
 

Far East Journal of Theoretical Statistics 
© 2013 Pushpa Publishing House, Allahabad, India 
Published Online: March 2014 
Available online at http://pphmj.com/journals/fjts.htm
Volume 45, Number 2, 2013, Pages 91-110  

Received: September 18, 2013;  Revised: December 12, 2013;  Accepted: January 22, 2014 
2010 Mathematics Subject Classification: 62J07, 62N01, 62N02, 62N05. 
Keywords and phrases: shrinkage estimation, reliability function, progressive Type II censored 
sample. 

SHRINKAGE ESTIMATION OF THE RELIABILITY 
FUNCTION OF THE PROPORTIONAL HAZARD 
FAMILY OF DISTRIBUTION FUNCTION UNDER 

DIFFERENT LOSS FUNCTIONS USING 
PROGRESSIVE TYPE II CENSORED SAMPLE 

Ashok Shanubhogue and Alaa. K. Jiheel 

Department of Statistics 
Sardar Patel University 
Gujarat, India 

Abstract 

In this paper, we suggest two shrinkage estimators of the reliability 
function of the proportional hazard family distribution functions, using 
progressive Type II censored sample. The risk functions and relative 
risk functions of the suggested estimators are derived under symmetric 
and asymmetric loss functions, viz., squared error loss function and 
general entropy loss function. The results show that the suggested 
estimators have better performance than a classical estimator in terms 
of relative risk. 

1. Introduction 

In recent years, one of the important probability models on which 
researchers concentrated is the proportional hazard family of distribution 
functions. It was originally proposed by Cox [9] and later it was referred            
as Cox’s proportional hazard regression model. The model led to the 
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proportional hazard family of distribution functions which includes several 
well-known life distributions such as exponential distribution, Pareto (Type I 
and Type II) distribution, beta distribution, Burr type XII distribution etc as 
special cases. The proportional hazard family of distribution functions is 
defined as follows. 

Let us consider the continuous random variable X with the cumulative 
distribution function (cdf) ( ).; θxF  The proportional hazard family of 

distribution functions with underlying distribution 0F  is defined as 

 ( ) [ ( )] ,0,,1; 0 >θ∞<<<<∞−−=θ θ dxcxFxF  (1) 

where ( ) ( )[ ],1 00 ⋅−=⋅ FF  and 0F  is an arbitrary continuous cumulative 

distribution function with ( ) ,00 =cF  ( ) .10 =dF  The family in (1) was 

studied by many authors such as Tibshirani and Ciampi [13], Fergusson et al. 
[10] applied this family in the study of family breakdown. In recent years, 
Asgharzadeh and Valiollahi [2, 3] and Wang and Shi [15] studied it under 
progressive censored sample. 

The aim of this article is to suggest shrinkage estimators of reliability 
function for the proportional hazard family of distribution functions and 
study properties under symmetric and asymmetric loss functions. The 
reliability of a given system (or component) for a given time has been 
defined as the probability that the system (or component) functions longer 
than the time of duration t, and is given by 

 ( ) ( ) ( ) .0,;1 >θ−=>= ttFtXPtR  (2) 

From (1), the reliability function (at some time t) and probability density 
function (pdf ) are, respectively, given by 

( ) [ ( )] ,0
θ= tFtR  (3) 

 ( ) ( )[ ( )] ,0,,; 1
00 >θ∞<<<<∞−θ=θ −θ dxcxFxfxf  (4) 

where ( ) ( ) .0
0 dx

xdFxf =  
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Since θ being the ratio of hazard rates of the distribution under study and 
the baseline distribution ( ),0 xF  one can have some prior knowledge about it 

by the past experience. In this case, it is desirable to use the available 
knowledge 0θ=θ  to get improved estimator. Thompson [12] suggested 

shrinkage estimators for unknown parameter θ when an initial value 0θ  is 

available. The shrinkage estimator performs better than the usual estimator 
when the initial value is close to the true value of the parameter. The 
shrinkage estimators have been discussed for different parameters or 
parametric functions under different life time distributions by number of 
authors. With respect to reliability function, Pandey and Upadhyay [11] 
studied the problem of Bayes shrinkage estimation of reliability function 
from Type II censored sample with exponential failure model. Later Chiou  
[7, 8] suggested and studied properties some empirical Bayes and ordinary 
shrinkage estimators of reliability function for exponential distribution. 
Recently, Al-Hemyari and Jehel [1] proposed pooling shrinkage estimator of 
reliability function for exponential model using the sampling plan ( )TCn ,,  

here n stands initial experimental units, C for renewal and T for stopping 
time of the experiment. 

In progressive Type II censored sample the experimenter put n identical 
units, with life time distribution having cumulative function ( )xF  and 

probability density function ( ),xf  for life testing. After observing the first 

failure, 1R  surviving units are removed from the test at random; next, 

immediately following the second failure, 2R  surviving units are removed 

from the test at random, and so on; finally, at the time of the mth failure, all 

the remaining ∑
−

=
−−=

1

1

m

i
im RmnR  surviving units are removed from the 

test. In this progressive censoring scheme, mRRR ...,,, 21  are assumed to be 

pre-fixed. The complete sample and usual censored sample are special cases 
of Type II progressive censored scheme. If ,021 ==== mRRR  then we 

get complete sample and if ,0121 ==== −mRRR  ,mnRm −=  then 
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we get Type II censored sample. Balakrishnan [4] gave a complete idea and 
developments on progressive censored sample. 

2. Shrinkage Estimators of ( )tR  

Let nmmnmnm XXX ::::2::1 ...,,,  be Type II progressive censored sample 

from the proportional hazard family (1). Then the joint density of the 
progressive censored sample (see Balakrishnan and Aggarwala [5]) is 

( )nmmnmnm xxxf ::::2::1 ...,,,  

( ) ( ( ))∏
=

≤≤≤≤−=
m

i
nmmnmnm

R
nminmi xxxxFxfC i

1
::::2::1:::: ,0,1  (5) 

where 

( ) ( ) ( ).121 121211 +−−−−−−−−−−= − mRRRnRRnRnnC m  

Substituting (1) and (4) in (5), we get 

( )nmmnmnm xxxf ::::2::1 ...,,,  

 ( )
( )∏

=

θ− ≤≤≤≤θ=
m

i
nmmnmnm

Sm

mmi
mmi xxxe

xF
xfC

1
::::2::1

::0
::0 ,0,  (6) 

where ( ) ( )∑
=

+−=
m

i
mmii xFLnRS

1
::0 .1  The log likelihood function can be 

written as 

( ) ( ) ( )
( )

....,,,
1 ::0

::0
::::2::1 ∑

=

θ−θ+





+=

m

i mmi
mmi

nmmnmnm SmLn
xF
xfLnCLnxxxL  

Then the MLE of θ is 

.ˆ
S
m=θ  
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Now, by replacing θ by its MLE θ̂  in (4), we get the MLE of reliability 
function of proportional hazard family function as 

 ( ) [ ( )] .ˆ ˆ
0

θ= tFtR  (7) 

It is seen that (from Asgharzadeh and Valiollahi [2]) S has gamma 
distribution with parameters m and θ. 

By using the result, we can show that the distribution of θ̂  has 
distribution as 

 ( )
( )

( ) ( )
.0ˆ,ˆ

ˆexp
;ˆ

1 >θ
θΓ








θ
θ−θ

=θθ +m

m

m

mm
f  (8) 

Now, with the help of ( ),ˆ tR  we propose two shrinkage estimators, using 

the test procedure for testing 00 : θ=θH  against ,:: 01 θ≠θH  as 

( )
[ ( )] ( )

[ ( )]





=
θ

θ−+θ

otherwise,

acceptedif~
ˆ

0

0
1ˆ

0
1

0

tF

HtF
tR

kk
 (9) 

 ( )
[ ( )] ( )[ ( )]

[ ( )]



 −+

=
θ

θθ

otherwise.

acceptedif1~
ˆ

0

0
ˆ

2
0

tF

HtFktFk
tR  (10) 

Here k is a constant left to the choice of user in ( )tR1
~  (here ( )k−1  gives 

confidence user has in the guess value )0θ  and k is obtained by minimizing 

the SELF in ( ).~
2 tR  Further, we use the large sample test based on the mle of 

the parameter .θ  In the next section, we derive risks of the estimators under 
symmetric loss function (square error loss function SELF) and asymmetric 
loss function (general entropy loss function GELF). As many real life 
situations over estimation or under estimation are not of equal consequences, 
as over estimation in reliability and under estimation in hazard serious errors, 
and hence for such situations, a useful asymmetric loss function is LINEX 
loss function introduced by Varian [14]. It is given by 
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 ( ) ( ),1−∆−=∆ ∆ aebL a  (11) 

where ,1
ˆ









−

θ
θ=∆  b is the scale parameter and a is the shape parameter. 

The sign and values of a, respectively, represent the direction and degree of 
asymmetry. The positive value of a is used when over estimation is more 
serious than under estimation and negative value is used for the other case. If 
we replace a by q, 1=b  and ∆  by ( ),∆Ln  then we get another loss called 

GELF proposed by Calabria and Pulcini [6] and is 

 ( ) ( ) .0;1 ≠−∆−∆=∆ qqLnL q  (12) 

3. Risk of the Estimators 

3.1. The risk of the MLE estimator ( )tR̂  

The risk of the estimator ( )tR̂  under GELF is defined as follows: 

( ( )) ( ( ) )GELFtREtRRGELF |= ˆˆ  

[ ( )]
[ ( )]

[ ( )]
[ ( )]

( ) .ˆ;ˆ1
0 0

ˆ
0

0

ˆ
0∫

∞

θ

θ

θ

θ
θθθ
















−












−












= df

tF
tFqLn

tF
tF

q

 

Now, by using the transformation 
θ
θ= mx
ˆ

 and subtitling in the integrals 

above, we get 

( ( )) ( )
( )∫

∞

+Γ






 





 +−

=
0 1

1exp
expˆ dx

xm
xqpmx

qptRR mGELF  

( )∫
∞

−−
Γ






−

+
0

,1

1exp
qpdx

xm
xqpm m  

where ( ( )).0 tFLnp θ−=  To evaluate the first integral, we recall a result due 
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to Watson [16], viz. 

 
( )

( )∫
∞

−

−






=






 





 +−

0 1
2

1

,22
exp

abKb
adx

x
x
bax

r

r

r  (13) 

where ( )rK  is the modified Bessel function of the second kind of order r 

for ....,2,1,0=r  Subtitling 1,,1 ==+= bqpmamr  in (13), we obtain 

 ( ( )) ( ) ( ) ( )
( ) .11

2exp2ˆ 2 −
−

+
Γ

= m
qp

m
qpmkqpmqptRR m

m

GELF  (14) 

Also, we can define the risk of estimator ( )tR̂  under SELF as 

( ( )) ( ( ) ( ))2ˆˆ tRtREtRRSELF −=  

([ ( )] ( )[ ] ) ( )∫
∞ θθ θθθ−=
0

2
0

ˆ
0

ˆ;ˆ dftFtF  

by using the same transformation 
θ
θ= mx
ˆ

 and the other required results, we 

get 

( ( )) ( ) ( )
( )m

pmkpmtRR m
m

SELF Γ
=

2222ˆ 2  

( ) ( ) ( )
( ) ( ).2exp2exp4 2 pm

pmkpmp m
m

−+
Γ

−
−  (15) 

3.2. The risk of the shrinkage estimator ( )tR1
~  

The risk of the estimator ( )tR1
~

 under GELF is defined as follows: 

( ( ))tRRGELF 1ˆ  

( ( ) )GELFtRE |= 1ˆ  

[ ( )] ( )

[ ( )]
[ ( )] ( )

[ ( )]
( )∫ θθθ
















−












−












= θ

θ−+θ

θ

θ−+θ2

1

00 ˆ;ˆ1
0

1ˆ
0

0

1ˆ
0r

r

kkqkk
df

tF
tFqLn

tF
tF
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[ ( )]
[ ( )]

[ ( )]
[ ( )]

( )∫
∞

θ

θ

θ

θ
θθθ
















−












−












+

0 0

ˆ
0

0

ˆ
0 ˆ;ˆ1 df

tF
tFqLn

tF
tF

q

 

[ ( )]
[ ( )]

[ ( )]
[ ( )]

( )∫ θθθ















−












−












− θ

θ

θ

θ2

1
,ˆ;ˆ1

0

ˆ
0

0

ˆ
0r

r

q

df
tF
tFqLn

tF
tF  

where 1r  and 2r  are boundaries of the acceptance region of a test of the 

hypothesis 00 : θ=θH  against the alternative .: 01 θ≠θH  Define =1r  

,2
2
2

0
χ

θm  ,2
2
1

0
2

χ

θ
=

mr  where 2
1χ  and 2

2χ  are, respectively, lower and upper 

( )th2α  percentile values of chi-square distribution with 2m degrees of 

freedom. Now, by using the transformation 
θ
θ= mx
ˆ

 and evaluating the 

integrals in the expression for GELF, we get 

( ( )) ( )( )( )
( )∫

′

′ +Γ






 





 +−

λ−−=
2

1
11

1exp
11exp~ r

r mGELF dx
xm

xqpmkx
kqptRR  

( ) ( )[ ]1,11,11 21 −′−−′
−

+ mrImrIm
qpmk  

( ) ( ) ( )[ ]mrImrIkqp ,1,11 21 ′−′λ−+  

( ) ( ) ( )22 exp 2
11

m
mqp qpm k qpm qp

mm
+ + −

−
 

( ) 2

1 1

1exp
exp

r

mr

qpmx xpq dx
mx

′

+′

   − +   
   − ∫  

( ) ( )[ ],1,11,11 21 −′−−′
−

+ mrImrIm
qpm  (16) 
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where ,2
2
2

1
χ
λ=′r  ,2

2
1

2
χ
λ=′r  

θ
θ

=λ 0  and ( )nxI ,  is the cdf of the gamma 

distribution given by ( ) ( ) ., 0
1

n

dtet
nxI

x tn

Γ
=
∫ −−

 

Now, we can define the risk of estimator ( )tR1
~  under SELF as 

( ( )) ( ( ) ( ))211
~~ tRtREtRRSELF −=  

([ ( )] ( ) [ ( )] ) ( )∫ θθθ−= θθ−+θ2

2

0 ˆ;ˆ2
0

1ˆ
0

r

r
kk dftFtF  

([ ( )] [ ( )] ) ( )∫
∞ θθ θθθ−+
0

2
0

ˆ
0

ˆ;ˆ dftFtF  

([ ( )] [ ( )] ) ( ) .ˆ;ˆ2

1

2
0

ˆ
0∫ θθθ−− θθr

r
dftFtF  

Also, by using the transformation 
θ
θ= mx
ˆ

 and evaluating the integrals 

above, we obtain 

( ( )) ( )( )( )
( )∫

′

′ +Γ






 





 +−

λ−−=
2

1
11

12exp
12exp~ r

r mSELF dx
xm

xpmkx
kptRR  

( )( )( )λ−+−− kp 11exp2  

( )
( ) ( )

( )∫
′

′ + Γ
+

Γ






 





 +−

⋅
2

1

2222
1exp

2
1

r

r
m

m

m m
pmkpmdx

xm
xpmkx

 

( ) ( ) ( )
( ) ( )pm

pmpmp
m

2exp22exp4 2 −+
Γ

−−  

( )∫
′

′ +Γ






 





 +−

−
2

1
1

12expr

r m dx
xm

xpmx
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( )
( )

.

1exp
exp2 2

1
1∫

′

′ +Γ






 





 +−

−+
r

r m dx
xm

xpmx
p  (17) 

3.3. The risk of the shrinkage estimator ( )tR2
~  

The risk of estimator ( )tR2
~  under SELF can be obtained as 

( ( )) ( ( ) ( ))222
~~ tRtREtRRSELF −=  

( [ ( )] ( )[ ( )] [ ( )] ) ( )∫ θθθ−−+= θθθ2

1

0 ˆ;ˆ1 2ˆr

r
dftFtFktFk  

([ ( )] [ ( )] ) ( )∫
∞ θθ θθθ−+
0

2
0

ˆ
0

ˆ;ˆ dftFtF  

([ ( )] [ ( )] ) ( ) .ˆ;ˆ2

1

2
0

ˆ
0∫ θθθ−− θθr

r
dftFtF  

Now, by using the transformation 
θ
θ= mx
ˆ

 and evaluating the above 

integrals, we obtain 

( ( ))tRRSELF 2
~

 

( )
( )

( )

( )
( )





































Γ






−

λ−+

Γ






 





 +−

⋅

λ−−
Γ






 





 +−

=

∫

∫

∫

′

′ +

′

′ +

′

′ +

2

1

2

1

2

1

1

1

1

2

1exp
2exp

1exp

exp2

12exp

r

r m

r

r m

r

r m

dx
xm

xp

dx
xm

xpmx

pdx
xm

xpmx

k  

( ) ( )( )λ−−−− ppk expexp2  
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( )
( )

( ) 















Γ






−

λ−−
Γ






 





 +−

⋅ ∫ ∫
′

′

′

′ ++
2

1

2

1 11

1exp
exp

1expr

r

r

r mm dx
xm

xpdx
xm

xpmx
 

( ) ( )( )2expexp λ−−−+ pp  

( )
( ) ( )

( )∫
′

′ + Γ
+

Γ






−

⋅
2

1

2222
1exp

2
1

r

r
m

m

m m
pmkpmdx

xm
x  

( ) ( ) ( )
( ) ( )pm

pmkpmp m
m

2exp2exp4 2 −+
Γ

−
−  

( )∫
′

′ +Γ






 





 +−

−
2

1
1

12expr

r m dx
xm

xpmx
 

( )
( )

( )
( )

.

1exp
2exp

1exp
exp2 2

1

2

1 11∫ ∫
′

′

′

′ ++ Γ






−

−−
Γ






 





 +−

−+
r

r

r

r mm dx
xm

xpdx
xm

xpmx
p  (18) 

We find the shrinkage factor k by minimize (16) with respect to k as 

( )
( )

( )

( )
( )

( ) ( )( )
( )

( )
( )

.1exp
exp

1exp
expexp

1exp
2exp

1exp

exp2

12exp

2

1

2

1

2

1

2

1

2

1

11

1

1

1

















Γ






−

λ−−
Γ






 





 +−

λ−−−





































Γ






−

λ−+

Γ






 





 +−

⋅

λλ−−
Γ






 





 +−

=

∫ ∫

∫

∫

∫

′

′

′

′ ++

′

′ +

′

′ +

′

′ +

∗

r

r

r

r mm

r

r m

r

r m

r

r m

dx
xm

xpdx
xm

xpmx
pp

dx
xm

xp

dx
xm

xpmx

pdx
xm

xpmx

k  

 (19) 
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Theoretically, we could not show that ∗k  lies between 0 and 1. 
Therefore, we restrict the value of ‘k’ as 

 










>

≤≤

<

=
∗

∗∗

∗

.11
10

00

k
kk

k
k  (20) 

4. Relative Risk 

To study the properties of estimators ( )tR1
~  and ( )tR2

~  under SELF and 

GELF, we compare the relative risks of the estimators given above. The 

relative risk of ( )tR1
~  with respect to ( )tR̂  under GELF is 

 ( ( )) ( ( ))
( ( ))

.~
ˆ~

1
1 tRR

tRRtRRR
GELF

GELF
GELF =  (21) 

Also, the relative risk of ( )tR1
~  with respect to ( )tR̂  under SELF is 

 ( ( )) ( ( ))
( ( ))

.~
ˆ~

1
1 tRR

tRRtRRR
SELF

SELF
SELF =  (22) 

Finally, the relative risk of ( )tR2
~  with respect to ( )tR̂  under SELF is 

 ( ( )) ( ( ))
( ( ))

.~
ˆ~

2
2 tRR

tRRtRRR
SELF

SELF
SELF =  (23) 

We observe that the equations ( ( )),~
1 tRRRGELF  ( ( ))tRRRSELF 1

~  and 

( ( ))tRRRSELF 2
~  depend on m, k, q, p, α and λ. To demonstrate the 

performance of the proposed estimators under GELF and SELF, we have 
considered few values of the constants as 

,3,2,1,2.0,1.0,12,9,6 === qkm  

( ) .75.125.025.0,05.0,01.0,5.1,0.1,5.0 =λ=α=p  
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Tables 1 to 4 give the values of the relative risk for the above           
given values of constants. Based on these tables, we have the following 
conclusions. 

5. Conclusion 

i. The relative risk of the estimator ( )tR1
~  under SELF and GELF and 

the relative risk of the estimator ( )tR2
~  under SELF are high in 

around ,1=λ  i.e., if true value of θ is close to .0θ  

ii. The relative risk of the estimator ( )tR1
~  under SELF is higher than 

the relative risk of the estimator ( )tR1
~  under GELF. 

iii. The relative risk of the estimator ( )tR2
~  under SELF is higher than 

the relative risk of the estimator ( )tR1
~  under SELF. 

iv. The relative risk of the estimator ( )tR1
~  under SELF and GELF and 

the relative risk of the estimator ( )tR2
~  under SELF are decreasing 

functions of α. 

v. The relative risk of the estimator ( )tR1
~  under SELF and GELF are 

decreasing functions of k. 

vi. The relative risk of the estimator ( )tR1
~  under GELF is an 

increasing function of m and p. Also, relative risk of the estimator 

( )tR1
~  under GELF is increasing function of q if .25.175.0 <λ<  

vii. The relative risk of the estimator ( )tR1
~  under SELF is decreasing 

functions of m and highest at .1=p  

viii. The relative risk of the estimator ( )tR1
~  under SELF is decreasing 

functions with m and highest at 5.1=p  and .9=m  

Thus, in general, we observe that the shrinkage estimators of the 
reliability function proposed by us perform better than the classical estimator 
both under SELF and GELF. 
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Appendix 

Table 1. Relative risk of the estimator ( )tR1
~  under GELF when 01.0=α  

1.0=k  λ 

m q p 0.25 0.50 0.75 1.00 1.25 1.50 1.75 
0.5 0.6104 0.7878 2.1794 6.2573 3.4110 1.3727 0.7661 
1.0 0.5335 0.7141 2.2316 7.4905 3.2025 1.2441 0.7091 

 
1 

1.5 0.4642 0.6451 2.2166 8.3646 2.9954 1.1605 0.6781 
0.5 0.5335 0.7141 2.2316 7.4905 3.2025 1.2441 0.7091 
1.0 0.4019 0.5822 2.1679 8.9719 2.8226 1.1054 0.6620 

 
2 

1.5 0.2968 0.4758 2.0417 9.6444 2.5724 1.0462 0.6559 
0.5 0.4642 0.6451 2.2166 8.3646 2.9954 1.1605 0.6781 
1.0 0.2968 0.4758 2.0417 9.6444 2.5724 1.0462 0.6559 

6 

 
3 

1.5 0.1831 0.3596 1.8894 9.7696 2.3478 1.0256 0.6822 
0.5 0.7654 0.5517 1.6181 7.1912 2.3854 0.8400 0.4818 
1.0 0.7142 0.4980 1.5913 8.2158 2.2398 0.7971 0.4718 

 
1 

1.5 0.6606 0.4501 1.5494 9.0099 2.1202 0.7699 0.4693 
0.5 0.7142 0.4980 1.5913 8.2158 2.2398 0.7971 0.4718 
1.0 0.6054 0.4074 1.5007 9.5979 2.0252 0.7533 0.4721 

 
2 

1.5 0.4935 0.3354 1.4029 10.2678 1.8917 0.7418 0.4880 
0.5 0.6606 0.4501 1.5494 9.0099 2.1202 0.7699 0.4693 
1.0 0.4935 0.3354 1.4029 10.2678 1.8917 0.7418 0.4880 

9 

 
3 

1.5 0.3379 0.2546 1.2884 10.3303 1.7809 0.7577 0.5294 
0.5 0.9279 0.4577 1.2671 7.8092 1.7833 0.6108 0.3720 
1.0 0.9096 0.4150 1.2290 8.6620 1.6959 0.5959 0.3753 

 
1 

1.5 0.8881 0.3766 1.1878 9.34810 1.6267 0.5880 0.3818 
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0.5 0.9096 0.4150 1.2290 8.6620 1.6959 0.5959 0.3753 
1.0 0.8630 0.3421 1.1463 9.8731 1.5725 0.5852 0.3908 

 
2 

1.5 0.8003 0.2830 1.0688 10.4901 1.4984 0.5909 0.4144 
0.5 0.8881 0.3766 1.1878 9.3481 1.6267 0.5880 0.3818 
1.0 0.8003 0.2830 1.0688 10.4901 1.4984 0.5909 0.4144 

 
3 

1.5 0.6738 0.2149 0.9779 10.5415 1.4436 0.6191 0.4604 
2.0=k   

0.5 0.6542 0.8849 2.3210 5.2897 3.1955 1.4451 0.8380 
1.0 0.5822 0.8223 2.4194 5.9927 3.0128 1.3133 0.7737 

 
1 

1.5 0.5162 0.7598 2.4400 6.4083 2.8365 1.2265 0.7375 
0.5 0.5822 0.8223 2.4194 5.9927 3.0128 1.3133 0.7737 
1.0 0.4556 0.7000 2.4175 6.6557 2.6916 1.1686 0.7175 

 
2 

1.5 0.3502 0.5936 2.3225 6.8997 2.4851 1.1044 0.7055 
0.5 0.5162 0.7598 2.4400 6.4083 2.8365 1.2265 0.7375 
1.0 0.3502 0.5936 2.3225 6.8997 2.4851 1.1044 0.7055 

6 

 
3 

1.5 0.2303 0.4708 2.1913 6.9960 2.3027 1.0763 0.7254 
0.5 0.7930 0.6238 1.7887 5.9693 2.3974 0.9229 0.5398 
1.0 0.7471 0.5729 1.7876 6.5438 2.2607 0.8740 0.5255 

 
1 

1.5 0.6987 0.5264 1.7651 6.9361 2.1480 0.8420 0.5198 
0.5 0.7471 0.5729 1.7876 6.5438 2.2607 0.8740 0.5255 
1.0 0.6481 0.4842 1.7307 7.1963 2.0582 0.8216 0.5201 

 
2 

1.5 0.5437 0.4112 1.6501 7.4638 1.9315 0.8038 0.5323 
0.5 0.6987 0.5264 1.7651 6.9361 2.1480 0.8420 0.5198 
1.0 0.5437 0.4112 1.6501 7.4638 1.9315 0.8038 0.5323 

9 

 
3 

1.5 0.3921 0.3263 1.5474 7.5095 1.8244 0.8123 0.5698 
0.5 0.9373 0.5161 1.4267 6.4014 1.8674 0.6831 0.4199 
1.0 0.9216 0.4743 1.4023 6.8716 1.7793 0.6639 0.4208 

 
1 

1.5 0.9032 0.4363 1.3717 7.2148 1.7090 0.6524 0.4255 
0.5 0.9216 0.4743 1.4023 6.8716 1.7793 0.6639 0.4208 
1.0 0.8816 0.4017 1.3381 7.4562 1.6535 0.6467 0.4330 

 
2 

1.5 0.8278 0.3414 1.2707 7.7172 1.5761 0.6478 0.4542 
0.5 0.9032 0.4363 1.3717 7.2148 1.7090 0.6524 0.4255 
1.0 0.8278 0.3414 1.2707 7.7172 1.5761 0.6478 0.4542 

12 

 
3 

1.5 0.7176 0.2700 1.1875 7.7496 1.5150 0.6705 0.4979 
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Table 2. Relative risk of the estimator ( )tR1
~

 under GELF when 05.0=α  

1.0=k  λ 

m q p 0.25 0.50 0.75 1.00 1.25 1.50 1.75 
0.5 0.8625 0.7237 1.3252 2.5491 2.1890 1.2812 0.8545 
1.0 0.8180 0.6661 1.3556 2.8512 2.1552 1.1901 0.7995 

 
1 

1.5 0.7698 0.6134 1.3719 3.0817 2.0812 1.1216 0.7669 
0.5 0.8180 0.6661 1.3556 2.8512 2.1552 1.1901 0.7995 
1.0 0.7179 0.5649 1.3791 3.2523 1.9978 1.0715 0.7482 

 
2 

1.5 0.6061 0.4796 1.3802 3.4483 1.8420 1.0087 0.7359 
0.5 0.7698 0.6134 1.3719 3.0817 2.0812 1.1216 0.7669 
1.0 0.6061 0.4796 1.3802 3.4483 1.8420 1.0087 0.7359 

6 

 
3 

1.5 0.4358 0.3792 1.3836 3.4641 1.6566 0.9687 0.7514 
0.5 0.9687 0.6195 1.1135 2.7739 1.8032 0.8885 0.6011 
1.0 0.9588 0.5702 1.1071 3.0071 1.7340 0.8478 0.5890 

 
1 

1.5 0.9469 0.5247 1.0974 3.1947 1.6647 0.8197 0.5851 
0.5 0.9588 0.5702 1.1071 3.0071 1.7340 0.8478 0.5890 
1.0 0.9325 0.4829 1.0860 3.3394 1.6009 0.8008 0.5868 

 
2 

1.5 0.8942 0.4089 1.0625 3.5115 1.4947 0.7822 0.6012 
0.5 0.9469 0.5247 1.0974 3.1947 1.6647 0.8197 0.5851 
1.0 0.8942 0.4089 1.0625 3.5115 1.4947 0.7822 0.6012 

9 

 
3 

1.5 0.8072 0.3199 1.0376 3.5238 1.3809 0.7845 0.6398 
0.5 0.9962 0.5972 0.9581 2.9137 1.4877 0.6952 0.5013 
1.0 0.9950 0.5539 0.9410 3.1014 1.4303 0.6786 0.5048 

 
1 

1.5 0.9936 0.5130 0.9236 3.2557 1.3793 0.6686 0.5120 
0.5 0.9950 0.5539 0.9410 3.1014 1.4303 0.6786 0.5048 
1.0 0.9919 0.4745 0.9066 3.3771 1.3351 0.6636 0.5220 

 
2 

1.5 0.9869 0.4045 0.8754 3.5251 1.2651 0.6646 0.5476 
0.5 0.9936 0.5130 0.9236 3.2557 1.3793 0.6686 0.5120 
1.0 0.9869 0.4045 0.8754 3.5251 1.2651 0.6646 0.5476 

12 

 
3 

1.5 0.9736 0.3167 0.8402 3.5382 1.1954 0.6849 0.5954 
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2.0=k   
0.5 0.8798 0.7745 1.3763 2.4235 2.1130 1.3156 0.9044 
1.0 0.8407 0.7245 1.4225 2.6720 2.0801 1.2252 0.8456 

 
1 

1.5 0.7980 0.6777 1.4540 2.8527 2.0127 1.1563 0.8096 
0.5 0.8407 0.7245 1.4225 2.6720 2.0801 1.2252 0.8456 
1.0 0.7517 0.6338 1.4755 2.9809 1.9380 1.1053 0.7882 

 
2 

1.5 0.6503 0.5550 1.5022 3.1215 1.7989 1.0400 0.7714 
0.5 0.7980 0.6777 1.4540 2.8527 2.0127 1.1563 0.8096 
1.0 0.6503 0.5550 1.5022 3.1215 1.7989 1.0400 0.7714 

6 

 
3 

1.5 0.4899 0.4589 1.5374 3.1321 1.6327 0.9953 0.7812 
0.5 0.9727 0.6658 1.1798 2.6235 1.8002 0.9439 0.6503 
1.0 0.9643 0.6203 1.1848 2.8146 1.7352 0.8999 0.6348 

 
1 

1.5 0.9540 0.5779 1.1858 2.9633 1.6695 0.8687 0.6281 
0.5 0.9643 0.6203 1.1848 2.8146 1.7352 0.8999 0.6348 
1.0 0.9417 0.5383 1.1843 3.0746 1.6087 0.8471 0.6275 

 
2 

1.5 0.9091 0.4673 1.1785 3.2026 1.5066 0.8238 0.6381 
0.5 0.9540 0.5779 1.1858 2.9633 1.6695 0.8687 0.6281 
1.0 0.9091 0.4673 1.1785 3.2026 1.5066 0.8238 0.6300 

9 

 
3 

1.5 0.8348 0.3796 1.1764 3.2102 1.3951 0.8199 0.6722 
0.5 0.9967 0.6396 1.0277 2.7466 1.5235 0.7504 0.5464 
1.0 0.9957 0.5990 1.0185 2.8998 1.4669 0.7306 0.5474 

 
1 

1.5 0.9945 0.5604 1.0084 3.0226 1.4161 0.7178 0.5526 
0.5 0.9957 0.5990 1.0185 2.8998 1.4669 0.7306 0.5474 
1.0 0.9930 0.5237 0.9982 3.1171 1.3716 0.7103 0.5608 

 
2 

1.5 0.9888 0.4561 0.9791 3.2292 1.3002 0.7072 0.5835 
0.5 0.9945 0.5604 1.0084 3.0226 1.4161 0.7178 0.5526 
1.0 0.9888 0.4561 0.9791 3.2292 1.3002 0.7072 0.5835 

12 

 
3 

1.5 0.9777 0.3693 0.9598 3.2377 1.2269 0.7221 0.6278 
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Table 3. Relative risk of the estimator ( )tR1
~

 under SELF 

01.0,1.0 =α=k λ 

m p 0.25 0.50 0.75 1.00 1.25 1.50 1.75 
0.5 0.44960.6272 2.3138 10.5774 2.9367 1.0926 0.6387 
1.0 0.28250.4422 2.0668 13.5780 2.3453 0.9279 0.5944 6 
1.5 0.18250.3268 1.7955 13.1369 2.0656 0.8933 0.6205 
0.5 0.65780.4427 1.5582 10.0505 2.0772 0.7482 0.4595 
1.0 0.49680.3231 1.3875 12.6490 1.7806 0.6983 0.4724 9 
1.5 0.36020.2444 1.2326 12.9011 1.6343 0.7042 0.5180 
0.5 0.88870.3732 1.1862 9.9652 1.6019 0.5791 0.3794 
1.0 0.80870.2781 1.0535 12.0862 1.4358 0.5717 0.4133 12 
1.5 0.70700.2125 0.9427 12.5355 1.3557 0.5948 0.4676 

01.0,1.0 =α=k  

0.5 0.5007 0.7443 2.5814 7.4609 2.7777 1.1570 0.6948 
1.0 0.3318 0.5577 2.4142 8.2147 2.2754 0.9829 0.6380 6 
1.5 0.2247 0.4301 2.1433 7.9604 2.0448 0.9414 0.6561 
0.5 0.6955 0.5186 1.7862 7.4642 2.1067 0.8185 0.5082 
1.0 0.5447 0.3962 1.6551 8.3970 1.8240 0.7565 0.5126 9 
1.5 0.4106 0.3114 1.5065 8.3980 1.6835 0.7538 0.5516 
0.5 0.9035 0.4324 1.3743 7.5343 1.6842 0.6423 0.4219 
1.0 0.8342 0.3346 1.2624 8.3913 1.5133 0.6255 0.4500 12 
1.5 0.7448 0.2646 1.1568 8.5087 1.4278 0.6416 0.4993 

05.0,1.0 =α=k  

0.5 0.7600 0.5960 1.4032 3.4581 2.1070 1.0767 0.7299 
1.0 0.5933 0.4480 1.4212 4.2865 1.7755 0.9150 0.6740 6 
1.5 0.4425 0.3478 1.3949 4.3468 1.5354 0.8585 0.6877 
0.5 0.9465 0.5174 1.0989 3.3701 1.6528 0.8009 0.5743 
1.0 0.8971 0.3960 1.0572 3.9682 1.4421 0.7418 0.5837 9 
1.5 0.8269 0.3092 1.0152 4.1069 1.3006 0.7333 0.6265 
0.5 0.9937 0.5096 0.9212 3.3606 1.3671 0.6597 0.5091 
1.0 0.9877 0.3995 0.8653 3.8221 1.2280 0.6449 0.5463 12 
1.5 0.9780 0.3154 0.8183 3.9631 1.1392 0.6595 0.6034 



Ashok Shanubhogue and Alaa. K. Jiheel 110 

05.0,2.0 =α=k  
0.5 0.7888 0.6612 1.4970 3.1503 2.0333 1.1121 0.7712 
1.0 0.6362 0.5219 1.5761 3.7182 1.7346 0.9464 0.7060 6 
1.5 0.4921 0.4222 1.5940 3.7325 1.5187 0.8853 0.7129 
0.5 0.9536 0.5703 1.1913 3.1042 1.6585 0.8492 0.6159 
1.0 0.9111 0.4525 1.1837 3.5442 1.4564 0.7814 0.6172 9 
1.5 0.8505 0.3651 1.1680 3.6314 1.3184 0.7659 0.6534 
0.5 0.9945 0.5568 1.0076 3.1073 1.4045 0.7082 0.5487 
1.0 0.9895 0.4497 0.9728 3.4563 1.2641 0.6854 0.5793 12 
1.5 0.9812 0.3653 0.9425 3.5535 1.1722 0.6935 0.6306 

Table 4. Relative risk of the estimator ( )tR2
~

 under SELF 

01.0=α  λ 
m p 0.25 0.50 0.75 1.00 1.25 1.50 1.75 

0.5 1.0000 1.1856 2.6896 12.4521 3.0640 1.3564 1.0478 
1.0 1.0000 1.1528 2.5831 18.1570 2.5552 1.2547 1.0243 6 
1.5 1.0000 1.0997 2.2775 17.9196 2.3250 1.2279 1.0211 
0.5 1.0000 1.0203 1.9984 11.4364 2.2097 1.1275 1.0000 
1.0 1.0000 1.0120 1.9390 15.5197 1.9970 1.0979 1.0000 9 
1.5 1.0000 1.0042 1.7995 16.2007 1.8938 1.0906 1.0000 
0.5 1.0000 1.0000 1.6628 11.2140 1.8010 1.0390 1.0000 
1.0 1.0000 1.0000 1.6193 14.3348 1.6949 1.0301 1.0000 12 
1.5 1.0000 1.0000 1.5387 15.1669 1.6424 1.0286 1.0000 

05.0=α  
0.5 1.0000 1.0025 1.5514 3.5812 2.1530 1.2191 1.0143 
1.0 1.0000 1.0006 1.6617 4.5437 1.8549 1.1114 1.0000 6 
1.5 1.0000 1.0000 1.6766 4.6429 1.6347 1.0662 1.0000 
0.5 1.0000 1.0000 1.3111 3.4728 1.7032 1.0522 1.0000 
1.0 1.0000 1.0000 1.3500 4.1449 1.5348 1.0209 1.0000 9 
1.5 1.0000 1.0000 1.3590 4.3143 1.4152 1.0091 1.0000 
0.5 1.0000 1.0000 1.1829 3.4569 1.4582 1.0038 1.0000 
1.0 1.0000 1.0000 1.1976 3.9693 1.3543 1.0000 1.0000 12 
1.5 1.0000 1.0000 1.2007 4.1337 1.2814 1.0000 1.0000 

 


