any IS-vertex of G and S be any IS-set of G containing z in
G. Then 1S(G) =|S | = min{IS(v)}. For every two vertices v, w in S, there

corresponds two sets |, I,, in exp(G, r). Since v and w are non-adjacent,
all the vertices of I, U I,, are independent. Hence U I,,, v € S is a maximum

independent set containing w, we I,. Hence, 1S(exp(G, r)) = r.IS(G).

(b) Let D be any maximum independent set of cor(G, r). For every
vertex v of G, D contains all of r leaves adjacent to v. Let v e cor(G, r) and
I, be any maximum independent set containing v. If v is not a leaf, then
D contains |V(G)| -1 leaves and v. Hence, IS(v)=(V(G)|-1)r+1=
r[V(G)|-r +1. If vis a leaf, then IS(v) = r|V(G)|. Therefore,

IS(G) = min{r|V(G)|-r +1 r|V(G)|} =rV(G)|-r +1. O

In Theorem 2.5, we investigate the independence saturation number
IS(G) of Mycielskian graph G. For a graph G = (V, E), the Mycielskian of
G is the graph u(G) with vertex set V UV'U {u}, where V' = {x": x e V}
and is disjoint from V, and edge set E'=EU{xy, xy:xye E}U
{X'u:x"eV'}. The vertices x and x' are called twins of each other and u is
called the root of u(G). Also the graph u(G) — u is called the shadow graph
of G and is denoted by Sh(G). A collection of articles related to Mycielskian
graphs can be found in [12, 13, 14].

Theorem 2.5. For any graph G, IS(u(G)) = min{Bq(G) + 1, 21S(v, G)},
veV(G).

Proof. Let u be the root of u(G). Since u is adjacent to every V', v e
V(G), Bg set of GU{u} is a maximum independent set containing u in
w(G). Hence, 1S(u, w(G)) =Bg +1. Let V' e u(G)(G), veV(G). Let S =

{V,vq, Vs, ...,V } be any IS-set of G. Then S’ = {v, V', vy, Vi, Vo, V5, ..., Vs, V1 }
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is @ maximum independent set containing v in w(G) and so IS(v, u(G)) =
2IS(v, G). We observe that {v':v € V(G)} is a maximal independent set
containing V. Hence, IS(V', w(G)) = max{n(G), 21S(v, G)} and IS(v, u(G))
< IS(V', u(G)). Hence, 1S((G)) = min{By(G) +1, 21S(v, G)}, v e V(G). O

For example, IS(u(C4)) = 3. The graph Mycielskian of C, is given
below.

In the following theorem, we compute the independence saturation
number of maximal triangle free graphs. A graph G is called maximal
triangle-free (MTF) if G has no triangles but the addition of any edge
produces a triangle. For instance, any complete bipartite graph is a maximal
triangle-free graph.

Theorem 2.6. Let G be a maximal triangle free graph of order n > 2
and minimum degree 5(G). Then IS(G) is either 8(G) or A(G).

Proof. Letu € V(G) and I, be any maximum independent set containing
u. Choose a vertex v € V(G) such that u € N(v). Since G is a maximal
triangle free graph, N(v) is an independent set containing u. We show that
N(v) is maximal. Suppose there exists w € V(G) — N[v] such that w is not
adjacent to any vertex of N(v). Then G + uv is triangle free, it contradicts
the fact that G is maximal triangle free graph. Hence, N(v) is maximal and
so | I, | = deg(v). Since every vertex in G is of degree either 8(G) or A(G),
|1y ]=8(G) or | 1] = A(G). Let I be any independent set of G containing
u. Now we show that I < N(v) for some v such that u € N(v). Suppose not,
then there exists z € | such that z ¢ N(v) for every v such that u € N(v).
Then G + vz is triangle free, it contradicts the fact that G is maximal triangle



Independence Saturation Number of Some Classes of Graphs 19

free graph. Hence, | I | < deg(v) for some v such that u € N(v). Since every
vertex in G is of degree either 8(G) or A(G) and | I, | < deg(v) for some
v such that u e N(v), |l ] is either 8(G) or A(G). Note that I1S(G) =
min{ I, | : u € V(G)}. Hence, 1S(G) is either 8(G) or A(G). O

In Figure 1.1, we have IS(G) = 8(G) =2 and in Figure 1.2, we have
IS(G) = A(G) = 3.

vy i

Figure 1.1 Figure 1.2

Theorem 2.7. Let G be a maximal triangle free graph of order n > 2
and minimum degree &(G). Then IS(G) = 8(G) if and only if there exists v

such that deg(w) = 8(G) for all w e N(v).

Proof. Assume that 1S(G) = 8(G). Suppose for every v e V(G), there
exists w e N(v) such that deg(w) > 8(G). Since G is MTF, N(w) is a maximal
independent set containing v. Hence, IS(v) > 8 +1 andso IS(G) > & +1. It
contradicts the assumption. Conversely, to prove that IS(v) = IS(G) = &(G).
Since N(w) is a maximal independent set containing v, 1S(v) > 8(G). Let |
be any independent set containing v. From the Proof of Theorem 2.6, |
N(w) for some vertex w such that w € N(v). Hence, 1S(v) = 8(G). Since
IS(G) is either 8(G) or A(G), 1S(v) = IS(G) = &(G). O

Conclusion and Scope

By the definition of 1S(G), we have i(G) < IS(G) < Bg(G). It is clear
that 1S(G) is equal to i(G) for the graphs G mentioned in Proposition 2.1,

Proposition 2.2 and Proposition 2.3. Hence, following is the interesting
problem for further investigation.



20

[1]

(2]

(3]

[4]

(5]

6]

[7]

(8]

(9]

[10]

[11]
[12]

[13]

[14]
[15]

[16]

T. Muthulakshmi and M. Subramanian

Problem. Characterize the class of graphs G for which 1S(G) = i(G).
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