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Abstract

In this article, we generalize the Gore-test (Gore [8]), along the lines
of Breslow [3] and Patel [16], for randomized block design when the
observations are subject to arbitrary right censorship. The distributions
of censoring variables are allowed to vary from block to block.
The asymptotic distribution of the proposed statistic under the null
hypotheses as well as Pitman type alternative is shown to be
chi-square. The asymptotic power study is made when error
distributions are logistic, Laplace, normal, Pareto of first kind,
exponential, generalized exponential and Weibull. It is seen that the
test performed well for most of the positive error distributions.

1. Introduction

Analysis of variance is a common method for analyzing continuous
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interval-scaled data in block designs but it is not appropriate when
observations are ordinally ranked, the relation between observed data and
their importance for the observational unit is not linear, or block effects are
not additive. Because the effects are apparently not additive, only the order
of the data within the block can be meaningfully interpreted, differences in
expectation are less relevant than differences in tendency. Friedman [5] has
considered block ranks as a basis for analysis. Wittkowski [18] considered
the test procedure for the global hypothesis of no tendency in treatment
effects in two-way layouts with arbitrary tied and missing observations.
Several non-parametric procedures have been proposed in the literature
for testing a null hypothesis about main effects in two-way layouts by
Bhapkar and Gore [2], Brown and Mood [4], Hodges and Lehmann [10] and
Lehmann [11].

Let us consider a linear model

0
XUZ =M+O(.l'+Bj+8ijl, (11)

where p is the overall effect, a; (i =1, 2, ..., r) effect of ith treatment, f j
(j=12,..,c) effect of jth block and €l =12, .., Mg, Mjj 2 1) is a
random error component. We assume that ¢;; (for all i, j and /) are

independent, identically distributed random variables with common

distribution function Fl-j(x), I=1,2 . my; i=12,.,r j=12,.,c

with median zero. Let (X, 81-]-1) denote /th observation on ith treatment

jl>

in jth block, where Xj; = min(Xl-(J)-I, Zy) and 8 =1 if Xy =Xg-l and

zero otherwise. The uncensored observations in (i, j)th cell, i.e., Xl-?-l,

[=1,2, .., n; are assumed to be distributed like a continuous random

y
variable with distribution function F;jo (x) and the censoring variables Zij,
=12, .., N, J= 1, 2, .., ¢ assumed to be governed by a common

distribution /;(x), j =1, 2, ..., ¢ need not be identical and may vary from
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block to block. Further, Z;;’s are assumed to distributed independently of

Xl'jl,s.

Without loss of generality, we assume that z:zlocl- =Zj.:1|3 ;=0

Under this setup, we wish to test

0 0 0 0 .
Hy: Fj(x)=Fj(x)==F;j(x)=F/(x), Vx,1< j<¢,  (1.2)

where F jQ (x)’s belong to the class of continuous distribution functions and

may be arbitrarily different from block to block. Equivalently, Hy : a; = o,

=a3 = =0,, i.e.,, H( : the hypothesis of no “treatment effect”.

Now alternative hypothesis may be stated as

H, : At least one of the treatments is stochastically better than the rest,

in all the blocks. (1.3)

In the case, censoring is not operating in a randomized block design with
one observation per treatment in each block; the Friedman [5] test is most
commonly used for the problem of testing equality of treatment effects. Gore
[8] generalized the Friedman test to take care of the situation of multiple
observations per cell. Several authors suggested the application of rank
procedures to test for main effects. However, there exist fewer rank tests for
detecting interaction effects in multi-factor designs. Aligned tests perform
alignment of the data by subtracting the estimates of the row effects and
column effects; see, for example, Sen [17] and Mansouri and Govindarajulu
[13]. Further, Mansouri [14] discussed on aligned rank transform tests in
linear models. However, this requires the preprocessing of the data and an
estimation of the effects. Gao and Alvo [6] proposed unified non-parametric
approach to perform hypothesis testing arbitrary unbalanced designs with
and without interaction. Under this framework pure rank statistics can be
constructed to test for main effect. Magel [12] discussed a non-parametric

test for ordered alternatives of the treatment effects when the data follow a
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two-way layout. The standard approach for testing the treatment effects on
survival study is the log rank test. Moore and Vander Lann [15] studied the
estimation of parameters in randomized control trials that the outcome is

time-to event in nature and subject to right censorship.

A generalization of Wilcoxon’s statistic for comparing two populations
has been proposed by Gehan [7] for use when observations are subject to
arbitrary right censorship. Breslow [3] has extended Gehan [7] test procedure
for right censorship observations to the comparison of k& populations.
Patel [16] generalized Friedman test for randomized block design when
observations are subject to arbitrary right censorship. In this article, we
generalize Gore [8] test for testing a null hypothesis of main effects in two-

way layouts when observations are subject to arbitrary right censorship.

The statistical problem considered in this paper arises in clinical
trials comparing several treatments under different conditions, where the

observations on each patient are often time to failure or censoring.

The article is organized as follows: In Section 2, the new test statistic is
proposed for main effects in two-way layouts when observations per cell are
equal or unequal and are subject to arbitrary right censorship. In Section 3,
limiting distribution of test statistic under both the null hypothesis and
Pitman alternatives is derived. The efficacy expression of proposed statistic
is also derived. Consistency of the proposed test is also discussed. The
proposed test statistic is reduced to Patel’s when there is only one
observation per treatment per block in that way it is a generalized version of
the test proposed by Patel [16]. In Section 4, test statistic proposed by Gore
[8] and Patel [16] is given. In Section 5, Monte Carlo simulations are
conducted to verify the small sample performance of proposed test for
different cell sizes and different error distributions. Some concluding remarks

are given in Section 6.
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2. Test Statistics

Let us define for i # i’ a score function

-1 if Xy < Xy and 8 =1
\Vii’j(Xijl’ 8111, Xi'jl" Si’jl’) =<1 if Xl]l' Ul and 81][' =1 (21)

0 otherwise,

"j nilj

ZZW”](XUI’ ijl> Xz 81"]’1’) (2.2)

" 10

and

r C

L= Uy, (2.3)
i'=1 j=1
i'#i

where i =1,2,..,r, j=12, .., c

For the case of equal number of observations per cell, i.e., n;; = n for all

i
i and j, we propose the following statistic for H:
r
R —— (2.4)
3 1
r°ch(F) 2
where
- 2
h(E) = 3 Zzzsl]l’|: ZS(XUI ljl' ] (2.5)
j=li=1r i=11=1
and

1 if x>0,
e(x) = .
0 ifx<0.



6 A. Shanubhogue and D. P. Raykundaliya

In case of number of observations per cell is not the same, let n; = Np;,

r C
where Z;lej.zln,-j =N, 0<p; <122 py=1

i=1 j=1
1 5 o~ c r
Further, let ¢;; = p—j(l - F;(x)) dF;(x), g; = zqij, q.=> q; and
y j= j=
-
T =24q;, where F;(x) = [X; <x]and F;(x) = P[X; <x,8; =1].
i=1
For this more general set up, the proposed statistic is:

7

2
2 r
« N T 1 T
- ST - LIS E e

r A e
where
r M r M 2
9i = 251 a| DD ey — Xr) 2.7
py i i'=1 I=1 i=1 I=1

and accordingly ¢; and §* are defined.

The test procedure based on S| and S5 is to reject Hy, in favour of H,
if test statistic exceeds the appropriate 0% critical points sj (o) and s5(ct),

respectively. For large N, the distribution of S;" and S5, under H,, may be

approximated by chi-square distribution with (r —1) degrees of freedom.

3. Asymptotic Distributions of the Test Statistic

3.1. Asymptotic distribution of the test statistics under the null
hypothesis

It can be easily seen that, under H),
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E(U”’J) =0 and

n; +ny; poo
Vary(Uigg) = ==L [~ (1= FP ()P (1 = 1)) dF ()
gy o=
2 [ ~
+ o (1 —FJQ(x))FJQ(x)dFJQ(x),
nljnl'J —0

l o0
Covo(Uiij» Ujrj) = n—j (1- FJQ(X))z(l - Ij(x))3dFjo(x)’
l] —00

E(T;) =0,

C 2 ©
Varg(T;) = {% F 3 %H (1= FO))2(1 - 1 (x)] dFO(x)
j:1 L 1 —0o0

+ 22%214# % I © 1= PO FO() (1 - 1 (x)?dF Y (x)
=1 ] 1 —©

and

1 _(r—2)_(r—2)_(nij+nkj)}

I’ll"j nlj nkj I’ll'jnkj

C
Covy(T;, Ty) = Z {Zi'ii, k
j=l

7 =R 1w ard)

Y [T - R F ),
j=1

where i, i, k=1,2,..,r and j=1,2, .., c.

Since the computations involved are routine, the details are omitted.
Now, we shall obtain the asymptotic distribution of S| and S5, by invoking
the properties of U statistics. Define
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!

ﬂ = (U12j’ U13j’ ceny Ulrj’ U21j’ U23j’ ceny UZF]’ vees Ur(r—l)j) .
j=L2, .. c

Since U for each i, i" and j is a two sample generalized U-statistic, the
limiting distribution of YN (U ), under, Hy as N — o is r(r —1)-variate

normal with null mean vector and appropriate covariance matrix. Therefore,

C
limiting distribution VN (U) = VN >(U ;) is also multivariate normal. Let
j=r

T =(Nf, 1, ..., T,) . Notice that T can be written as T = AU for suitable

choice of the matrix 4. Therefore, the limiting distribution of VN (T), under

H, is r-variate normal with null mean vector and covariance matrix A =
((oir))-

The elements of A can be easily computed and are given by

Cjj = Z{(r —1) g + Z#i, qi’j}: (3.1

j=1

C

o = 2 a; - rlgy +ay)h i#k (3.2)
Jj=1

-
It is seen that the rows of A add up to zero. This is expected, since ZT,- =0.
i=1

Let T = (7§, Tr) and A, denote the limiting covariance matrix of ~N (Tp).

Then it is seen that A can be expressed as
Ao = 2Dy — r([ly J§ + Jo TTy) + q_ Jo Jo, (3.3)
where J is a column vector of (r—1) unit elements, Dy = diag(q; ,

2.5 -+ q(r-1).) and Iy = (g, g2, s q(—1).)- Therefore, EA_IE can be
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-
simplified using ZTi =0, to get
i=l1

2
r 2 r
L a-lpn _ N T; 1 T;
NroAo'T0 =5 Zc},-, e Zéi . (3.4)

i=1 i=1

Notice that ql-j’s depend upon the unknown distributions F;, j =1, 2, ..., c.
Hence, they are replaced by the consistent estimators and thus we get the

statistic S;. If n; =n for all 7, j, then pij = 1/rc,

g =reY [ (1= Fi)dg (o).
j=1

a.=re) [~ 1= Fi)dz ()
j=1

and the limiting covariance matrix of 7j is given by

Ao = r*ch(F)[rl(,_y) - J0J'0], (3.5)
where
WE) = [ (1= F)dF ().
j=1
Therefore,

- N a 2
Np Ay Ty = ——— T2, (3.6)
B0 &

Since h(F) depends on the unknown distributions, it is consistently estimated

as in (2.5), which yields the statistic S;. We have thus proved the following

theorem.
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Theorem 3.1. If H is true and n; = Np;;, where 0 < p; <1 and

r c

Z Z pjj =1, then both the statistics Sl* and S; defined by (2.4) and (2.6),
i=1 j=1
respectively, have the limiting chi-square distributions with (r — 1) degree of

freedom, as N — oo,

Remark. We have
[~ a-Fr@2dF @ < [ - )R = 3.

This suggests evaluating

3N 2
St =5 DT 3.7
ein
r 2 r 2
S5* = 3N i1 ZE (3.8)
2 ’ :
el el A e A
where
f el oo 1
9. = P o
j=1"Y i=1 4i

as lower bound for Sl* and S;, respectively, in order to check computations.

Also, tests based on S} and S5" themselves would be conservative.

3.2. Asymptotic distribution of S and S, under translation type

alternative

Theorem 3.2. Consider a sequence of Pitman alternatives given by

HN : lel =un+ N_l/zai +Bj + Sijl, VI, j, l, (39)
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where not all o;’s are equal and €'s behave as in (1.1). Also, assume

without loss of generality that Z;zlocl- =0.
(a) The limiting distribution of E, under Hpy as N(ZiEjnij) — © in
N . . .
such a way that = pij > 0 fori=12,..,r, j=12, .. c remained
fixed and ijlzj':lpij =1, is multivariate normal with mean

No = (N, N2» s M) » Where

1
N, = 2N 2r(a; — o)L, (3.10)

where

D W FACEAED S

[On- 40N =P el o] e

and o = Zr_ o;/r and its covariance matrix Ay whose elements are
i=r
given in equations (3.7) and (3.8), provided following conditions hold:

(i) F(y) is absolutely continuous with derivative f(y)

(ii) %F(y +h)-F(y)| < g(y) for small h and J.jooo vg(y)dF(y) < .

(b) Under Hp and condition defined above, S5 follows in limit as
N — o, a non-central chi-square distribution with (r —1) degree of
freedom and the non-centrality parameter L is given by

r #12
42;‘:1(“" -o) 2

1 a—1
7\,0 = 1’]_0A0 1’]_0 = I”C‘h(F) , (312)

where T is defined in equation (3.11).
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Proof. (a) To prove this theorem, we use the following lemma:

n n
J.szl Gi(x + hj)dF(x) = J.szl G](X)dF(x)
n n
* Zizl hiJAgi(x)Hﬁ} G;(x)dF(x). (3.13)
Under Pitman sequence of alternative
1 1 r
limy o N2E(T;/H,)=limy_,o N2E ZZUﬁ'j

i'=1 j=1
i'#0

|
=limy_,., Z—fan(Z;z}Z;lwW /HNJ, (3.14)
E{yyi[Hy} = Prob{ Xy < Xy /Hy} = Prob{Xy; < Xy /Hy}
= [ 1= Fy(eNaFyy(x)/ 1, = [ 1= Fy (e (x)/ Hy
f (1= FY (Il - 1,(0)PdF) (xv)/H,
- [0 = FoN - 1,(0P ar) (x)/H,
(- FO—n- N0 -B))]
1= 1P dFO(x == Na; ;)
o LRI T )

1= Ij(x)]zdFo(x - N, - Bj)

= I[l - Fo{y + N_%(ocl-' - ocl-)ﬂ
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=Ty +p+ N_l/zai’ + Bj)]zdFO(J’)

1
- J[l - Fo[y +N 2(a; — oc,-r)ﬂ

1= 1;(v +u+ NPy + B )ParO (). (3.15)

Using the lemma given in equation (3.13), equation (3.15) can be written as

1
fi-spester-an)
1 2
[o=rfewearter s [

- I[1 ~ FOWINL - 1;(»)FdF°(y)
1
-N 2oy —a) [ SOOI = 10+ e N0y B )P aFO ()

1
- 2(“ + N_l/z(ll" + Bj)jlj(y){l _Ij[y + K + N_E(X,l" + B]}]

1= FO(»)]dF°(y) (3.16)

1
J.ll - Fo[y + N_E(ocl- - aiv)ﬂ

=10+ p+ NPy 1 ,)Par0(y)

and

= [0- FoD - 1,)Par° ()
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1
~N 2oy - ai’)jfo(y)[l —L(y+p+ NY2q; + Bj)]zdFO(y)

1
—2(}14‘ N_l/zotl- + B])Ilj(y)ll _I][y + U+ N_E(Xl' + BJJ:I

[1- FO)ldF° (). (3.17)
Using equations (3.16) and (3.17), (3.15) can be simplified as
1
-N 2(oy - ai)IfO(y)[l —Li(y+p+ NY2ay 4 Bj)]zdFO(y)

~2(u+ Ny + Bj)

-1
: Iij(J/)ll - Ij(y +u+ N 2a;+ BJH [1- FO)IaF’(y)

1
+N 2(o; - ocl-f)j PO =1 + o+ N0, 4+ B)PdF(y)

+2(H+N_1/2(X,l' +B])

1
: jz’j(y){l - Ij(y +u+N 20+ Bjﬂ (- F'GaF’(y)  (3.18)

Using Taylor’s series for first order of approximation in equation (3.18), we
get

1
= 2N 2(ay o) [ 120 - 1;(0)PdF° ()

1 1
~2N 2(ay - q;) j ()= 1,010 = FO()dFO(y) + O(N 2)

1
=-2N 2((11" —(Xl')rj,
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where

ry = [ 0= 1,00PaF ()

+ [0 = 1, = FO0F° (),

1
. 1 -5 22” E‘C
R E(TI/HN) = —2(—2N 2)" =1 (ai' - ai) j_lrj
n i -

#i

1
= 2N 2p(o; — ). (3.19)

(b) As I has multivariate normal distribution with mean m, and
variance-covariance matrix A(. It is obvious that N TdAf)l Tp has non-central

x2 distribution with (» — 1) degree of freedom and its non-central parameter

1S

2 r
r oAl 4r 2 2
n AO 1’]0 = I a;,
A= 2

-
n’OAf)ln_O = W+@F22a?.
i=
3.3. Consistency of the tests
Here, let us assume that X i?'l can be written as per equation (1.1).
We consider the following alternative hypothesis:
Hioap>o0;, i'#0i,i'=12,..,r

Further, we shall assume that the censoring distributions are same as defined

the null hypothesis. Now, under Hj, the expected value of U;y; can be

written as
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1) = E(U | H
n = ( ii'j | 1)
= |- Feor (o = o) = 1+ ot o + PR ()

_ I: 1= F(x + (o — ap )= 1;(x + 1+ oy + B )PdF(x).

It is easily seen that under Hj, n(i’ ") < 0. Therefore, n(i) =E(T;|H,)<0.
Also, by asymptotic normality of U-statistic, it follows Uiy converges in
probability to n(i’ ") for i' # i, ,i'=12,..,r; j=1,2, .., c Therefore,
T; converges in probability to n(i) for i =1, 2, ..., r. Now, using Lemma 4.1
of Bhapkar [1], it follows that tests based on S;" and S5>" are consistent

against the alternative H,. This implies that the tests based on S| and S,

are consistent against a wider class of alternatives for which n(i ) %0 for at

least one i.
4. Test Statistics by Gore [8] and Patel [16]
4.1. Test statistic by Gore [8]
Let ¢(t) =1if ¢ >0, % if £ =0 and = 0 otherwise.
Define
Uiy = ZZUIIZZJI (X — Xijp )/ myjmi. (4.1)

Note that due to the assumption about continuity of F, ties occur only with

zero probability and can be ignored. Let

r c
U=, i1V (4.2)

i'#i
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For the case n;; = n for all the / and j the proposed statistic for testing H,

12~ (r—1)c)?

More generally, if the number of observations per cell is not the same, then

1
let n;; = Np;;, 0 < p; <1, Z,-,jpij =1 (clearly, when n;; = n, p; = %).

1 -1 -1
Further, let g;; = p_ and ¢q; = Zj.:lp,'j > 4. = ijl gi> qi = 2:21 4.
y

The statistic proposed for the setup is

(r=Dc))?
(r—l)cj2 ijl(Ul qiz )

r (UZ -
5, = 12N 2 ~ @
r2 qi *
i=1 q.

where N = Zizj nj.

The test based on S)(S,) consists of rejecting H, at a level of
significance o if Sj(S,) exceeds a predetermined constant Sy, (S,,) We
claim that S} and S, are free of /¥ under H( and here the tests are

distribution-free.
4.2. Test statistic by Patel [16]

Define the scoring function ¢(-) for comparing two observations x;; and

x;; in the jth block by
-1 if xl'j < xl'/j’ 81] = 1,
¢(‘xij’ 61]’ xl"j, 81']) =<+1 if xl"j < xl-j, 81'] = 1, (45)
0 otherwise, i # i'.
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The total score for the observation x;; by

Z, ld)( ij > l]’ Xi'js 'j) (4.6)

i'#i

Corresponding test statistic is

__¢ NV 2
0c = — > (4.7)

Wi] A2 . . . 2 .
where T; = Z —= and G“ is a consistent estimator of ¢“ and is given by

Z; 121 1 rc(c -1y (4.8)

5. Methods and Results of Comparisons

In this section, we present the results of the simulation study for
power analysis of proposed test statistic when error distributions are logistic,
Laplace, normal, Pareto of first kind, exponential, generalized exponential
and Weibull. Five Thousands (5000) values of each statistic under each
experimental situation were simulated and the proportions of rejection of
hypothesis at the nominal five percent levels were recorded. The simulated
proportions obtain under the translation alternative represent the estimates

of the power function. For study, we consider the following distribution of
the observation (X°):
I.  Standard normal distribution.
II.  Standard logistic distribution.
III.  Standard double exponential (Laplace) distribution.

IV. Pareto distribution of first kind (location parameter =1; shape
parameters p = 0.5 and 1.5) with median zero.

V. Standard generalized exponential distribution suggested by Gupta and
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Kundu [9] (shape parameters p = 1.5 and 2.5) with median zero, i.e.,

GE (1.5) and GE (2.5) with median zero.
VI. Standard exponential distribution with median zero.

VII. Standard Weibull distribution (shape parameters p = 0.5 and 1.5)

with median zero.
Also, the distribution of Z is exponential and its CDF is given by
1i(z)=1- e_(Z_B), where z > .

In our study, we observe the main effect of treatments, by fixing
the block effects. Therefore, block parameters (B =12 ¢) remain

identical for both null as well as alternative hypothesis. The block parameters
are considered [(2, 1), (2, 1, 2.5) and (2, 1, 2.5, 3)] for different number of
blocks [2, 3 and 4], respectively. Further, it is noted that our study is
restricted up to identical exponential censoring with location parameter 3 for

all blocks. The critical values Sl* calculated under the null hypothesis when

error distributions are logistic, Laplace, normal, Pareto of first kind (location
parameter = 1; shape parameters p = 0.5 and 1.5), exponential, generalized

exponential (shape parameters p =1.5 and 2.5) and Weibull (shape
parameters p = 0.5 and p =1.5) are given in Table 5.1. Alternative to null

hypothesis given in equation (1.1) can be written as
Hy:o; =1i=1,2,..,r vs H : atleast one pair differs significantly.

The empirical powers proposed test statistics (S{k ) calculate under translation

type alternative are given in Table 5.2. For simulation study, we consider
treatment parameters [(0.8, 1, 1.2), (0.8, 1,1.2, 1.4), (0.6, 0.8, 1, 1.2, 1.4) and
(0.6, 0.8, 1, 1.2, 1.4, 1.6)] for different number of treatments [3, 4, 5 and 6],
respectively. Table 5.1 and Table 5.2 give the critical values and power of

proposed test statistic (S} ), with number of observations per cell (z) is taken

2 and 4 for different combination of numbers of treatments () and blocks (c),
respectively.
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function of (r, ¢, n) for all distributions.

From Table 5.2, it can be seen that the value of simulated power of test is

mcreasing

20
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6. Concluding Remarks

In this article, the goal is to provide test procedures for testing equality of
main effects in two-way layouts using U-statistics based on right censorship.
Further, we derive the asymptotic distributions under the null hypothesis and
Pitman alternative for equal and unequal sample sizes. We simulate the cut
off point for the test statistic and obtain power of the test under normal,
logistic, double exponential, Pareto of first kind, generalized exponential,
exponential and Weibull distributions. It is seen that the test is not
performing well for thick tail distributions like logistic and double
exponential (Laplace) compared to normal distribution. The performance is
seen to be well for positive valued distributions like Pareto of first kind,
exponential, generalized exponential and Weibull. The use of test procedure

is recommended for positive valued error random variable.

Note. We have written a subroutine to compute the test statistics in C++.
The source code is available on request.
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