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Abstract

In this paper, a new control scheme is developed to investigate the Q-S
synchronization for different dimensional chaotic dynamical systems
in discrete-time. Numerical simulation is used to verify the
effectiveness of the proposed scheme.

1. Introduction

Since the pioneering work of Pecora and Carroll [2], chaos
synchronization has played significant roles because of its potential
applications in secure communication [16, 17]. Various methods have been
developed to design the controllers in the continuous-time dynamical systems
such as OGY method [3], active and adaptive control technique [9, 15],
backstepping design [12] and sliding mode control [10], etc. The design
methods have been applied to investigate chaos synchronization of some
continuous-time chaotic systems.

Recently, more and more attentions were paid to the chaos
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synchronization in the discrete-time dynamical systems [18, 19]. In [6], Yang
defined a generalized-type synchronization (called Q-S synchronization) in
the continuous-time systems. Recently, Zhenya presented in [18] the
definition of Q-S synchronization in the discrete-time dynamical systems:

Definition 1. For two discrete-time dynamical systems described:
(i) X(k+12)= f(X(K)
and (D)
(i) Y(k+1)=g(Y(k))+U(X(k), Y(k)),
where (X (k), Y(k)) e R"™™. Let Q(X(k)) = [Qy(X(K)), ..., Qq (X (k))] and
S(X(k)) = [S1(Y (k)), ..., Sq (Y (k))] be boundary vector functions, it is said
that systems (i) and (ii) are Q-S synchronized, if there exists a proper

U (X (k), Y (k)) such that
QX (k)) = S(¥ (k) | — 0. )

lim
K —+o00
In this paper, based on new design method, we would like to present a
constructive scheme to investigate Q-S synchronization between n-D and

m-D chaotic systems in discrete-time, the synchronization errors are given in
d-D.

The rest of this paper is arranged as follows: In Section 2, we introduce
the new Q-S synchronization scheme. In Section 3, we investigate Q-S
synchronization between the Hénon map and the 3D generalized Hénon map.
Finally, we give conclusion in Section 4.

2. A New Q-S Synchronization Controller
We consider the master chaotic system in the following form:
X(k +1) = F(X(k)), (3)
where X (k) = (x(k), Xo(k), ..., X,(k))T € R" and F : R" - R".
The slave chaotic system is described by

Y(k+1)=G(Y(k))+U, (4)
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where Y (k) = (yy(K), y2(K), ooy Yy(K))T € R™, G:R™ — R™ and U is
the vector controller to be determined.

We define the synchronization error by
e(k) = Q(X(k)) = S(¥(k)), (%)
where Q: R" — RY and S:R™ - RY, are arbitrary boundary vector
functions.

The synchronization error between the master system (3) and the slave
system (4), can be derived as follows:

e(k +1) = Q[F(X (k)] - S[G(Y (k)) + U] (6)

To achieve Q-S synchronization between systems (3) and (4), we can
choose the vector controller U as follows:

U = —G(Y (k) + S Q(F(X (k) + L[S(Y () QX ()], (D)
where S71:RY 5> RM™ s the inverse function of S and L =
diag(ly, Iy, .., Ig) € R%9  such that

i<l i=12..,d. (8)
Hence, we have the following result.

Theorem 2. The master system (3) and the slave system (4) can be
globally Q-S synchronized under the controller law (7).

Proof. By substituting Equation (7) into Equation (6), the
synchronization error can be written as:

e(k +1) = Le(k). 9)

Consider the quadratic Lyapunov function

d
V(ek) = Y ef(k). (10)
i=1
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We obtain AV (e(k)) = 3¢ (e2(k +1)- e (k)= X (17 ~1)e? (k). By using
(8), we get AV(e(k)) < 0. Thus, by Lyapunov stability it is immediate that

lim,_, €(k) > 0, (1 <i<d). Hence, we have proved the above result. [

3. Numerical Simulation

To validate the proposed synchronization method, an example of chaotic
system is considered in this paper.

The master system is the 3D generalized Hénon map [20] described by:

1+ x3(k) — ox3 (k)
X(k +1) = F(X(k)) = [ 1+ Bxp (k) — axZ (k) |, (11)
AW
where o =1.4, 3 = 0.2.

The slave system is the Hénon map [5] described by:

Y(k+1) = G(Y(K)+U = (yZ(k) - ayf(k)} + (ulj, (12)
by (k) U2

where a =14, b =0.3 and (uy, uz)T is the vector controller. According to
(7), the vector controller can be derived as

U = —G(Y (k) + STQ(F(X(K))) + L[S(Y(K)) - QX ()],  (13)
where
S(Y(K)) = (ya(k), y2(k), 3y3(k), ya(k) +4)T, (14)
QX (K)) = (xa(k), xa(K), x3(k), 3x3(k) + 4)", (15)
and L = diag(0.9, —0.25, —0.76, 0.13).

Finally, with the help of MATLAB, we get the numeric results that are
shown in Figure 1.
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Figure 1. Time evolution of synchronization errors el, e2, e3 and e4.
4. Conclusion

In this paper, we have developed a systematic and powerful
synchronization scheme, which was used to study Q-S synchronization
between two n-D and m-D chaotic dynamical systems in discrete-time.
Numerical simulation was used to verify the effectiveness of the proposed
scheme.
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