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Abstract 

In this paper, ( )jiM ,
β -continuous functions on a biminimal structure 

space have been introduced. Some characterizations of such functions 
are given. 

1. Introduction 

In 1983, Abd El-Monsef et al. [3] introduced and investigated β-open 
sets and β-continuity in topological spaces. Recently, Noiri and Popa [6] 
have introduced the concepts of weak β-continuity and almost β-continuity. 
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In 1997, Noiri and Nasef [5] have studied fundamental properties of almost 
β-continuous functions. In 2009, Noiri and Popa [7] introduced the notion         
of minimal structure. Also, they introduced the notions of m-open sets and         
m-closed sets and characterized those sets using m-closure and m-interior 
operators, respectively. The notion of biminimal structure spaces was 

introduced by Boonpok [1] in 2010. Also, he studied 21
XX mm -closed sets and 

21
XX mm -open sets in biminimal structure spaces. Moreover, Boonpok [2] 

introduced the notion of M-continuous functions on biminimal structure 
spaces and studied some characterizations and several properties of such 
functions. In this paper, we study the new notions of weak form of 
continuous functions on a biminimal structure space. And we investigate 
characterizations of such functions. 

2. Preliminaries 

In this section, we recall some basic definitions and notation of minimal 
structure space in [4]. Let X be a nonempty set and ( )XP  the power set          

of X. A subfamily Xm  of ( )XP  is called a minimal structure (briefly              

m-structure) on X if Xm∈∅  and .XmX ∈  The pair ( )XmX ,  is called an 

m-space. Each member of Xm  is called Xm -open and the complement of an 

Xm -open set is called Xm -closed. For a minimal structure Xm  on X and 

,XA ⊆  the closure of A on ,Xm  denoted by ( ),Cl- AmX  is the intersection 

of all Xm -closed sets containing A, i.e., 

( ) { }∩ ,and:Cl- FAmFXFAm XX ⊆∈−=  

and the interior of A on ,Xm  denoted by ( ),Int- AmX  is the union of all 

Xm -open sets contained in A, i.e., 

( ) { }∪ .and:Int- AUmUUAm XX ⊆∈=  

We see that ( )AmA X Cl-⊆  and ( ) .Int- AAmX ⊆  Moreover, ( )AmX Cl-  

A=  if XmAX ∈−  and ( ) AAmX =Int-  if .XmA ∈  It is easy to    
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observe that Xm -Cl and Xm -Int are monotonic, i.e., if ,XBA ⊆⊆  then 

( ) ( )BmAm XX Cl-Cl- ⊆  and ( ) ( ).Int-Int- BmAm XX ⊆  Furthermore, Xm -Cl 

and Xm -Int are idempotent, i.e., ( )( ) ( )AmAmm XXX Cl-Cl-Cl- =  and 

( )( ) ( ).Int-Int-Int- AmAmm XXX =  The closures and interiors on Xm  have a 

complementary relationship as follows: ( ) ( )( )AmXAXm XX Int-Cl- −=−  

and ( ) ( )( ).Cl-Int- AmXAXm XX −=−  If A is a subset of an m-space 

( ),, XmX  then ( )Amx X Cl-∈  if and only if ∅≠AW ∩  for every XmW ∈  

such that .Wx ∈  

A minimal structure Xm  on a nonempty set X is said to have property 

B  if the union of any family of subsets belonging to Xm  belongs to .Xm  It 

can verify that Xm  has property B  if and only if ( ) VVmX =Int-  implies 

XmV ∈  if and only if ( ) FFmX =Cl-  implies .XmFX ∈−  In [8], if Xm  

is a minimal structure on X satisfying property ,B  then ( ) XX mAm ∈Int-  

and ( )AmX Cl-  is Xm -closed. 

Now, we review some basic definitions and notation of biminimal 

structure spaces in [1] and [4]. Let X be a nonempty set and let 1
Xm  and 2

Xm  

be minimal structures on X. A triple ( )21 ,, XX mmX  is called a biminimal 

structure space (briefly bi m-space). For any subset A of a biminimal 

structure space ( ),,, 21
XX mmX  the closure and interior of A with respect to 

i
Xm  are denoted by ( )Ami

X Cl-  and ( ),Int- Ami
X  respectively, for .2,1=i  

Let ( )21 ,, XX mmX  be a biminimal structure space and let { }2,1, ∈ji  be 

such that .ji ≠  A subset A of X is said to be ( )ji
Xm , -β-open (resp. ( )ji

Xm , -

regular open, ( )ji
Xm , -semi open, ( )ji

Xm , -preopen, ( )ji
Xm , -α-open) [2] if ⊆A  

( ( ( )))Ammm i
X

j
X

i
X Cl-Int-Cl-  ( ( ( )),Cl-Int-.resp AmmA j

X
i
X=  -i

XmA ⊆  

( ( )),Int-Cl Am j
X  ( ( )),Cl-Int- AmmA j

X
i
X⊆  ( ( -Cl-Int- i

X
j
X

i
X mmmA ⊆  
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( )))).Int A  The complement of a ( )ji
Xm , -β-open (resp. ( )ji

Xm , -regular open, 

( )ji
Xm , -semi open, ( )ji

Xm , -preopen, ( )ji
Xm , -α-open) set is called ( )ji

Xm , -β-

closed (resp. ( )ji
Xm , -regular closed, ( )ji

Xm , -semi closed, ( )ji
Xm , -preclosed, 

( )ji
Xm , -α-closed). 

Theorem 2.1 [2]. Let ( )21 ,, XX mmX  be a biminimal structure space and 

A be a subset of X. Let { }2,1, ∈ji  be such that .ji ≠  Then 

(1) A is ( )ji
Xm , -regular closed if and only if ( ( )).Int-Cl- AmmA j

X
i
X=  

(2) A is ( )ji
Xm , -semi closed if and only if ( ( )) .Cl-Int- AAmm j

X
i
X ⊆  

(3) A is ( )ji
Xm , -preclosed if and only if ( ( )) .Int-Cl- AAmm j

X
i
X ⊆  

(4) A is ( )ji
Xm , -α-closed if and only if ( ( ( ))) .Cl-Int-Cl- AAmmm i

X
j
X

i
X ⊆  

(5) A is ( )ji
Xm , -β-closed if and only if ( ( ( ))) .Int-Cl-Int- AAmmm i

X
j
X

i
X ⊆  

Proposition 2.2. Let ( )21 ,, XX mmX  be a biminimal structure space and 

let { }2,1, ∈ji  be such that .ji ≠  Let { }JA ∈αγ :  be a family of subsets 

of X. Then 

(1) If γA  is ( )ji
Xm , -β-open for all ,J∈γ  then ∪ J A∈γ γ  is ( )ji

Xm , -β-

open. 

(2) If γA  is ( )ji
Xm , -β-closed for all ,J∈γ  then ∩ J A∈γ γ  is ( )ji

Xm , -β-

closed. 

Definition 2.3. Let ( )21 ,, XX mmX  be a biminimal structure space and A 

be a subset of X and let { }2,1, ∈ji  be such that .ji ≠  The ( )ji
Xm , -β-closure 
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of A, denote by ( )ji
Xm , - ( ),Cl Aβ  is defined to be intersection of all ( )ji

Xm , -β-

closed sets containing A. The ( )ji
Xm , -β-interior of A, denote by ( )ji

Xm , -

( ),Int Aβ  is defined to be union of all ( )ji
Xm , -β-open sets contained in A. 

Proposition 2.4. Let ( )21 ,, XX mmX  be a biminimal structure space and 

let A be a subset of X. Let { }2,1, ∈ji  be such that .ji ≠  Then the following 

statements are evident: 

(1) ( ) ( )Amx ji
X β∈ Cl-,  iff ∅≠AU ∪  for every ( )ji

Xm , -β-open set U 

containing x. 

(2) ( ) ( ) ( ) ( ).Cl-Int- ,, AXmAmX ji
X

ji
X −=− ββ  

(3) ( ) ( ) ( ) ( ).Int-Cl- ,, AXmAmX ji
X

ji
X −=− ββ  

(4) ( ) ( )Am ji
X βInt-,  is ( )ji

Xm , -β-open. 

(5) ( ) ( )Am ji
X βCl-,  is ( )ji

Xm , -β-closed. 

(6) A is ( )ji
Xm , -β-open if and only if ( ) ( ).Int-, AmA ji

X β=  

(7) A is ( )ji
Xm , -β-closed if and only if ( ) ( ).Cl-, AmA ji

X β=  

3. ( )ji
XM , -continuous Functions 

In this section, we introduce the concept of ( )ji
XM , -continuous functions 

on a biminimal structure space. Furthermore, we give some properties of 

such functions. Next, we introduce the weak forms of ( )ji
XM , -continuous 

functions on a biminimal structure space and study the properties of these 
functions. Throughout this section, let { }2,1, ∈ji  be such that .ji ≠  
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Definition 3.1. Let ( )21 ,, XX mmX  and ( )21 ,, YY mmY  be biminimal 

structure spaces. A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be 
( )jiM ,
β -continuous at Xx ∈  if for each i

YmV ∈  containing ( ),xf  there 

exists an ( )ji
Xm , -β-open set U containing x such that ( ) .VUf ⊆  

A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be ( )jiM ,
β -

continuous if for all ,Xx ∈  f is ( )jiM ,
β -continuous at x. 

A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be pairwise 

βM -continuous if f is ( )2,1
βM -continuous and ( )1,2

βM -continuous. 

Example 3.2. Let { }cbaX ,,=  and { }.,, wvuY =  Consider 

m-structures on X and Y as follows: 

{ } { }{ } { } { }{ }XcbcamXbam XX ,,,,,,,,, 21 ∅=∅=  

and 

{ } { } { }{ } { } { } { }{ }.,,,,,,,,,,,, 21 YwvwuvumYwvum YY ∅=∅=  

Define ( ) ( )2121 ,,,,: YYXX mmYmmXf →  as follows: 

( ) ( ) vbfuaf == ,  and ( ) .ucf =  

Then f is pairwise βM -continuous. 

Theorem 3.3. For a function ( ) ( ),,,,,: 2121
YYXX mmYmmXf →  the 

following properties are equivalent: 

(1) f is ( )jiM ,
β -continuous. 

(2) ( )Vf 1−  is ( )ji
Xm , -β-open in X for every .i

YmV ∈  

(3) ( ( ) ( )) ( )( )AfmAmf i
Y

ji
X Cl-Cl-, ⊆β  for every subset A of X. 
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(4) ( ) ( ( )) ( ( ))BmfBfm i
Y

ji
X Cl-Cl- 11, −−

β ⊆  for every subset B of Y. 

(5) ( ( )) ( ) ( ( ))BfmBmf ji
X

i
Y

1,1 Int-Int- −
ββ

− ⊆  for every subset B of Y. 

(6) ( )Ff 1−  is ( )ji
Xm , -β-closed in X for every i

Ym -closed subset F of Y. 

Proof. (1) ⇒ (2) Let i
YmV ∈  and let ( ).1 Vfx −∈  Then ( ) .Vxf ∈  

Since f is ( )jiM ,
β -continuous, there exists an ( )ji

Xm , -β-open subset U of X 

containing x such that ( ) .VUf ⊆  Since U is ( )ji
Xm , -β-open, we have ∈x  

( ) ( ( )).Int- 1, Vfm ji
X

−
β  Thus ( ) ( ) ( ( )).Int- 1,1 VfmVf ji

X
−

β
− =  Hence ( )Vf 1−  

is ( )ji
Xm , -β-open in X. 

(2) ⇒ (1) Let Xx ∈  and let V be an i
Ym -open subset of Y containing 

( ).xf  By (2), ( )Vf 1−  is ( )ji
Xm , -β-open in X containing x. Put ( ).1 VfU −=  

Then U is an ( )ji
Xm , -β-open subset U of X containing x such that ( ) .VUf ⊆  

Thus f is ( )jiM ,
β -continuous at x. 

(2) ⇒ (3) Let A be any subset of X. Let ( ) ( )Amx ji
X β∈ Cl-,  and i

YmV ∈  

containing ( ).xf  By (2), ( )Vf 1−  is ( )ji
Xm , -β-open in X containing x.    

Since ( ) ( ),Cl-, Amx ji
X β∈  ( ) .1 ∅≠− AVf ∩  Then ( ( ) ) ⊆≠∅ − AVff ∩1  

( ( )) ( ) ( ).1 AfVAfVff ∩∩ ⊆−  Thus ( ) ( )( ),Cl- Afmxf i
Y∈  and so ∈x  

( ( )( )).Cl-1 Afmf i
Y

−  Hence, ( ) ( ) ( ( )( )).Cl-Cl- 1, AfmfAm i
Y

ji
X

−
β ⊆  Then 

( ( ) ( )) ( )( ).Cl-Cl-, AfmAmf i
Y

ji
X ⊆β  

(3) ⇒ (4) Let B be any subset of Y. By (3), we have 

( ( ) ( ( ))) ( ( ( ))).Cl-Cl- 11, BffmBfmf i
Y

ji
X

−−
β ⊆  

Hence, ( ) ( ( )) ( ( )).Cl-Cl- 11, BmfBfm i
Y

ji
X

−−
β ⊆  
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(4) ⇒ (5) Let B be any subset of Y. By (4), we have 

( ) ( ( )) ( ( )).Cl-Cl- 11, BYmfBYfm i
Y

ji
X −⊆− −−

β  

Hence, ( ( )) ( ) ( ( )).Int-Int- 1,1 BfmBmf ji
X

i
Y

−
β

− ⊆  

(5) ⇒ (6) Let F be any i
Ym -closed subset of Y. Then ( )FYmi

Y −Int-  

.FY −=  By (5), ( ( )) ( ) ( ( )).Int-Int- 1,1 FYfmFYmf ji
X

i
Y −⊆− −

β
−  Then 

( ) ( ( )) ( ).Cl- 11, FfFfm ji
X

−−
β ⊆  Hence, ( )Ff 1−  is ( )ji

Xm , -β-closed in X. 

(6) ⇒ (2) It is obvious.  

Definition 3.4. Let ( )21 ,, XX mmX  and ( )21 ,, YY mmY  be biminimal 

structure spaces. A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be 

almost ( )jiM ,
β -continuous at Xx ∈  if for each i

YmV ∈  containing ( ),xf  

there exists an ( )ji
Xm , -β-open set U containing x such that ( ) ⊆Uf  

( ( )).Cl-Int- Vmm j
Y

i
Y  

A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be almost 
( )jiM ,
β -continuous if for all ,Xx ∈  f is almost ( )jiM ,

β -continuous at x. 

A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be pairwise 

almost βM -continuous if f is almost ( )2,1
βM -continuous and almost    

( )1,2
βM -continuous. 

From the above definitions, every ( )jiM ,
β -continuous function is almost 

( )jiM ,
β -continuous but the converse is not always true. 

Example 3.5. Let { }cbaX ,,=  and { }.,, wvuY =  Consider m-structures 

on X and Y as follows: 
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{ } { }{ } { } { }{ }XcbcamXbam XX ,,,,,,,,, 21 ∅=∅=  

and 

{ } { } { }{ } { } { }{ }.,,,,,,,,,, 21 YwvvumYwvum YY ∅=∅=  

Define ( ) ( )2121 ,,,,: YYXX mmYmmXf →  as follows: 

( ) ( ) ubfuaf == ,  and ( ) .vcf =  

Then f is almost ( )2,1
βM -continuous but it is not ( )2,1

βM -continuous. 

Theorem 3.6. For a function ( ) ( ),,,,,: 2121
YYXX mmYmmXf →  where 

i
Ym  has property B  for ,2,1=i  the following properties are equivalent: 

(1) f is almost ( )jiM ,
β  -continuous. 

(2) ( ) ( ) ( ( ( ( ))))VmmfmVf j
Y

i
Y

ji
X Cl-Int-Int- 1,1 −

β
− ⊆  for every i

Ym -open 

set V of Y. 

(3) ( ) ( ( ( ( )))) ( )FfFmmfm j
Y

i
Y

ji
X

11, Int-Cl-Cl- −−
β ⊆  for every i

Ym -closed 

subset F of Y. 

(4) ( ) ( ( ( ( ( ))))) ( ( ))BmfBmmmfm i
Y

i
Y

j
Y

i
Y

ji
X Cl-Cl-Int-Cl-Cl- 11, −−

β ⊆  for 

every subset B of Y. 

(5) ( ( )) ( ) ( ( ( ( ( )))))BmmmfmBmf i
Y

j
Y

i
Y

ji
X

i
Y Int-Cl-Int-Int-Int- 1,1 −

β
− ⊆  for 

every subset B of Y. 

(6) ( )Vf 1−  is ( )ji
Xm , -β-open in X for every ( )ji

Ym , -regular open subset 

V of Y. 

(7) ( )Ff 1−  is ( )ji
Xm , -β-closed in X for every ( )ji

Ym , -regular closed 

subset V of Y. 
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Proof. (1) ⇒ (2) Let V be any i
Ym -open subset of Y and ( ).1 Vfx −∈  

Then ( ) .Vxf ∈  Since f is almost ( )jiM ,
β -continuous at x, there exists             

an ( )ji
Xm , -β-open subset U of X containing x such that ( ) ⊆Uf  

( ( )).Cl-Int- Vmm j
Y

i
Y  Thus ( ( ( ))).Cl-Int-1 VmmfU j

Y
i
Y

−⊆  Hence, 

( ) ( ( ( ( )))).Cl-Int-Int- 1, Vmmfmx j
Y

i
Y

ji
X

−
β∈  

This implies that ( ) ( ) ( ( ( ( )))).Cl-Int-Int- 1,1 VmmfmVf j
Y

i
Y

ji
X

−
β

− ⊆  

(2) ⇒ (3) Let F be an i
Ym -closed subset of Y. Since FY −  is i

Ym -open, by 

(2), we obtain that ( ) ( ) ( ( ( ( )))).Cl-Int-Int- 1,1 FYmmfmFYf j
Y

i
Y

ji
X −⊆− −

β
−  

This implies that ( ) ( ( ( ( )))) ( ).Int-Cl-Cl- 11, FfFmmfm j
Y

i
Y

ji
X

−−
β ⊆  

(3) ⇒ (4) It follows from the fact that i
Ym  has property .B  

(4) ⇒ (5) Let B be any subset of Y. By (4), we have 

( ) ( ( ( ( ( ))))) ( ( )).Cl-Cl-Int-Cl-Cl- 11, BYmfBYmmmfm i
Y

i
Y

j
Y

i
Y

ji
X −⊆− −−

β  

This implies 

( ( )) ( ) ( ( ( ( ( ))))).Int-Cl-Int-Int-Int- 1,1 BmmmfmBmf i
Y

j
Y

i
Y

ji
X

i
Y

−
β

− ⊆  

(5) ⇒ (6) Let V be any ( )ji
Ym , -regular open subset of Y. Since             

i
Ym  has property ,B  V is i

Ym -open. By (5), we get that ( ) ⊆− Vf 1  

( ) ( ( )).Int- 1, Vfm ji
X

−
β  This implies that ( )Vf 1−  is ( )ji

Xm , -β-open in X. 

(6) ⇒ (7) Let F be any ( )ji
Ym , -regular closed subset of Y. Since FY −  is 

an ( )ji
Ym , -regular open set in Y, by (6), we have ( )FYf −−1  is ( )ji

Xm , -β-

open in X. Then ( )Ff 1−  is ( )ji
Xm , -β-closed in X. 
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(7) ⇒ (1) Let Xx ∈  and let V be any i
Ym -open set containing ( ).xf  

Since ( ( ))VYmm j
Y

i
Y −Int-Cl-  is an ( )ji

Ym , -regular closed set in Y, by (7), 

( ( ( )))VYmmf j
Y

i
Y −− Int-Cl-1  is an ( )ji

Xm , -β-closed set in X. 

This implies that ( ( ( )))Vmmf j
Y

i
Y Cl-Int-1−  is an ( )ji

Xm , -β-open set in X 

containing ( ).xf  Set ( ( ( ))).Cl-Int-1 VmmfU j
Y

i
Y

−=  Then U is an ( )ji
Xm , -β-

open set containing x and ( ) ( ( )).Cl-Int- VmmUf j
Y

i
Y⊆  Thus f is almost 

( )jiM ,
β -continuous at x. Then f is almost ( )jiM ,

β -continuous.  

Theorem 3.7. For a function ( ) ( ),,,,,: 2121
YYXX mmYmmXf →  where 

i
Ym  has property B  for ,2,1=i  the following properties are equivalent: 

(1) f is almost ( )jiM ,
β -continuous. 

(2) ( ) ( ( )) ( ( ))UmfUfm i
Y

ji
X Cl-Cl- 11, −−

β ⊆  for every ( )ji
Ym , -β-open 

subset U of Y. 

(3) ( ) ( ( )) ( ( ))UmfUfm i
Y

ji
X Cl-Cl- 11, −−

β ⊆  for every ( )ji
Ym , -semi open 

subset U of Y. 

(4) ( ) ( ) ( ( ( ( ))))UmmfmUf j
Y

i
Y

ji
X Cl-Int-Int- 1,1 −

β
− ⊆  for every ( )ji

Ym , -

preopen subset U of Y. 

Proof. (1) ⇒ (2) Let U be any ( )ji
Ym , -β-open subset of Y. Then 

( )Umi
Y Cl-  is ( )ji

Ym , -regular closed. Since f is almost ( )jiM ,
β -continuous, by 

Theorem 3.6(7), ( ( ))Umf i
Y Cl-1−  is ( )ji

Xm , -β-closed in X. This implies that 

( ) ( ( )) ( ( )).Cl-Cl- 11, UmfUfm i
Y

ji
X

−−
β ⊆  
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(2) ⇒ (3) It follows from the fact that every ( )ji
Ym , -semi open set is 

( )ji
Ym , -β-open. 

(3) ⇒ (1) Let F be any ( )ji
Ym , -regular closed subset of Y. Since i

Ym  has 

property ,B  F is i
Ym -closed. Furthermore, F is ( )ji

Ym , -semi open in Y.       

By (3), we have ( ) ( ( )) ( ).Cl- 11, FfFfm ji
X

−−
β ⊆  This implies that ( )Ff 1−  

is ( )ji
Xm , -β-closed in X. Thus, by Theorem 3.6(7), f is almost ( )jiM ,

β -

continuous. 

(1) ⇒ (4) Let U be an ( )ji
Ym , -preopen subset of Y. Then 

( ( ))Umm j
Y

i
Y Cl-Int-  is ( )ji

Ym , -regular open in Y. Since f is almost ( )jiM ,
β -

continuous, by Theorem 3.6(6), ( ( ( )))Ummf j
Y

i
Y Cl-Int-1−  is ( )ji

Xm , -β-open 

in X. Since U is ( )ji
Ym , -preopen in Y, 

( ) ( ) ( ( ( ( )))).Cl-Int-Int- 1,1 UmmfmUf j
Y

i
Y

ji
X

−
β

− ⊆  

(4) ⇒ (1) Let U be any ( )ji
Ym , -regular open subset of Y. Then U is 

( )ji
Ym , -preopen in Y. By (4), ( ) ( ) ( ( )).Int- 1,1 UfmUf ji

X
−

β
− ⊆  This implies 

( )Uf 1−  is ( )ji
Xm , -β-open in X. Hence, by Theorem 3.6(6), f is almost 

( )jiM ,
β -continuous.  

Definition 3.8. Let ( )21 ,, XX mmX  and ( )21 ,, YY mmY  be biminimal 

structure spaces. A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be 

weakly ( )jiM ,
β -continuous at Xx ∈  if for each i

YmV ∈  containing ( ),xf  

there exists an ( )ji
Xm , -β-open set U containing x such that ( ) ( ).Cl- VmUf j

Y⊆  
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A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be weakly 

( )jiM ,
β -continuous if for all ,Xx ∈  f is almost ( )jiM ,

β -continuous at x. 

A function ( ) ( )2121 ,,,,: YYXX mmYmmXf →  is said to be pairwise 

weakly βM -continuous if f is weakly ( )2,1
βM -continuous and weakly ( )1,2

βM -

continuous. 

From the above definitions, every almost ( )jiM ,
β -continuous function is 

weakly ( )jiM ,
β -continuous but the converse is not always true. 

Example 3.9. Let { }cbaX ,,=  and { }.,, wvuY =  Consider m-structures 

on X and Y as follows: 

{ } { }{ } { } { }{ }XcbcamXbam XX ,,,,,,,,, 21 ∅=∅=  

and 

{ } { }{ } { } { }{ }.,,,,,,,, 21 YwvumYwvm YY ∅=∅=  

Define ( ) ( )2121 ,,,,: YYXX mmYmmXf →  as follows: 

( ) ( ) ubfuaf == ,  and ( ) .vcf =  

Then f is weakly ( )2,1
βM  -continuous but it is not almost ( )2,1

βM -continuous. 

Theorem 3.10. For a function ( ) ( ),,,,,: 2121
YYXX mmYmmXf →  where 

i
Ym  has property B  for ,2,1=i  the following properties are equivalent: 

(1) f is weakly ( )jiM ,
β -continuous. 

(2) ( ) ( ) ( ( ( )))VmfmVf j
Y

ji
X Cl-Int- 1,1 −

β
− ⊆  for every i

Ym -open set V                               

of Y. 
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(3) ( ) ( ( ( ))) ( )FfFmfm j
Y

ji
X

11, Int-Cl- −−
β ⊆  for every i

Ym -closed set F 

of Y. 

(4) ( ) ( ( ( ( )))) ( ( ))AmfAmmfm i
Y

i
Y

j
Y

ji
X Cl-Cl-Int-Cl- 11, −−

β ⊆  for every 

subset A of Y. 

(5) ( ( )) ( ) ( ( ( ( ))))AmmfmAmf i
Y

j
Y

ji
X

i
Y Int-Cl-Int-Int- 1,1 −

β
− ⊆  for every 

subset A of Y. 

Proof. (1) ⇒ (2) Let V be an i
Ym -open set of Y and ( ).1 Vfx −∈  By  

(1), there exists an ( )ji
Xm , -β-open set U containing x such that ( ) ⊆Uf  

( ).Cl- Vm j
Y  This implies that ( ) ( ( ( ))).Cl-Int- 1, Vmfmx j

Y
ji

X
−

β∈  Then ( ) ⊆Vf  

( ) ( ( ( ))).Cl-Int- 1, Vmfm j
Y

ji
X

−
β  

(2) ⇒ (1) Let Xx ∈  and let V be an i
Ym -open set containing ( ).xf  By 

(2), we have ( ) ( ( ( ))).Cl-Int- 1, Vmfmx j
Y

ji
X

−
β∈  Thus there exists an ( )ji

Xm , -

β-open set U containing x such that ( ( )).Cl-1 VmfU j
Y

−⊆  Then ( ) ⊆Uf  

( ).Cl- Vm j
Y  Hence f is weakly ( )jiM ,

β -continuous at x. This implies that f is 

weakly ( )jiM ,
β -continuous. 

(2) ⇒ (3) Let F be any i
Ym -closed subset of Y. Then FY −  is an i

Ym -

open subset of Y. By (2), we have 

( ) ( ) ( ( ( ))).Cl-Int- 1,1 FYmfmFYf j
Y

ji
X −⊆− −

β
−  

This implies that ( ) ( ( ( ))) ( ).Int-Cl- 11, FfFmfm j
Y

ji
X

−−
β ⊆  

(3) ⇒ (4) It follows from the fact that i
Ym  has property .B  

(4) ⇒ (5) Let A be a subset of Y. From (4), it follows that 



( )jiM ,
β -continuous Functions 241 

( ) ( ( ( ( )))) ( ( )).Cl-Cl-Int-Cl- 11, AYmfAYmmfm i
Y

i
Y

j
Y

ji
X −⊆− −−

β  

This implies that ( ( )) ( ) ( ( ( ( )))).Int-Cl-Int-Int- 1,1 AmmfmAmf i
Y

j
Y

ji
Y

i
Y

−
β

− ⊆  

(5) ⇒ (2) It follows from the fact that ( )VmV i
Y Int-=  if V is i

Ym -open. 
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