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Abstract 

In this paper, we introduce an iterative scheme for finding a common 
solution of mixed equilibrium problems, fixed point problems and 
variational inequality problems of a countable family of k-strict 
pseudo-contractions in the framework Hilbert spaces. We prove a 
strong convergence theorem of the proposed scheme. The results 
presented in this paper improve and extend the corresponding results 
announced by many others. 

1. Introduction 

Throughout of this paper, we always assume that K is a closed convex 
subset of a real Hilbert space H with inner product and norm which denoted 
by ⋅⋅,  and ,⋅  respectively, R  is the set of real numbers, and N  is the set 
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of positive integers. Let R→× KKG :  be to find Kz ∈  such that 

 ( ) .,0, KyyzG ∈∀≥  (1.1) 

The set of solution of (1.1) is denoted by ( ).GEP  Numerous problems in 

physics, optimization, and economics reduce to find a solution of (1.1). The 
mixed equilibrium for two bifuctions of R→× KKGG :, 21  is to find 

Kz ∈  such that 

 ( ) ( ) .,0,,, 21 KyzyBzyzGyzG ∈∀≥−++  (1.2) 

In the sequel, we will indicate by ( )BGGMEP ,, 21  the set of solution of 

our mixed equilibrium problem. If ,0=B  then we denote ( ),0,, 21 GGEPM  

with ( )., 21 GGMEP  We notice that for 02 =G  and ,0=B  the problem is 

the well-known equilibrium problem (see [4]). 

Let HKB →:  be a mapping. The classical variational inequality, 
denoted by ( ),, KBVI  is to find Ks ∈  such that 0, ≥− syBs  for all 

.Ky ∈  

Let KKT →:  be a self-mapping of K. Recall T is said to be k-strict 
pseudo-contraction if there exists a constant [ )1,0∈k  such that 

 ( ) ( ) 222 yTIzTIkyzTyTz −−−+−≤−  (1.3) 

for all ., Kyz ∈  The set of fixed points of T is denoted by ( )TFix  ( .,e.i  

( ) { }).: zTzKzTFix =∈=  Note that the class k-strict pseudo-contractions 

includes the class of nonexpansive mappings which are mappings T on K 
such that 

 yzTyTz −≤−  (1.4) 

for all Kyz ∈,  (see [14]). That is, T is nonexpansive if and only if T is      

0-strict pseudo-contractions. 

In the recent years, many papers concern the convergence of iterative 
schemes for nonexpansive mapping and k-strict pseudo-contractions have 
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been extensively studied by many authors [1, 4-7, 10, 12, 14] and references 
therein. 

In this paper, motivated and inspired by these facts, we introduce the new 
iterative scheme of a countable family of k-strict pseudo-contractions which 
include [10], [6], and [12] as some special cases. 

2. Preliminaries 

For every point ,Hz ∈  there exists a unique nearest point in K, denoted 

by zPK  such that 

 yzzPz K −≤−   for all .Ky ∈  (2.1) 

KP  is called the metric projection from H into K. It well known that KP  is a 

nonexpansive mapping of H into K and satisfies 

 ., 2yPzPyPzPyz KKKK −≥−−  (2.2) 

Recall that a mapping HKB →:  is called β-inverse-strongly monotone, 

if there exists a positive number β such that ,, 2ByBzyzByBz −β≥−−  

., Kyz ∈∀  Let I be the identity mapping on K. It is well known that                    

if HKB →:  is β-inverse-strongly monotone, then B is 
β
1 -Lipschitz 

continuous and monotone mapping. Moreover, if ,20 β<λ<  then Bλ−1  

is a nonexpansive mapping (see [1, 2]). 

The following lemmas will be useful for proving in our main results. 

Lemma 2.1 (See [3]). For all z, ,Hy ∈  there holds the inequality 

.,222 yzyzyz ++≤+  

Lemma 2.2 (See [7]). Let H be a Hilbert space, K be a nonempty closed 
subset of H, HHf →:  be a contraction with coefficient ,10 <α<  and A 

be a strongly positive linear bounded operator with coefficient .0>γ  Then, 
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(1) if ,0
α
γ<γ<  then ( ) ( ) ( ) ,, 2yzyfAzfAyz −γα−γ≥γ−−γ−−  

;, Hyz ∈  

(2) if ,0 1−<ρ< A  then .1 γρ−≤ρ− AI  

For solving the mixed equilibrium problem for a bifunction KKG ×:  
,R→  where R  is the set of real numbers, let us assume that G satisfies the 

following conditions: 

(A1) ( ) 0, =zzG  for all ;Kz ∈  

(A2) G is monotone, that is, ( ) ( ) 0,, ≤+ zyGyzG  for all ;, Kyz ∈  

(A3) for each ,,, Kyzx ∈  ( )( ) ( );,,1lim 0 yzGyzttxGt ≤−+→  

(A4) for each ,Kz ∈  ( )yzGy ,  is convex and lower semicontinuous. 

Lemma 2.3 (See [4]). Let K be a convex closed subset of a Hilbert space 
H. Let ,:1 R→× KKG  where R  is the set of real numbers, be a bifunction 

such that 

(l1) ( ) 0,1 =zzG  for all ;Kz ∈  

(l2) 1G  is monotone and upper hemicontinuous in the first variable; 

(l3) 1G  is lower semicontinuous and convex in the second variable. 

Let R→× KKG :2  be a bifunction such that 

(h1) ( ) 0,2 =zzG  for all ;Kz ∈  

(h2) 2G  is monotone and weakly upper semicontinuous in the first 

variable; 

(h3) 2G  is convex in the second variable. 

Moreover, let us suppose that 

(H) for fixed 0>λ  and ,Kz ∈  there exists a bounded set KD ⊂  and 

Da ∈  such that for all 
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( ) ( ) .0,1,,,\ 21 <−−
λ

++−∈ zyyaayGyaGDKy  

For 0>λ  and ,Hz ∈  let KHF →λ :  be a mapping defined by 

( ) ( ) ( )
⎭⎬
⎫

⎩⎨
⎧ ∈∀≥−−

λ
++∈=λ KxzxxyyxGyxGKyzF ,0,1,,: 21  

called resolvent of 1G  and .2G  Then 

(1) ( ) ;∅≠λ zF  

(2) λF  is a single value; 

(3) λF  is firmly nonexpansive; 

(4) ( ) ( )( )zFFixGGMEP λ=21,  and it is closed and convex. 

Lemma 2.4 (See [11]). Let { }nx  and { }nv  be bounded sequences in a 

Banach space X and let { }nβ  be a sequence in [ ]1,0  with nn β< ∞→inflim0  

.1suplim <β≤ ∞→ nn  Suppose ( ) nnnnn vxx β−+β=+ 11  for all integers 

0≥n  and 

( ) .0suplim 11 ≤−−− ++∞→ nnnnn xxvv  

Then .0lim =−∞→ nnn xv  

Lemma 2.5 (See [13]). Assume { }na  is a sequence of nonnegative real 

numbers such that 

( ) ,0,11 ≥δ+α−≤+ naa nnnn  

where { }nα  is a sequence in ( )1,0  and { }nδ  is a sequence in R  such that 

(1) ∑∞
= ∞=α1n n  

(2) 0suplim ≤
α
δ

∞→
n
n

n  or ∑∞
= ∞<α1 .n n  

Then .0lim =∞→ nn a  
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Lemma 2.6 (See [1]). Let K be a nonempty closed convex subset of a 
Banach space and { }nT  be a sequence mapping of K into itself. Suppose   

that { }∑∞
= + ∞<∈−1 1 .:supn nn KzzTzT  Then, for each ,Ky ∈  { }yTn  

converges strongly to some point of K. Moreover, let T be a mapping of                   
K into itself defined by yTTy nn ∞→= lim  for all .Ky ∈  Then 

{ } .0:suplim =∈−∞→ KzzTTz nn  

Lemma 2.7 (See [2]). Let K be a nonempty closed convex subset of a 
Hilbert space H. Let HKS →:  be a k-strict pseudo-contraction. Define 

HKT →:  by ( )SxxTx μ−+μ= 1  for each .Kx ∈  Then, as [ ),1,k∈μ  T 

is a nonexpansive mapping such that ( ) ( ).SFixTFix =  

3. Main Results 

Theorem 3.1. Let K be a nonempty closed convex subset of a real 
Hilbert space H, let 1G  and 2G  be bifunctions from ,R→× KK  where R  

is the set of real numbers, satisfying (A1)-(A4), let HKB →:  be a 
β-inverse-strongly monotone mapping, and let { }nT  be a sequence of 

k-strictly pseudo-contraction of K into itself with fixed point for all N∈n  

and [ ).1,0∈k  Define ( ) .1 xTkkxxS n
k
n −+=  Let f be a contraction of K 

into itself with the coefficient ( ).1,0∈α  Let A be a strongly positive linear 

bounded operator on K with coefficient .0>γ  Assume that 
α
γ<γ<0  and 

( ) ( ) ( ) .,,: 211 ∅≠=Ω ∞
= AKVIGGMEPTFix nn ∩∩∩  Let ,nx  ny  and nu  be 

sequences generated by Kx ∈1  and 

( ) ( ) ,,0,1,, 21 KyxuuyyuGyuG nnn
n

nn ∈∀≥−−
λ

++  

( ),nnnKn BuuPy ϕ−=  

( ) ( )( ) n
k
nnnnnnnn ySAIxxfx α−μ−+μ+γα=+ 11  (3.1) 
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for all ,Nn ∈  where ( ),2,0 β∈ϕn  and ,nα  nμ  are two sequences in [ ]1,0  

and ( )∞⊂λ ,0n  satisfying 

  (i) ,0lim =α∞→ nn  ∑∞
= ∞=α1 ,n n  and ∑∞

= + ∞<α−α1 1 ;n nn  

 (ii) ,0inflim >λ∞→ nn  ∑∞
= + ∞<λ−λ1 1 ;n nn  

(iii) 10 <<μ≤< ba n  for all ,1≥n  ;0lim =μ∞→ nn  

(iv) ( ) .0lim 1 =ϕ−ϕ +∞→ nnn  

Suppose that { }∑∞
= + ∞<∈−1 1 :supn

k
n

k
n DzzSzS  for any bounded 

subset D of K. Let S be a mapping of K into itself defined by =Su  

uS k
nn ∞→lim  for all Ku ∈  and suppose ( ) ( ).1

k
nn SFixSFix ∞

== ∩  Then { },nx  

{ }ny  and { }nu  converge strongly to ω, where ( ) ( )ωγ+−=ω Ω fAIP  is a 

unique solution of the variational inequality 

 ( ) .,0, Ω∈∀≤−ωωγ− xxfA  (3.2) 

Proof. Note that from the conditions (i) and (iii), we will assume that 

( ) 11 −μ−≤α Ann  for all .1≥n  Since A is a strongly positive linear 

operator, we have { }.1,:,sup =∈= xKxxAxA  By Lemma 2.2, 

we have 

 ( ) ( ) .11 γα−μ−≤α−μ− nnnn AI  (3.3) 

From the definition of ,k
nS  we have k

nS  is nonexpansive by Lemma 2.6. 

We know that KP  is nonexpansive. We now show that { }nx  is bounded. Let 

.Ω∈v  By using Lemma 2.3, we have 

( ) ( )BvvPBuuPvy nKnnnKn ϕ−−ϕ−=−  

( ) ( )BvvBuu nnnn ϕ−−ϕ−≤  

vun −≤  
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vFxF nn n λλ −≤  

vxn −≤  (3.4) 

for all .1≥n  Then, we have 

( )( ) ( )vSySAIvx k
nn

k
nnnn −α−μ−=−+ 11  

( ) ( )( ) ( )( ) ( )vxAvvfvfxf nnnnn −μ+−γα+−γα+  

( ( )) ( ) ( ) .1
αγ−γ
−γ

αγ−γα+−αγ−γα−≤
Avvfvx nnn  (3.5) 

It follows from (3.5) and induction that 

 ( ) .1,,max ≥∀
⎭
⎬
⎫

⎩
⎨
⎧

αγ−γ
−γ

−≤− nAvvfvxvx nn  (3.6) 

This implies that { }nx  is bounded and hence the sets of { },ny  { },nu  { }n
k
n yS  

and { }nBu  are also bounded. Next, we show that .01 →−+ nn xx  Define 

( ) nnnnn exx β−+β=+ 11  for all .0≥n  We see that 

nnnn xxee −−− ++ 11  

( ) ( ) n
k
nn

n
n

n
k
nn

n
n yASxfyASxf +γ

β−
α

++γ
β−

α
= +++

+
+

11 111
1

1  

.111 nnnnn
k
nn

k
n xxyyySyS −−−+−+ +++  (3.7) 

On the other hand, we see that 

( ) ( )nnnKnnnKnn BuuPBuuPyy ϕ−−ϕ−≤− +++ 111  

( ) ( ) nnnn uBIuBI ϕ−−ϕ−≤ +1  

.1 nn uu −≤ +  (3.8) 

Supposing { }∑∞
= + ∞<∈−1 1 ,:supn

k
n

k
n DzzSzS  we obtain 

 .0lim 1 =−+∞→ n
k
nn

k
nn ySyS  (3.9) 
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On the other hand, we note that 

 ( ) ( ) KyxuuyyuGyuG nnn
n

nn ∈∀≥−−
λ

++ ,0,1,, 21  (3.10) 

and 

( ) ( ) .,0,1,, 111
1

1211 KyxuuyyuGyuG nnn
n

nn ∈∀≥−−
λ

++ +++
+

++  (3.11) 

By the same argument as that in the proof of [4, Lemma 3.7], we have 

.1 1
11

2
1 ⎟

⎠
⎞

⎜
⎝
⎛ −

λ
λ

−+−−≤− +
+++ nn

n
n

nnnnnn xuxxuuuu  (3.12) 

Since ,0inflim >λ∞→ nn  we assume that 0>>λ dn  for all .N∈n  Thus, 

we have 

nn
n

n
nnnn xuxxuu −

λ
λ

−+−≤− +
++

1
11 1  

,11 ++ λ−λ+−≤ nnnn d
Lxx  (3.13) 

where { }.:sup N∈−= nxuL nn  

Combining (3.7), (3.8) and (3.13) yields that 

nnnn xxee −−− ++ 11  

( ) ( ) n
k
nn

n
n

n
k
nn

n
n yASxfyASxf −γ

β−
α

+−γ
β−

α
= +++

+

+
11 111

1
1  

nnnnnnn Bud
Lxx 111 +++ ϕ−ϕ+⎟

⎠
⎞⎜

⎝
⎛ λ−λ+−+  

.11 nnn
k
nn

k
n xxySyS −−−+ ++  (3.14) 

It follows from (3.9) and the conditions (i), (ii) and (iv) that 

 .0lim 11 =−−− ++∞→ nnnnn xxee  (3.15) 

Hence, Lemma 2.4, we obtain that .0lim =−∞→ nnn xe  
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Consequently, it follows that 

 ( ) .01limlim 1 =−β−=− ∞→+∞→ nnnnnnn xexx  (3.16) 

Moreover, from (3.8), (3.13), (3.16), and the condition (ii), we also imply 
that 

 .0lim 1 =−+∞→ nnn yy  (3.17) 

Next, we will prove that .0lim =−∞→ nnn xu  

Since ( ) ( )( ) ,1 11111111 −−−−−−−− α−μ−+μ+γα= n
k
nnnnnnnn ySAIxxfx  

we have that 

n
k
nn ySx −  

n
k
nn

k
nn

k
nn

k
nn

k
nn ySySySySySx −+−+−≤ −−−−−− 111111  

( ) 11111111 −−−−−−−− −μ+−γα≤ n
k
nnnn

k
nnn ySxyASxf  

( ) nnn
k
nn

k
n yyySyS −+−+ −−−− 1111  

{ { }}.:sup 1 n
k
n

k
n yzzSzS ∈−+ +  (3.18) 

It follows by (3.17), the conditions (i), (ii), and { :sup 1 zSzS k
n

k
n −+  

{ }} ,0→∈ nyz  ( ),as ∞→n  we have 

 .0lim =−∞→ n
k
nnn ySx  (3.19) 

For ,Ω∈s  since ,nn xFu nλ=  it follows from Lemma 2.3 that 

sxsusxsFxFsu nnnnn nn −−=−−≤− λλ ,,2  

( ),2
1 222

nnnn xusxsu −−−+−≤  

and hence .222
nnnn xusxsu −−−≤−  
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We note that 

( ) ( ) syBssBuusy nnnnnn −λ−−λ−≤− ,2  

{ ( ) ( ) 22
2
1 syBssBuu nnnnn −+λ−−λ−≤  

( ) ( ) ( ) }2syBssBuu nnnnn −−λ−−λ−−  

{ 222
2
1

nnnn yusysu −−−+−≤  

}22,2 BsBuBsBuyu nnnnnn −λ−−−λ+  

so, we have 

222
nnnn yususy −−−≤−  

.,2 22 BsBuBsBuyu nnnnnn −λ−−−λ+  (3.20) 

Set ( ) ,n
k
nnn yASxfM −γ=  and let 0>ξ  be a constant such that 

 { }.,sup 1, sxM tntn −>ξ ≥  (3.21) 

We have 

( ) ( ) ( ) 22 1 nnnnn
k
nnn MsxsySsx α+−μ+−μ−≤−  

( ) ( ) ( ) nnnnn sxsy αξ+−μ+−μ−≤ 222 21  

( ) ( ) ( ) 222 11 nnnnnnn yuxusx −μ−−−−−μ−≤  

( ) ( ) BsBuyu nnnnn −−μ−λ+ 12  

2222 sxBsBu nnnn −μ+−λ−  

( ) ( ) .2212 222
nnnnnn BsBu αξ+−λ−βμ−λ−αξ+  

It follows that 

( ) ( ) 221 BsBunnnn −λ−βμ−λ  

{ } .2 2
11 nnnnn sxsxxx αξ+−+−−≤ ++  
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Therefore, 0→− BsBun  as .∞→n  We also have that 

( ) { }sxsxxxxu nnnnnnn −+−−≤−μ− ++ 11
21  

( ) ( ) nnnnn BsBu αξ+−λ−βμ−λ− 2221  

and 

( ) { }sxsxxxyu nnnnnnn −+−−≤−μ− ++ 11
21  

( ) ( ) ,221 2
nnnnn BsBu αξ+−λ−βμ−λ−  

by using the conditions (i), (ii) and (3.16), 0→− BsBun  imply that 

0→− nn xu  and ,0→− nn yu  respectively. In addition, according to 

,nnnnnn yuuxyx −+−≤−  we obtain that 

 .0lim =−∞→ nnn yx  (3.22) 

By using (3.22), (3.19) and ,n
k
nnnnn

k
nn ySxxyySy −+−≤−  

we have 

 .0lim =−∞→ n
k
nnn ySy  (3.23) 

Since 

nn
k
nn

k
nnnn yySySSyySy −+−≤−  

{ { }} ,:sup nn
k
nn

k
n yySyzzSSz −+∈−≤  

by (3.23), 0→αn  and Lemma 2.6, we have ,0→− nn ySy  as .∞→n  

From ( ) ,1 xTxxS n
k
n μ−+μ=  we know by Lemma 2.7 that k

nS  is 

nonexpansive with ( ) ( ).n
k
n TFixSFix =  We now show that .Ω∈z  Since 

{ }nx  is bounded, there exists a subsequence { }inx  of { }nx  which converges 

weakly to z (denoted by ).zx w
ni ⎯⎯ →⎯  From ,0→− nn xu  we obtain 

.zu w
ni ⎯→⎯  We show ( )., 21 GGMEPz ∈  From ,0→− nn yu  it follows 

that .zy w
ni ⎯⎯ →⎯  From (3.1) and (A2), we obtain 
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 ( ) ( ),,,,1
21 nnnnn

n
uyGuyGxuuy +≥−−

λ
 (3.24) 

and hence 

 ( ) ( ).,,,1
21 nn

n

nn
n

n
uyGuyG

xu
uy

i

ii
i +≥

λ
−

−
λ

 (3.25) 

Since 0→
λ
−

i

ii

n

nn xu
 and ,zu w

ni ⎯⎯ →⎯  it follows from (A4) that ≥0  

( ) ( )zyGzyG ,, 21 +  for all .Ky ∈  Put ( ) zttyqt −+= 1  for all ( ]1,0∈t  

and .Ky ∈  Then, we have Kqt ∈  and hence ( ) ( ).,,0 21 zqGzqG tt +≥  So, 

from (A1) and (A4), we have 

( ) ( )tttt qqGqqG ,,0 21 +=  

( ) ( ) ( ) ( ) ( ) ( )zqGtyqGzqGtyqtG tttt ,1,,1, 2211 −++−+=  

( ) ( )yqGyqG tt ,, 21 +≤  

and hence ( ) ( ).,,0 21 yqGyqG tt +≤  From (A3), we have ( ) +≤ yzG ,0 1  

( )yzG ,2  for all .Ky ∈  Therefore, ( )., 21 GGMEPz ∈  We show that ∈z  

( ( )).1 nn TFix∞
=∩  Assume ( ( )).1

k
nn SFixz ∞

=∉ ∩  Then we have ,zSz k
n≠  .N∈∀n  

It follows by the Opial’s condition (see [4]) and 0lim =−∞→ nnn ySy  that 

Szyzy nnnn −<− ∞→∞→ infliminflim  

{ }SzSySyy nnnn −+−≤ ∞→inflim  

.inflim zynn −≤ ∞→  

This is a contradiction. So, we get ( ( ))k
nn SFixz ∞

=∈ 1∩  and hence ∈z  

( ( )).1 nn TFix∞
=∩  

Finally, by the same argument as that in the proof of [8, Theorem 3.1,  
pp. 197-198], we can show that ( )., ACVIz ∈  Hence .Ω∈z  Next, we show 
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that ( ) ,0,suplim ≤−ωωγ−∞→ nn xfA  where ( )( )ωγ+−=ω Ω fAIP  is a 

unique solution of the variational inequality (3.2). We choose a subsequence 
{ }inx  of { }nx  such that 

( ) ( ) innnn xfAxfA −ωωγ−=−ωωγ− ∞→∞→ ,suplim,suplim  

( ) .0, ≤−ωωγ−= zfA  (3.26) 

Therefore, 

2
1 ω−+nx  

( )( )( ) ( ) ( )( ) 21 ω−γα+ω−μ+ω−α−μ−= AxfxSAI nnnn
k
nnn  

( )( )( ) ( ) ( ) ω−ω−γα+ω−μ+ω−α−μ−≤ +1
2 ,21 nnnnn

k
nnn xAxfxSAI  

( )( ) ( ) ( ) 221 ω−μ+ω−γα−μ−≤ nnn
k
nnn xyS  

( ) ω−ω−ωγα+ω−ω−γαα+ ++ 11 ,22 nnnnn xAfxx  

( )( ) ( ) ( ) 221 ω−μ+ω−γα−μ−≤ nnnnn xx  

( ) ( ) ω−ω−ωγα+ω−+ω−γαα+ ++ 1
2

1
2 ,2 nnnnn xAfxx  

( )( ) ( ) ( ) 221 ω−μ+ω−γα−γμ−≤ nnnn xx  

( ) ( ) ω−ω−ωγα+ω−γαα+ ++ 1
2

1 ,2 nnnn xAfx  

which implies that 

( ) 22
1 11 ω−⎟

⎠
⎞

⎜
⎝
⎛

αγα−
ααγ−γ

−≤ω−+ n
n

n
n xx  

( ) .,1
2

1 ω−ω−ωγ
αγα−
α

+ +n
n

n xAf  

It is easily verified from the condition (i), (3.29) and Lemma 2.5, we get 
that { }nx  converges strongly to ω. This completes the proof. 
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Remarks. In our Theorem 3.1, 

(1) If setting ,0, =≡ kSS k
n  ,0=μn  nn uy =  for all ,N∈n  ,IB =  

and 02 =G  for all ,, Kyx ∈  then our Theorem 3.1 reduces to theorem of 

Plubtieng and Punpaeng [10]. 

(2) If setting ,0, =≡ kSS n
k
n  ,0=μn  nn uy =  for all ,N∈n  ,IB =  

and 02 =G  for all ,, Kyx ∈  then our Theorem 3.1 reduces to theorem of 

Khongtham and Plubtieng [6]. 

(3) If setting ,0, =≡ kSS k
n  ,0=μn  ( ) ,nn xxf =  ,1=λn  nn xu =  

for all ,N∈n  ,1=γ  IA =  and ,01 =G  02 =G  for all ,, Kyx ∈  then 

our Theorem 3.1 reduces to theorem of Takahashi and Toyoda [12]. 
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