
 

Advances and Applications in Statistics 
© 2014 Pushpa Publishing House, Allahabad, India 
Published Online: March 2014 
Available online at http://pphmj.com/journals/adas.htm 
Volume 39, Number 1, 2014, Pages 1-23  

Received: August 24, 2013;  Revised: November 20, 2013;  Accepted: December 10, 2013 
2010 Mathematics Subject Classification: 62N05, 62K99. 
Keywords and phrases: randomized block design, censoring, Pitman type alternative 
hypothesis, asymptotic chi-square, logistic, Laplace, normal, Pareto of first kind, exponential, 
generalized exponential, Weibull. 

∗Corresponding author 
Communicated by Kuan-Fu Shen 

A TEST FOR MAIN EFFECTS WHEN OBSERVATIONS 
ARE RANDOMLY RIGHT CENSORED 

A. Shanubhogue and D. P. Raykundaliya* 

Department of Statistics 
Sardar Patel University 
Vallabh Vidyanagar 388 120, India 
e-mail: dp_raykundaliya@spuvvn.edu 

Abstract 

In this article, we generalize the Gore-test (Gore [8]), along the lines 
of Breslow [3] and Patel [16], for randomized block design when the 
observations are subject to arbitrary right censorship. The distributions 
of censoring variables are allowed to vary from block to block.         
The asymptotic distribution of the proposed statistic under the null 
hypotheses as well as Pitman type alternative is shown to be            
chi-square. The asymptotic power study is made when error 
distributions are logistic, Laplace, normal, Pareto of first kind, 
exponential, generalized exponential and Weibull. It is seen that the 
test performed well for most of the positive error distributions. 

1. Introduction 

Analysis of variance is a common method for analyzing continuous 
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interval-scaled data in block designs but it is not appropriate when 
observations are ordinally ranked, the relation between observed data and 
their importance for the observational unit is not linear, or block effects are 
not additive. Because the effects are apparently not additive, only the order 
of the data within the block can be meaningfully interpreted, differences in 
expectation are less relevant than differences in tendency. Friedman [5] has 
considered block ranks as a basis for analysis. Wittkowski [18] considered 
the test procedure for the global hypothesis of no tendency in treatment 
effects in two-way layouts with arbitrary tied and missing observations. 
Several non-parametric procedures have been proposed in the literature      
for testing a null hypothesis about main effects in two-way layouts by 
Bhapkar and Gore [2], Brown and Mood [4], Hodges and Lehmann [10] and 
Lehmann [11]. 

Let us consider a linear model 

 ,0
ijljiijlX ε+β+α+µ=  (1.1) 

where µ is the overall effect, iα  ( )ri ...,,2,1=  effect of ith treatment, jβ  

( )cj ...,,2,1=  effect of jth block and ijlε  ( )1,...,,2,1 ≥= ijij nnl  is a 

random error component. We assume that ijlε  (for all i, j and l) are 

independent, identically distributed random variables with common 
distribution function ( ),xFij  ;...,,2,1 ijnl =  ,...,,2,1 ri =  cj ...,,2,1=  

with median zero. Let ( )ijlijlX δ,  denote lth observation on ith treatment       

in jth block, where ( )ijlijlijl ZXX ,min 0=  and 1=δijl  if 0
ijlijl XX =  and      

zero otherwise. The uncensored observations in ( )ji, th cell, i.e., ,0
ijlX  

ijnl ...,,2,1=  are assumed to be distributed like a continuous random 

variable with distribution function ( )xFij
0  and the censoring variables ,ijlZ  

,...,,2,1 ijnl =  cj ...,,2,1=  assumed to be governed by a common 

distribution ( ),xI j  cj ...,,2,1=  need not be identical and may vary from 
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block to block. Further, s’ijlZ  are assumed to distributed independently of 

s.’ijlX  

Without loss of generality, we assume that ∑ ∑= = =β=αr
i

c
j ji1 1 .0  

Under this setup, we wish to test 

 ( ) ( ) ( ) ( ) ,1,,: 000
2

0
10 cjxxFxFxFxFH jrjjj ≤≤∀==== L  (1.2) 

where ( ) s’0 xFj  belong to the class of continuous distribution functions and 

may be arbitrarily different from block to block. Equivalently, 210 : α=αH  

,3 rα==α= L  i.e., :0H  the hypothesis of no “treatment effect”. 

Now alternative hypothesis may be stated as 

:1H  At least one of the treatments is stochastically better than the rest, 

in all the blocks. (1.3) 

In the case, censoring is not operating in a randomized block design with 
one observation per treatment in each block; the Friedman [5] test is most 
commonly used for the problem of testing equality of treatment effects. Gore 
[8] generalized the Friedman test to take care of the situation of multiple 
observations per cell. Several authors suggested the application of rank 
procedures to test for main effects. However, there exist fewer rank tests for 
detecting interaction effects in multi-factor designs. Aligned tests perform 
alignment of the data by subtracting the estimates of the row effects and 
column effects; see, for example, Sen [17] and Mansouri and Govindarajulu 
[13]. Further, Mansouri [14] discussed on aligned rank transform tests in 
linear models. However, this requires the preprocessing of the data and an 
estimation of the effects. Gao and Alvo [6] proposed unified non-parametric 
approach to perform hypothesis testing arbitrary unbalanced designs with 
and without interaction. Under this framework pure rank statistics can be 
constructed to test for main effect. Magel [12] discussed a non-parametric 
test for ordered alternatives of the treatment effects when the data follow a 



A. Shanubhogue and D. P. Raykundaliya 4 

two-way layout. The standard approach for testing the treatment effects on 
survival study is the log rank test. Moore and Vander Lann [15] studied the 
estimation of parameters in randomized control trials that the outcome is 
time-to event in nature and subject to right censorship. 

A generalization of Wilcoxon’s statistic for comparing two populations 
has been proposed by Gehan [7] for use when observations are subject to 
arbitrary right censorship. Breslow [3] has extended Gehan [7] test procedure 
for right censorship observations to the comparison of k populations.       
Patel [16] generalized Friedman test for randomized block design when 
observations are subject to arbitrary right censorship. In this article, we 
generalize Gore [8] test for testing a null hypothesis of main effects in two-
way layouts when observations are subject to arbitrary right censorship. 

The statistical problem considered in this paper arises in clinical         
trials comparing several treatments under different conditions, where the 
observations on each patient are often time to failure or censoring. 

The article is organized as follows: In Section 2, the new test statistic is 
proposed for main effects in two-way layouts when observations per cell are 
equal or unequal and are subject to arbitrary right censorship. In Section 3, 
limiting distribution of test statistic under both the null hypothesis and 
Pitman alternatives is derived. The efficacy expression of proposed statistic 
is also derived. Consistency of the proposed test is also discussed. The 
proposed test statistic is reduced to Patel’s when there is only one 
observation per treatment per block in that way it is a generalized version of 
the test proposed by Patel [16]. In Section 4, test statistic proposed by Gore 
[8] and Patel [16] is given. In Section 5, Monte Carlo simulations are 
conducted to verify the small sample performance of proposed test for 
different cell sizes and different error distributions. Some concluding remarks 
are given in Section 6. 
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2. Test Statistics 

Let us define for ii ′≠  a score function 

( )






=δ<
=δ<−

=δδψ ′′′′

′′

′′′′′

otherwise,0
1andif1

1andif1
,;, ljiijllji

ijlljiijl

ljiljiijlijljii XX
XX

XX  (2.1) 

( )∑∑
=

′

=
′′′′′

′
′ δδψ=

ijn

k

jin

l
ljiljiijlijljii

jiij
jii XXnnU

1 1
,;,1  (2.2) 

and 

 ∑∑
≠′
=′ =

′=
r

ii
i

c

j
jiii UT

1 1
,  (2.3) 

where ....,,2,1,...,,2,1 cjri ==  

For the case of equal number of observations per cell, i.e., nnij =  for all 

i and j, we propose the following statistic for :0H  

 
( )∑=

∗ =
r

i
iT

Fhcr
NS

1

2
31 ,ˆ  (2.4) 

where 

 ( ) ( )∑∑∑ ∑∑
= =′ =′ = =

′′′′











−εδ=

c

j

r

i

n

l

r

i

n

l
ljiijllji XX

rn
Fh

1 1 1

2

1 1
33

1ˆ  (2.5) 

and 

( )




≤
>

=ε
.0if0
,0if1

x
x

x  



A. Shanubhogue and D. P. Raykundaliya 6 

In case of number of observations per cell is not the same, let ,ijij Npn =  

where ∑ ∑ ∑∑= =
= =

=<<=r
i

c
j

r

i

c

j
ijijij ppNn1 1

1 1
.1,10,  

Further, let ( ( )) ( )∫ −= ,~11 2 xFdxFpq jj
ij

ij  ∑
=

=
c

j
iji qq

1
. ,  ∑

=
=

r

i
iqq

1
...  and 

∑
=

−+ =
r

i
iqq

1
... ,  where ( ) [ ]xXxF jj ≤=  and ( ) [ ].1,~

=δ≤= jjj xXPxF  

For this more general set up, the proposed statistic is: 

 ,ˆˆ
1

ˆ
1

2

1 ....

2

22























−= ∑ ∑

= =
+

∗
r

i

r

i i
i

i
i

q
T

qq
T

r
NS  (2.6) 

where 

 ( )∑∑ ∑∑
=′ = = =

′′′

′














−εδ=

r

i

n

l

r

i

n

l
ljiijljli

jij
ij

ji ij

XX
np

q
1 1

2

1 1
3
.

1ˆ  (2.7) 

and accordingly .ˆiq  and +
..q̂  are defined. 

The test procedure based on ∗
1S  and ∗

2S  is to reject 0H  in favour of 1H  

if test statistic exceeds the appropriate α% critical points ( )α∗
1s  and ( ),2 α∗s  

respectively. For large N, the distribution of ∗
1S  and ,2

∗S  under ,0H  may be 

approximated by chi-square distribution with ( )1−r  degrees of freedom. 

3. Asymptotic Distributions of the Test Statistic 

3.1. Asymptotic distribution of the test statistics under the null 
hypothesis 

It can be easily seen that, under ,0H  
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( ) 0=′jiiUE  and 

( ) ( ( )) ( ( )) ( )∫
∞

∞−′

′
′ −−

+
= xdFxIxFnn

nn
UVar jjj

jiij

jiij
jii

0220
0 11  

( ( )) ( ) ( ),~12 000 xFdxFxFnn jjj
jiij ∫

∞

∞−′
−+  

( ) ( ( )) ( ( )) ( ),111, 0320
0 ∫

∞

∞−
′′′ −−= xdFxIxFnUUCov jjj

ij
jiijii  

( ) ,0=iTE  

( ) ( ) ( ( )) ( ( )) ( )∑ ∫
=

∞

∞−′
′≠ −−









Σ+−=
c

j
jJj

ji
ii

ij
i xdFxIxFnn

rTVar
1

0320
2

0 1111  

( ( )) ( ) ( ( )) ( )∑ ∫
=

∞

∞−′
≠′ −−Σ+

c

j
jJjj

ji
ii

ij
xdFxIxFxFnn

1

0200 11112  

and 

( ) ( ) ( ) ( )
∑
= ′

≠′






 +

−−−−−Σ=
c

j kjij

kjij

kjijji
kiiki nn

nn
n

r
n

r
nTTCov

1
,0

221,  

( ( )) ( ( )) ( )∫
∞

∞−
−−⋅ xdFxIxF jJj

0320 11  

( ( )) ( ) ( )∑ ∫
=

∞

∞−
−−

c

j
jjj

kjij
xFxFxFnn

1

00 ,~11  

where rkii ...,,2,1,, =′  and ....,,2,1 cj =  

Since the computations involved are routine, the details are omitted. 

Now, we shall obtain the asymptotic distribution of ∗
1S  and ,2

∗S  by invoking 

the properties of U statistics. Define 
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( ( ) ) ,...;;...,,,;...,,, 12232111312
′= − jrrrjjjrjjjj UUUUUUUU  

....,,2,1 cj =  

Since jiiU ′  for each i, i′  and j is a two sample generalized U-statistic, the 

limiting distribution of ( ),jUN  under, 0H  as ∞→N  is ( )1−rr -variate 

normal with null mean vector and appropriate covariance matrix. Therefore, 

limiting distribution ( ) ( )∑
=

=
c

j
jUNUN

1
 is also multivariate normal. Let 

( ) ....,,, 21
′= rTTTT  Notice that T  can be written as UAT =  for suitable 

choice of the matrix A. Therefore, the limiting distribution of ( ),TN  under 

,0H  is r-variate normal with null mean vector and covariance matrix =Λ  

( )( ).ikσ  

The elements of Λ can be easily computed and are given by 

( ) ,1
1

2∑ ∑
=

′≠ ′ 





 +−=σ

c

j
ii jiijii qqr  (3.1) 

 { ( )} .,
1

.∑
=

≠+−=σ
c

j
kjijjik kiqqrq  (3.2) 

It is seen that the rows of Λ add up to zero. This is expected, since ∑
=

=
r

i
iT

1
.0  

Let ( )TrTT ,0′=  and 0Λ  denote the limiting covariance matrix of ( ).0TN  

Then it is seen that 0Λ  can be expressed as 

 ( ) ,00..00000
2

0 JJqJJrDr ′+Π′+′Π−=Λ  (3.3) 

where 0J  is a column vector of ( )1−r  unit elements, ( ,.10 qdiagD =  

( ) ).1.2 ...,, −rqq  and ( ( ) )....,,, .1.2.10 −=Π′ rqqq  Therefore, 0
1

0 TT −Λ′  can be 
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simplified using ∑
=

=
r

i
iT

1
,0  to get 

 .ˆˆ
1

ˆ0
1

2

1 ....

2

2
1

00























−=Λ ∑ ∑

= =
+

−
′

r

i

r

i i
i

i
iT q

T
qq

T
r
NTN  (3.4) 

Notice that s’ijq  depend upon the unknown distributions ,jF  ....,,2,1 cj =  

Hence, they are replaced by the consistent estimators and thus we get the 

statistic .2
∗S  If nnij =  for all i, j, then ,1 rcpij =  

( ( )) ( ),1
1

~2
. ∑∫

=

∞

∞−
−=

c

j
Fji xdxFrcq

j
 

( ( )) ( )∑∫
=

∞

∞−
−=

c

j
Fj xdxFcrq

j
1

~22
.. 1  

and the limiting covariance matrix of 0T  is given by 

 ( )[ ( ) ],001
2

0 JJrIFchr r ′−=Λ −   (3.5) 

where 

( ) ( ( )) ( )∑∫
=

∞

∞−
−=

c

j
j xFdxFFh j

1

2 .~1  

Therefore, 

 
( )

.
1

2
30

1
00 ∑

=

−
′ =Λ

r

i
iT T

Fchr
NTN  (3.6) 

Since ( )Fh  depends on the unknown distributions, it is consistently estimated 

as in (2.5), which yields the statistic .1
∗S  We have thus proved the following 

theorem. 
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Theorem 3.1. If 0H  is true and ,ijij Npn =  where 10 << ijp  and 

∑∑
= =

=
r

i

c

j
ijp

1 1
,1  then both the statistics ∗

1S  and ∗
2S  defined by (2.4) and (2.6), 

respectively, have the limiting chi-square distributions with ( )1−r  degree of 

freedom, as .∞→N  

Remark. We have 

( ( )) ( ) ( ( )) ( )∫ ∫
∞

∞−

∞

∞−
=−≤− .3

11~1 22 xdFxFxFdxF jjjj  

This suggests evaluating 

,3

1

2
31 ∑

=

∗∗ =
r

i
iT

cr
NS  (3.7) 

 ,13

1

2

1 ....

2

22























−= ∑ ∑

= =
∗++∗

∗∗
r

i

r

i i

i

i

i
q
T

qq
T

r
NS  (3.8) 

where 

∑ ∑
= =

∗
++∗ ==

c

j

r

i iij
i

q
qpq

1 1 .
... ,1,1  

as lower bound for ∗
1S  and ,2

∗S  respectively, in order to check computations. 

Also, tests based on ∗∗
1S  and ∗∗

2S  themselves would be conservative. 

3.2. Asymptotic distribution of ∗
1S  and ∗

2S  under translation type 

alternative 

Theorem 3.2. Consider a sequence of Pitman alternatives given by 

 ,,,,: 21 ljiNXH ijljiijlN ∀ε+β+α+µ= −  (3.9) 
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where not all si’α  are equal and ε’s behave as in (1.1). Also, assume 

without loss of generality that ∑ = =αr
i i1 .0  

(a) The limiting distribution of ,0T  under NH  as ( ) ∞→ΣΣ ijji nN  in 

such a way that 0>= ij
ij pN

n
 for ,...,,2,1 ri =  cj ...,,2,1=  remained 

fixed and ∑ ∑= = =r
i

c
j ijp1 1 ,1  is multivariate normal with mean 

( ) ,...,,, 210
′ηηη=η r  where 

 ( ) ,2 2
1

Γα−α−=η ∗−
ii rN  (3.10) 

where 

( )[ ( )] ( )∑ ∫= 



−=Γ
c
j j ydFyIyf

1
020 1  

( ) [ ( )][ ( )] ( )




−−+ ∫ ydFyFyIyi jj
0011  (3.11) 

and ∑ =
∗ α=α r

ri i r  and its covariance matrix 0Λ  whose elements are 

given in equations (3.7) and (3.8), provided following conditions hold: 

 (i) ( )yF  is absolutely continuous with derivative ( )yf  

(ii) ( ) ( ) ( )ygyFhyFh <−+1  for small h and ( ) ( ) .∫
∞

∞−
∞<ydFyyg  

(b) Under NH  and condition defined above, ∗
2S  follows in limit as 

,∞→N  a non-central chi-square distribution with ( )1−r  degree of 

freedom and the non-centrality parameter 0λ  is given by 

 
( )
( ) ,

4 21
2

0
1

000 Γ
α−α

=ηΛη′=λ
∑ =

∗
−

Frch

r
i i

 (3.12) 

where Γ  is defined in equation (3.11). 
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Proof. (a) To prove this theorem, we use the following lemma: 

( ) ( ) ( ) ( )∫∏ ∫∏= =
=+

n
j

n
j jji xdFxGxdFhxG

1 1
 

( ) ( ) ( ).
1 1∑ ∫ ∏= ≠

=+
n
i

n

ij
j jii xdFxGxgh  (3.13) 

Under Pitman sequence of alternative 

( )


















= ∑∑
≠′
=′ =

′∞→∞→

r

ii
i

c

j
jiiNniN UENHTEN

1 1

2
1

2
1

limlim  

,lim 1 1
2

2
2
1









ψ= ∑ ∑

≠′
=′ = ′∞→

r

ii
i

c
j NjiiN HEn

n
N (3.14) 

{ } { } { }NljiijlNijlljiNjii HXXProbHXXProbHE ′′′′′ <−<=ψ
~.~.  

[ ( )] ( ) [ ( )] ( )∫ ∫ ′′ −−−= Nijjinjiij HxFdxFHxFdxF ~1~1  

[ ( )][ ( )] ( )∫ ′−−= njijij HxdFxIxF 020 11  

[ ( )][ ( )] ( )∫ −−− ′ nijjji HxdFxIxF 020 11  

[ ( )]∫ β−α−µ−−= −
jiNxF 2101  

[ ( )] ( )jij NxdFxI β−α′−µ−−⋅ − 21021  

[ ( )]∫ β−α−µ−−− ′
−

jiNxF 2101  

[ ( )] ( )jij NxdFxI β−α−µ−−⋅ − 21021  

( )∫ 
























α−α+−= ′

−
iiNyF 2

1
01  
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[ ( )] ( )ydFNyI jij
02211 β+α+µ+−⋅ ′

−  

( )∫ 
























α−α+−− ′

−
iiNyF 2

1
01  

[ ( )] ( ).1 0221 ydFNyI jij β+α+µ+−⋅ −  (3.15) 

Using the lemma given in equation (3.13), equation (3.15) can be written as 

( )∫ 
























α−α+− ′

−
iiNyF 2

1
01  

( )ydFNyI jij
0

2
2
1

1







































β+α+µ+−⋅ ′

−
 

[ ( )][ ( )] ( )∫ −−= ydFyIyF j
020 11  

( ) ( ) [ ( )] ( )∫ β+α+µ+−α−α− ′
−

′
−

ydFNyIyfN jijii
022102

1
1  

( ) ( )∫ 
























β+α+µ+−β+α+µ− ′

−
′

−
jijjji NyIyiN 2

1
21 12  

[ ( )] ( )ydFyF 001 −⋅  (3.16) 

and 

( )∫ 
























α−α+− ′

−
iiNyF 2

1
01  

[ ( )] ( )ydFNyI jij
02211 β+α+µ+−⋅ −  

[ ( )][ ( )] ( )∫ −−= ydFyIyF j
020 11  
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( ) ( )[ ( )] ( )∫ β+α+µ+−α−α− −
′

−
ydFNyIyfN jijii

022102
1

1  

( ) ( )∫ 
























β+α+µ+−β+α+µ−

−−
jijjji NyIyiN 2

1
21 12  

[ ( )] ( ).1 00 ydFyF−⋅  (3.17) 

Using equations (3.16) and (3.17), (3.15) can be simplified as 

( ) ( )[ ( )] ( )∫ β+α+µ+−α−α− ′
−

′
−

ydFNyIyfN jijii
022102

1
1  

( )jiN β+α+µ− ′
− 212  

( ) [ ( )] ( )∫ −

























β+α+µ+−⋅ ′

−
ydFyFNyIyi jijj

002
1

11  

( ) ( )[ ( )] ( )∫ β+α+µ+−α−α+ −
′

−
ydFNyIyfN jijii

022102
1

1  

( )jiN β+α+µ+ − 212  

( ) [ ( )] ( )∫ −

























β+α+µ+−⋅

−
ydFyFNyIyi jijj

002
1

11  (3.18) 

Using Taylor’s series for first order of approximation in equation (3.18), we 
get 

( ) ( )[ ( )] ( )∫ −α−α−= ′
−

ydFyIyfN jii
0202

1
12  

( ) ( )[ ( )][ ( )] ( ) ( )∫
−

′
−

+−−α−α− 2
1

002
1

112 NOydFyFyIyiN jjii  

( ) ,2 2
1

jiiN Γα−α−= ′
−
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where 

( ) [ ( )] ( )∫ −=Γ ydFyIyf jj
020 1  

( ) [ ( )][ ( )] ( ),11 00∫ −−+ ydFyFyIyi jj  

( ) ( ) ( )∑ ∑
≠′
=′ =′

−
Γα−α−=∴

r
i

c
j jiiNi

ii

nN
n

HTE
1 1

22
1

2 21  

( ) .2 2
1

Γα−α−= ∗−
irN  (3.19) 

(b) As 0T  has multivariate normal distribution with mean 0η  and 

variance-covariance matrix .0Λ  It is obvious that 0
1

00 TTN −Λ′  has non-central 

2χ  distribution with ( )1−r  degree of freedom and its non-central parameter 

is 

( )
,4

1

22
3

2
0

1
00 ∑

=

− αΓ=ηΛη′
r

i
i

Fhcr
r  

( ) .4

1

22
0

1
00 ∑

=

− αΓ=ηΛη′∴
r

i
iFcrh  

3.3. Consistency of the tests 

Here, let us assume that 0
ijlX  can be written as per equation (1.1). 

We consider the following alternative hypothesis: 

....,,2,1,,:1 riiiH ii =′≠′α>α ′  

Further, we shall assume that the censoring distributions are same as defined 
the null hypothesis. Now, under ,1H  the expected value of jiiU ′  can be 

written as 
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( ) ( )1
, HUE jii
ii |=η ′
′  

( )( )[ ][ ( )] ( )∫
∞

∞−
′ β+α+µ+−α−α+−= xdFxIxF jijii

211  

( )( )[ ][ ( )] ( ).11 2∫
∞

∞−
′ β+α+µ+−α−α+−− xdFxIxF jijii  

It is easily seen that under ,1H  ( ) .0, <η ′ii  Therefore, ( ) ( ) .01 <|=η HTE i
i  

Also, by asymptotic normality of U-statistic, it follows jiiU ′  converges in 

probability to ( )ii ′η ,  for ,ii ≠′  ;...,,2,1, rii =′  ....,,2,1 cj =  Therefore, 

iT  converges in probability to ( )iη  for ....,,2,1 ri =  Now, using Lemma 4.1 

of Bhapkar [1], it follows that tests based on ∗∗
1S  and ∗∗

2S  are consistent 

against the alternative .1H  This implies that the tests based on ∗
1S  and ∗

2S  

are consistent against a wider class of alternatives for which ( ) 0≠η i  for at 

least one i. 

4. Test Statistics by Gore [8] and Patel [16] 

4.1. Test statistic by Gore [8] 

Let ( ) 1=ϕ t  if 2
1,0>t  if 0=t  and 0=  otherwise. 

Define 

 ( ) .
1 1∑ ∑= = ′′′

′ −ϕ= ij jin
k

n
l jiijjkiijkjii nnXXU  (4.1) 

Note that due to the assumption about continuity of F, ties occur only with 
zero probability and can be ignored. Let 

 .
1 1∑ ∑
≠′
=′ = ′=

r
i

c
j jiii

ii

UU  (4.2) 
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For the case nnij =  for all the i and j the proposed statistic for testing ,0H  

 ( ) .2
112

1

2

21 ∑ = 




 −−=

r
i i

crU
r

nS  (4.3) 

More generally, if the number of observations per cell is not the same, then 

let ,ijij Npn =  ,10 << ijp  ∑ =ji ijp, 1  (clearly, when ,nnij =  ).1
rcpij =  

Further, let 
ij

ij pq 1=  and ∑ =
−= c

j iji pq 1
1

. ,  ∑ == r
i iqq 1.. ,  ∑ =

−∗ = r
i ii qq 1

1
..  

The statistic proposed for the setup is 

 

( )

( )

,

2
1

2
1

12

1 ..

2

12

22 ∑
∑

=
∗

= 













 




 −−

−





 −−

=
r

i

r
i i

i

i

i

q

q

crU

q

crU

r
NS  (4.4) 

where .∑∑= i j ijnN  

The test based on ( )21 SS  consists of rejecting 0H  at a level of 

significance α if ( )21 SS  exceeds a predetermined constant ( ).21 αα SS  We 

claim that kS  and α2S  are free of F under 0H  and here the tests are 

distribution-free. 

4.2. Test statistic by Patel [16] 

Define the scoring function ( )⋅φ  for comparing two observations ijx  and 

jix ′  in the jth block by 

 ( )








′≠

=δ<+

=δ<−

=δδφ ′′

′

′′

.,otherwise0
,1,if1
,1,if1

,;,
ii

xx
xx

xx jiijji

ijjiij

jijiijij  (4.5) 



A. Shanubhogue and D. P. Raykundaliya 18 

The total score for the observation ijx  by 

 ( ).,;,
1∑
≠′
=′ ′′ δδφ=

r
i jijiijijij

ii

xxw  (4.6) 

Corresponding test statistic is 

 ∑ =σ
=

r
i ic T

r
cQ

1
2

2 ,
ˆ

 (4.7) 

where ∑ == c
j

ij
i c

W
T 1  and 2σ̂  is a consistent estimator of 2σ  and is given by 

 ( ).1
ˆ

1 1
2 ∑ ∑= = −
=σ

c
j

r
i

ij
crc
W

 (4.8) 

5. Methods and Results of Comparisons 

In this section, we present the results of the simulation study for      
power analysis of proposed test statistic when error distributions are logistic, 
Laplace, normal, Pareto of first kind, exponential, generalized exponential 
and Weibull. Five Thousands (5000) values of each statistic under each 
experimental situation were simulated and the proportions of rejection of 
hypothesis at the nominal five percent levels were recorded. The simulated 
proportions obtain under the translation alternative represent the estimates       
of the power function. For study, we consider the following distribution of 

the observation ( ):0X  

I. Standard normal distribution. 

II. Standard logistic distribution. 

III. Standard double exponential (Laplace) distribution. 

IV. Pareto distribution of first kind (location parameter =1; shape 
parameters 5.0=p  and 1.5) with median zero. 

V. Standard generalized exponential distribution suggested by Gupta and 
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Kundu [9] (shape parameters 5.1=p  and 2.5) with median zero, i.e., 

GE (1.5) and GE (2.5) with median zero. 

VI. Standard exponential distribution with median zero. 

VII. Standard Weibull distribution (shape parameters 5.0=p  and 1.5) 

with median zero. 

Also, the distribution of Z is exponential and its CDF is given by 

( ) ( ),1 β−−−= z
j ezI  where .β>z  

In our study, we observe the main effect of treatments, by fixing          
the block effects. Therefore, block parameters ( )cjj ...,,2.1; =β  remain 

identical for both null as well as alternative hypothesis. The block parameters 
are considered [(2, 1), (2, 1, 2.5) and (2, 1, 2.5, 3)] for different number of 
blocks [2, 3 and 4], respectively. Further, it is noted that our study is 
restricted up to identical exponential censoring with location parameter 3 for 

all blocks. The critical values ∗
1S  calculated under the null hypothesis when 

error distributions are logistic, Laplace, normal, Pareto of first kind (location 
parameter ;1=  shape parameters 5.0=p  and 1.5), exponential, generalized 

exponential (shape parameters 5.1=p  and 2.5) and Weibull (shape 

parameters 5.0=p  and )5.1=p  are given in Table 5.1. Alternative to null 

hypothesis given in equation (1.1) can be written as 

riH i ...,,2,1;1:0 ==α  vs :1H  at least one pair differs significantly. 

The empirical powers proposed test statistics ( )∗1S  calculate under translation 

type alternative are given in Table 5.2. For simulation study, we consider 
treatment parameters [(0.8, 1, 1.2), (0.8, 1,1.2, 1.4), (0.6, 0.8, 1, 1.2, 1.4) and 
(0.6, 0.8, 1, 1.2, 1.4, 1.6)] for different number of treatments [3, 4, 5 and 6], 
respectively. Table 5.1 and Table 5.2 give the critical values and power of 

proposed test statistic ( ),1
∗S  with number of observations per cell (n) is taken 

2 and 4 for different combination of numbers of treatments (r) and blocks (c), 
respectively. 
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From Table 5.2, it can be seen that the value of simulated power of test is 
increasing function of ( )ncr ,,  for all distributions. 
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6. Concluding Remarks 

In this article, the goal is to provide test procedures for testing equality of 
main effects in two-way layouts using U-statistics based on right censorship. 
Further, we derive the asymptotic distributions under the null hypothesis and 
Pitman alternative for equal and unequal sample sizes. We simulate the cut 
off point for the test statistic and obtain power of the test under normal, 
logistic, double exponential, Pareto of first kind, generalized exponential, 
exponential and Weibull distributions. It is seen that the test is not 
performing well for thick tail distributions like logistic and double 
exponential (Laplace) compared to normal distribution. The performance is 
seen to be well for positive valued distributions like Pareto of first kind, 
exponential, generalized exponential and Weibull. The use of test procedure 
is recommended for positive valued error random variable. 

Note. We have written a subroutine to compute the test statistics in C++. 
The source code is available on request. 
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