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Abstract

In this paper, M[gi' 1) _continuous functions on a biminimal structure

space have been introduced. Some characterizations of such functions
are given.

1. Introduction

In 1983, Abd EI-Monsef et al. [3] introduced and investigated pB-open
sets and B-continuity in topological spaces. Recently, Noiri and Popa [6]
have introduced the concepts of weak -continuity and almost -continuity.
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In 1997, Noiri and Nasef [5] have studied fundamental properties of almost
B-continuous functions. In 2009, Noiri and Popa [7] introduced the notion
of minimal structure. Also, they introduced the notions of m-open sets and
m-closed sets and characterized those sets using m-closure and m-interior
operators, respectively. The notion of biminimal structure spaces was

introduced by Boonpok [1] in 2010. Also, he studied m%( mi -closed sets and

m%< mi -open sets in biminimal structure spaces. Moreover, Boonpok [2]

introduced the notion of M-continuous functions on biminimal structure
spaces and studied some characterizations and several properties of such
functions. In this paper, we study the new notions of weak form of
continuous functions on a biminimal structure space. And we investigate
characterizations of such functions.

2. Preliminaries

In this section, we recall some basic definitions and notation of minimal
structure space in [4]. Let X be a nonempty set and £?(X) the power set

of X. A subfamily my of £(X) is called a minimal structure (briefly
m-structure) on X if & € my and X e my. The pair (X, my ) is called an
m-space. Each member of my is called my -open and the complement of an
my -open set is called my -closed. For a minimal structure my on X and
A c X, the closure of A on my, denoted by my -CI(A), is the intersection

of all my -closed sets containing A, i.e.,
mx -CI(A) = ({F : X = F e my and Ac F},

and the interior of A on my, denoted by my -Int(A), is the union of all
My -0pen sets contained in A, i.e.,
my -Int(A) = | J{U :U e my and U c A},

We see that A < my -CI(A) and my -Int(A) < A. Moreover, my -CI(A)
=A if X-Aemy and my-Int(A)=A if Aemy. It is easy to
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observe that my -Cl and my -Int are monotonic, i.e., if Ac B < X, then
my -CI(A) = my -CI(B) and my -Int(A) = my -Int(B). Furthermore, my -ClI
and my -Int are idempotent, i.e., my-Cl(my -CI(A)) = my -CI(A) and
my -Int(my -Int(A)) = my -Int(A). The closures and interiors on my have a
complementary relationship as follows: my -CI(X — A) = X —(my -Int(A))
and my -Int(X — A) = X —(my -CI(A)). If A is a subset of an m-space
(X, my ), then x e my -CI(A) if and only if W | A = & for every W e my
such that x e W.

A minimal structure my on a nonempty set X is said to have property
28 if the union of any family of subsets belonging to my belongs to my . It
can verify that my has property 4 if and only if my -Int(V) =V implies
V e my ifand only if my -CI(F) = F implies X — F € my . In[8], if my
is a minimal structure on X satisfying property 4, then my -Int(A) € my
and my -CI(A) is my -closed.

Now, we review some basic definitions and notation of biminimal

structure spaces in [1] and [4]. Let X be a nonempty set and let m%< and m)2<

be minimal structures on X. A triple (X, m%<, m%) is called a biminimal
structure space (briefly bi m-space). For any subset A of a biminimal

structure space (X, m%( , mg( ), the closure and interior of A with respect to
mix are denoted by mix -CI(A) and mix -Int(A), respectively, for i =1, 2.
Let (X, my, m%&) be a biminimal structure space and let i, j € {1, 2} be
such that i = j. A subset A of X is said to be mgé' j)—B—open (resp. m(;' .
regular open, mgi' 1) _semi open, m()i' J')-preopen, mgi’ J')-cx-open) [2]if Ac
miX-CI(m>j< -Int(mix -CI(A))) (resp. A = mix -Int(m)j(-CI(A)), Ac mix-

Cl(m) -Int(A)), A mi-Int(m) -CI(A)), A< m-Int(mJ -Cl(m -
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Int(A)))). The complement of a mgi' j)-B-open (resp. mg' j)-regular open,
mgé' 1) _semi open, mgé' j)—preopen, mg’j)—a—open) set is called mgi' j)—B—
closed (resp. mgi'j)-regular closed, mg’j)-semi closed, mgi’j)-preclosed,

mg' ) -a-closed).

Theorem 2.1 [2]. Let (X, m%<, mi) be a biminimal structure space and

Abe asubsetof X. Let i, j € {1, 2} be suchthat i # j. Then
D Ais mgi’ J')-regular closed if and only if A = mix -Cl(m)j< -Int(A)).
(2 Ais mgi’ 1) _semi closed if and only if mix -Int(m)J;-CI(A)) c A
(3)Ais mgi’ J')-preclosed if and only if mix -Cl(m)j< -Int(A)) < A
@) Ais mgi’ 1) _g-closed if and only if mix -Cl(m)j< -Int(mix -Cl(A))) c A
(B)Ais mgi' j)-[3-closed if and only if mix -Int(m>j< -Cl(mix -Int(A))) < A

Proposition 2.2. Let (X, m&, mg() be a biminimal structure space and
let i, j € {1, 2} besuchthat i # j. Let {A, :a e J} be a family of subsets
of X. Then

(1) If A, is m{ 1) _g-open for all y e J, then U,y A is m 1) p-
open.

) If A, is m{ ) _B-closed for all y € J, then ﬂyd A, is m 1)_p-
closed.

Definition 2.3. Let (X, m%<, mi) be a biminimal structure space and A

be a subset of X and let i, j € {1, 2} be such that i = j. The mgi’ j)-B-closure



Méi' ) -continuous Functions 231
of A, denote by mgi’ 0. Clg(A), is defined to be intersection of all mgi' j)-B-
closed sets containing A. The m(;'j)—B—interior of A, denote by m(;'j)-

IntB(A), is defined to be union of all mgi' j) --open sets contained in A.

Proposition 2.4. Let (X, m%( , mg( ) be a biminimal structure space and
let A be a subset of X. Let i, j e {1, 2} be such that i = j. Then the following

statements are evident;

1) xe mgi' j)—CIB(A) iff UUA = for every mgé' j)—B—open set U

containing X.

2) X —m§ D-intg(A) = m§ D-Clg(X - A).

3) X —m§ D-clg(A) = m{ D-intg (X - A).

4) mgé' j)—IntB(A) is mgé' j)—B—open.

(5) mgé' j)—CIB(A) is mgi' j)—B—closed.

(6) Ais mgi' j)—B—open if and only if A = mgé' J-)—IntB(A).

(1) Ais mi 1 -p-closed if and only if A =m{})-Clg(A).
3. M g(' ) -continuous Functions

In this section, we introduce the concept of M §<' ) -continuous functions
on a biminimal structure space. Furthermore, we give some properties of
such functions. Next, we introduce the weak forms of Mg(i' D _continuous

functions on a biminimal structure space and study the properties of these
functions. Throughout this section, let i, j € {1, 2} be such that i = j.
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Definition 3.1. Let (X, my, m%) and (Y, my, m@) be biminimal
structure spaces. A function f : (X, m%, m&) — (Y, m¢, m?) is said to be

Méi' 1) continuous at x e X if for each V e m\i( containing f(x), there
exists an mgi' j) -B-open set U containing x such that f(U) < V.

A function f :(X, m%<, mi)—>(Y, m\l(, m%) is said to be Méi’j)-
continuous if for all x € X, fis Méi’ J')—continuous at x.

A function f : (X, m%<, mi)—> (Y, m%, m%) is said to be pairwise

MB-continuous if fis Mél’ 2) -continuous and Méz'l) -continuous.

Example 3.2. Let X ={a,b,c} and Y ={u,v, w}. Consider
m-structures on X and Y as follows:

mk = {2, {a}, {b}, X}, m§ ={2, {a c}, {b, c}, X}
and
my = {@, {u}, (v}, twh, YE my = {3, {u, v, {u, ), v, w), Y
Define f : (X, m%, m&) — (Y, my, m&) as follows:
f(a)=u, f(b)=v and f(c)=u.
Then f is pairwise M -continuous.

Theorem 3.3. For a function f : (X, m¥, m)2<)—> (Y, m, m%), the
following properties are equivalent:

Q) fis Méi' 1) _continuous.
(2) f_l(V) is m(;' j)-B-open in X forevery V e m\i(.

(3) f(mgi’ J-)-CIB(A)) < mi -CI(f(A)) for every subset A of X.
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4) mgg' j)-CIB(f_l(B)) c f_l(m\i( -CI(B)) for every subset B of V.
G) f~m} -Intg(B)) mgi' j)-IntB( f~1(B)) for every subset B of Y.
(6) f‘l(F) is m()i' j)-B-closed in X for every m\i( -closed subset F of Y.

Proof. (1) = (2) Let V e m\i( and let x e f_l(V). Then f(x)eV.

Since f is Méi’ J')-continuous, there exists an mgi' J-)-[3-open subset U of X
containing x such that f(U) < V. Since U is m(;' j)—B—open, we have X e
mg'j)-lntﬁ(f_l(v)). Thus f71(V) = mg'j)-lntﬁ(f_l(v)). Hence f~1(V)
is mgi' j)-[S-Open in X.

(2) = (1) Let x € X and let V be an m\i( -open subset of Y containing
f(x). By (2), f_l(V) is mgé' j)—B—open in X containing x. Put U = f_l(V).
Then U is an mgi' ) -B-open subset U of X containing x such that f(U) c V.
Thus f is Méi’ 1) _continuous at x.

(2) = (3) Let A be any subset of X. Let x € mgi' j)-CIB(A) and V e m\i(
containing f(x). By (2), f‘l(V) is mgé' j)—B—open in X containing Xx.
since x e m{i' V-Clg(A), FYV)NA=@. Then @ = f(f V)N A)
f(F2V)N F(A) =V N f(A). Thus f(x)e m\i/ -CI(f(A)), and so x e
f~Y(m} -CI(f(A))). Hence, m§ D-Clg(A) < f~mi-CI(f(A)). Then

t(m{l D-Clg(A))  m} -CI(f (A).
(3) = (4) Let B be any subset of Y. By (3), we have
f(m§ D-Clg(74(B)) < my-CI(f (1 7(B)).

Hence, m{{' V-Clg(f~1(B)) < f~Y(mi -CI(B)).
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(4) = (5) Let B be any subset of Y. By (4), we have
m{y D-Clg(f~Y(Y - B)) = L(m} -CI(Y - B)).
Hence, f~Y(m}-Int(B)) < m§ V-Inty (1 ~%(B)).

(5) = (6) Let F be any m\i( -closed subset of Y. Then m\i(-lnt(Y -F)
=Y —F. By (5), fYm-Int(Y - F))c m§y D-intg(f XY — F)). Then
mgi’j)-CIB(f_l(F)) - f_l(F). Hence, f_l(F) is mg'j)-[}-closed in X.

(6) = (2) It is obvious. O

Definition 3.4. Let (X, my, m%) and (Y, m{, mZ) be biminimal

structure spaces. A function f : (X, mk, m&) — (Y, my, m?) is said to be

almost M[gi’ 1) continuous at x e X if for each V e m\i( containing f(x),
there exists an mgi’j)-ﬁ-open set U containing x such that f(U)c
my -Int(mJ -CI(V )).

A function f : (X, my, m&)— (Y, my, mZ) is said to be almost
Méi' j)-continuous if forall x e X, fisalmost MS' J')-continuous at x.

A function f : (X, my, m&)— (Y, mé, mZ) is said to be pairwise
almost Mg -continuous if f is almost Mél’z)-continuous and almost
Méz'l)-continuous.

From the above definitions, every Méi' j)—c:ontinuous function is almost
Méi’ 1) _continuous but the converse is not always true.

Example 3.5. Let X ={a, b, c} and Y = {u, v, w}. Consider m-structures
on X and Y as follows:
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my = {2, {a}, {b}, X}, m§ ={2, {a, c}, {b, ¢}, X}
and
my =1{@, {u}, (v}, (wh Y}, my = {3, {u, v}, {v, wh Y
Define f : (X, my, m&)— (Y, my, m?) as follows:
f(a)=u, f(b)=u and f(c)=v.
Then f is almost M[gl’ 2) -continuous but it is not Mél’ 2) -continuous.

Theorem 3.6. For a function f : (X, my, m&) — (Y, my, m?), where

m\i( has property £ for i =1, 2, the following properties are equivalent:

(1) fis almost Méi’ 1) _continuous.

@ fv)c mgi' j)-lntB(f‘l(m\i(-lnt(mJ -CI(V)))) for every m\i( -open
setVofY.

(3) mgi' j)-CIE,(f‘l(m\i/ -CI(mJ-Int(F)))) < f7Y(F) for every m\i( -closed
subset F of Y.

@ m{ D-Clg(f~Y(m} -Cl(m] -Int(m} -CI(B))))) < f ~~(m} -CI(B)) for
every subset B of V.

) f7Ym} -Int(B)) = m§y D-Intg (£ ~2(m}, -Int(my -CI(m¥, -Int(B))))) for

every subset B of V.

6) f71(V) is mgi’ j)-ﬁ-open in X for every m\((i' j)-regular open subset
VofY.

(7 f_l(F) is mg’j)-ﬁ-closed in X for every m$i'j)-regular closed
subset V of Y.
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Proof. (1) = (2) Let V be any m\i( -open subset of Y and x e f‘l(V).

Then f(x)eV. Since f is almost Méi'j)—continuous at x, there exists

an mg’j)—B—open subset U of X containing x such that f(U)c

m\i(-lnt(m\}.-CI(V)). Thus U ¢ f_l(m\i(-lnt(m\}- -CI(V))). Hence,
x & m§g D-Intg(f ~(m -Int(m{ -CI(V )))).

This implies that £ () < m{’ -Intg (£ ~1(m} -Int(m| -CI(V )))).

(2) = (3) Let F bean my -closed subset of Y. Since Y — F is my -open, by
(2), we obtain that f XY - F) < m§y D-ntg(f ~(m} -Int(mJ -CI(Y — F)))).
This implies that m§y V-Clg(f ~L(m¥ -CI(mJ -Int(F)))) < f7%(F).

(3) = (4) It follows from the fact that m\i( has property 4.

(4) = (5) Let B be any subset of Y. By (4), we have

m{ D-Clg(f ~(m{ -CI(mJ -Int(m} -CI(Y - B))))) < ~Y(m} -CI(Y - B)).
This implies
£7L(mY -Int(B)) = m§y D-ntg(f~(m} -Int(m -CI(m¥, -Int(B))))).

(5) = (6) Let V be any m\((i' J-)-regular open subset of Y. Since
m\i( has property 4, V is m\i( -open. By (5), we get that f_l(V) c
mgi’ j)-IntB(f‘l(V)). This implies that f ~1(V) is mgi’ J-)-[3-open in X.

(6) = (7) Let F be any m\((i’ J-)—regular closed subset of Y. Since Y — F is
an m$i' j)-regular open set in Y, by (6), we have f1(Y — F) is mgi' j)-B-

open in X. Then f X(F) is mg' j)-[3-closed in X.
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(7) = (1) Let x e X and let V be any m\i( -open set containing f(x).
Since m\i( -CI(mJ-Int(Y —V)) isan m\((i’ j)-regular closed setin'Y, by (7),
f‘l(m\i( -Cl(m\}- -Int(Y —=V))) isan mgi' j)-B-closed setin X.
This implies that f_l(m\i(-lnt(mJ-CI(V))) is an mg'j)-[}-open set in X
containing f(x). Set U = f‘l(m\i(—lnt(m\}. -CI(V))). Then U is an mgi' j)—B—
open set containing x and f(U) < m\i(-lnt(m\}' -CI(V)). Thus f is almost

M éi’ 1)_continuous at x. Then f is almost M éi' ) _continuous. O

Theorem 3.7. For a function f : (X, m&, m&) — (Y, my, m?), where

m\i( has property & for i =1, 2, the following properties are equivalent:

(1) fis almost Méi' 1) _continuous.
) mgg’j)-CIB(f_l(U ) < f_l(m\i( -Cl(U)) for every m\((i’j)-ﬁ-open
subset U of Y.

(3) mgi' j)-CIE,(f_l(U ) < f7Y(ml-CIU)) for every m\((i’ 1) _semi open
subset U of Y.

@ 172U) < m{ D-intg(f H(m} -Int(mJ -CIV)))) for every m{" -
preopen subset U of Y.

Proof. (1) = (2) Let U be any m\((i’j)-B-open subset of Y. Then
m\i(-CI(U) is m?' j)-regular closed. Since f is almost Méi’ j)-continuous, by
Theorem 3.6(7), f‘l(m\i( -Cl(U)) is m()i' j)-B-closed in X. This implies that

m{D-clg(f1U) < F(mi-ciU)).
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(2) = (3) It follows from the fact that every m\((i' 1) _semi open set is

m$i' J) -3-open.

(3) = (1) Let F be any m\((i’ j)-regular closed subset of Y. Since m{( has
property %, F is M-closed. Furthermore, F is m\((i’j)-semi open in Y.
By (3), we have m§y V-Clg(fL(F)) < f~Y(F). This implies that f~1(F)
is mg'j)—ﬁ—closed in X. Thus, by Theorem 3.6(7), f is almost Méi'j)—
continuous.

1) = (@) Let U be an m\((i’j)-preopen subset of Y. Then
m\i(—lnt(m\; -Cl(U)) is m\((i' j)—regular open in Y. Since f is almost Méi' ).
continuous, by Theorem 3.6(6), f_l(m\i(-lnt(m\; -Cl(U))) is mg’j)-ﬁ-open

in X. Since U is m$i' ) -preopen in 'y,
t7U) = m{ D-intg(f H(md -Int(m{ -CIV))).

(4) = (1) Let U be any mf}' j)-regular open subset of Y. Then U is
m$i' j)—preopen inY. By (4), f1(U)c m(;' j)—Int[_a,(f‘l(U )). This implies
f_l(U) is mg'j)-[}-open in X. Hence, by Theorem 3.6(6), f is almost

Méi' ) -continuous. O

Definition 3.8. Let (X, my, m%) and (Y, m{, mZ) be biminimal
structure spaces. A function f : (X, mk, m%) — (Y, my, m?) is said to be

weakly Mg' 1) continuous at x e X if for each V e m\i( containing f(x),

there existsan mgi' j) -B-open set U containing x such that f(U) < mJ -CI(V).
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A function f : (X, m, mi)—> Y, m, m@) is said to be weakly

Méi' j)—c:ontinuous if forall x € X, fis almost Mlgi' J-)—continuous at x.

A function f : (X, my, m%)— (Y, my, m¢) is said to be pairwise
weakly Mg -continuous if f is weakly Mél'z)-continuous and weakly M[gz’l)-

continuous.
From the above definitions, every almost MS' ) -continuous function is

weakly Méi' 1) _continuous but the converse is not always true.

Example 3.9. Let X ={a, b, c} and Y = {u, v, w}. Consider m-structures

on X and Y as follows:
my = {2, {a}, o}, X}, m§ ={D {a c}, b, ¢}, X}
and
my = {2, {v}, (W}, Y}, m¢ = {2, {u, v}, {w}, Y}.
Define f : (X, m%, m&)— (Y, m}, m?) as follows:
f(a)=u, f(b)=u and f(c)=v.

Then f is weakly Mél' 2) _continuous but it is not almost Mél‘ 2) _continuous.

Theorem 3.10. For a function f : (X, m%, m&)— (Y, my, mZ), where

m\i( has property £ for i =1, 2, the following properties are equivalent:

(1) fis weakly M éi' 1) _continuous.

@ fHv)c mg'j)-lntﬁ(f‘l(m\}- -CI(V))) for every m\i( -open set V
of Y.
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(3) mgi' j)-CIB(f_l(m\}--lnt(F))) < f7X(F) for every m\i(-closed set F
of Y.

@ miV-clg(fH(md-Int(ml -CI(A)) < H(m-CI(A)) for every
subset A of Y.

) f7Ym} -Int(A)) € m D-Intg (£ H(md-Cl(m} -Int(A)))) for every
subset A of V.

Proof. (1) = (2) Let V be an m\i( -open set of Y and x e f 1(V). By
(1), there exists an mgi' j)-[S-Open set U containing x such that f(U) <
m\}- -CI(V). This implies that x e mgi' J-)-IntB(f_l(m\}- -CI(V))). Then f(V)c

m{ D-Intg(f H(m{ -CI(v ).

(2) = (1) Let x € X and let V be an my -open set containing f(x). By
(2), we have x e mgi' j)—Int[_a,(f_l(m,}' -CI(V))). Thus there exists an mgi' i
B-open set U containing x such that U < f‘l(m\}- -CI(V)). Then f(U)c
m\}- -CI(V). Hence f is weakly Méi' 1) continuous at x. This implies that f is
weakly Méi' 1) _continuous.

(2) = (3) Let F be any m\i( -closed subset of Y. Then Y — F is an m\i( -
open subset of Y. By (2), we have

£ — F) = m{ Duintg(f X (m -CI(Y - F))).

This implies that m§y -Clg(f (m{ -Int(F))) < f 7(F).

(3) = (4) It follows from the fact that m\i( has property 4.

(4) = (5) Let A be a subset of Y. From (4), it follows that
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m{y D-Clg(fY(m{ -Int(m} -CIY - A))) = F~Lm}, -CI(Y - A)).

This implies that f _1(m\i( -Int(A)) m\(/i’ j)-IntB( f _1(m\; -Cl(m\i( -Int(A)))).

(5) = (2) It follows from the fact that V = M-Int(v) if Vis m\i( -open.

O
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