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Abstract

In this note, we define an m-semihomomorphism f on an Abelian group
as a function satisfying f(x+y)= f(x)+ f(y)+ f(a), f(m)(a) =0
for some element a. We prove that the set of all m-semihomorphisms
on Q, or Z,, pis a prime, is a commutative inverse semigroup and

compute its order in case of Z,. Then we compute the semigroup of

2-semihomorphisms on a general Z,,.
Introduction

Let G be an Abelian group. Then the set of all group homomorphisms is
a commutative semigroup under composition. For if f, g are homomorphisms,

then fog(x+y)=f(g(x+y))=f(g(x)+g(y))= f(g(x))+ f(g(y)). There
is another special kind of functions on G. A function f : G — G is called an

m-semihomomorphism (m-semhom for short) if there is an element a € G
such that f(x +y) = f(x)+ f(y)+ f(a) with fM(a)=0, where (M is
the composition of m copies of f. For example a homomorphism f : G —» G
is a 1-semhom for it satisfies f(x + y) = f(x)+ f(y)+ f(0), f(0) = 0. We
notice that the composition of two 2-semhoms f, g, need not be a semhom.
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For let f, g be two 2-semhoms on an Abelian group G. Thus f(x +y) =
f(x)+ f(y)+ f(a), g(x+y)=9(x)+ g(y)+ g(b) such that f(f(a))=0
= g(g(b)). Then

fog(x+y)=f(g(x+y)) = f(a(x)+g(y)+9(b)
= f(g(x)) + f(g(y)) + f(g9(b)) + 2f (a),
f(f(g(b)+ f(a)+ f(a)) = f(f(g(b)) + f(f(a))+ f(f(a))+2f(a)
= f(f(g(b))) + 2f(a)

need not be 0 as shown by Example 5. In this note, we discuss some cases in
which the set of m-semhoms on an Abelian group is a commutative
semigroup and sometimes it is an inverse semigroup.

The Results

The simplest Abelian groups are the additive group of a field. We first
discuss the existence of semhoms on the group (Q, +). This amounts to the

following problem: Given a positive integer m find all functions f : Q — Q
such that there exists a € Q for which it holds that f(x +y) = f(x)+ f(y)

+f(a), fM(@)=0, forall x, y € Q.

Proposition 1. Let a € Q and let f : Q — Q be an m-semhom with a
corresponding element a € Q. Then for all x € Q, f(x)=(f(1)- f(0))x
- f(a), f(a)=-f(0). If m=2, then f(x)=x-a/2. If m>2, then
f(x)= f@Q)x

Proof. If we take x, y =0, then —f(0) = f(a). Thus for all x, y € Q,
f(x+y)=f(xX)+ f(y)— f(0). If we put x, y =1, then we get f(2)=
2f(1) — (0). Using induction, we can show that for all integers m € Z, we
have f(m)=mf(1)+(1—m)f(0). Also, f(1)= f(1/2+1/2)= f(1/2)+ f(1/2)
- f(0)=2f@/2)- f(0) and so f(1/2)=(/2)f(1)+ (1-1/2)f(0). Using
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induction, we can show that for all nonzero integers n, we have f(]/n) =
IYn)f(@)+ (@2 -1/n)f(0) and in general we have for all rational numbers x,
f(x)=xf(@)+ @-x)f(0). Thus

f(x)=(f@Q)+ fa)x-f(a)=cx-"f(a) c="Ff1)+f(a). (1)
It follows that f(f(a)) = cf(a)— f(a) and in general
f(M() = c™1f(a)-c™2f(a)—- —cf(a)- f(a)
= fa)c™ ™t -c" P - - 1), by

Let m=2. Then we have 0= f(f(a))=cf(a)- f(a)= f(a)(c-121). If
f(a)=0, then f(x)=f@)x. If f(a)=0, then c=1 f(x)=x- f(a),
f(a)=a- f(a), 2f(a)=a and f(x) = x—a/2.

Let m > 2. From f(m)(a) = 0 and from equation (2), we get

Cm—l_cm—Z_..._c_le, (3)

If this equation has a rational root, then it will be 1 or —1. Since m -1 > 1, it
follows that 1 cannot be a root. If -1 is a root, then

(4)

If m—1 iseven, then it follows that 1 = 0 which is absurd. If m —1 is odd,
then it follows that —1 = 1 which is absurd. Thus equation (3) has no rational

solutions. Thus f(a)=0 andso f(x)= f(1)x if m > 2. This completes the
proof. O

Next we discuss the Abelian group (Z,, +) of the field (Z,, +, -).

Proposition 2. Let p > 2 be a prime number and let f : Z, — Z,, be
a2-semhom: a e Zy, f(x+y)=f(x)+ f(y)+ f(a), f(f(a))=0. Then
either f(a)=0, f(x)=f(Q)x or f(x)=x-a/2=x+ f(0)/2 for all x. If
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f is an m-semhom, m > 2, then either f(a)=0, f(x)= f(1)x or f(x)=

(f(1)+ f(a))x - f(a) suchthat (f(1)— f(0)™ - (f(1)- f(O)™ L +1=0.
Proof. The proof is similar to that of the preceding proposition. If we

take x, y =0, then —f(0)= f(a) and so f(x+y)= f(x)+ f(y)- f(0).

If we put x, y =1, then we get f(2)=2f(1)— f(0). Using induction, we

can show that for all integers m e Z,,, we have f(m)=mf(1)+(1-m)f(0).

In general, we have for all x, f(x) = xf(1)+ (L- x) f(0). Thus
f(x)=(f@Q)- f(O)x+ f(0)=cx+ f(0), c="Ff@)-f0). (5

Let m=2. Thus f(f(a))=0=cf(a)- f(a)= f(a)(c-1). If f(a)=0,
then f(x) = f(1)x. While if f(a)= 0 and f(a) is a unit, then ¢ = 1. Thus
f(x)=x-f(a). Then f(a)=a- f(a) andso 2f(a) = a. If m =2, then
a=0. Thus f(x)=x-a/2. Let m>2. From f(m)(a) =0 and from

equation (2), we get
c™1f(@)-cM?f(a)—-—cf(a)- f(a)=0.
If f(a)=0, then f(x)= f()x. If f(a)= 0, then we get
¢ oM ?2 __c-1=0, ™ t=1+c+--+c"2

We have three cases to consider: m—-1<p, m-1=p, m-1> p. If
m —1< p, then ¢ cannot be 1 for this would imply 1 =m —1mod p and
this is impossible. If m—1= p and ¢ =1, then 1 = p —1 which is absurd.
If m-1>p and m-1=kp+r, 0<r<p, thenif c=1 we have 1=

kp+r =rmodp which is absurd even if r = 0. Thus we have ¢™! =
Cc™t-1)/c-1)>c™-2c"11+1=0. Thus c is a solution of the

equation x™ —2x™ 1 +1=0, x#1 m> 2. For example, x> —2x> +1
=0, x # 1 hasno solution in Z3 but it has a solution x = 3 in Zs. O
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Proposition 3. The set of 2-semhoms on the group (Q, +) with the

composition operator is a commutative inverse semigroup. The set of
2-semhoms on the group (Z, +) with the composition operator is a finite

commutative inverse semigroup.

Proof. The proof is direct: (x —a/2)o (x —b/2) = x — (a + b)/2 which
is a 2-semhom. Also, (x —a/2) e (x +b)o(x —a/2) = x —a/2 implies that
Xx—(a/2)+b—-(a/2)=x-(a/2) and so b = a/2 and the inverse of x — a/2
is x + a/2. Since the idempotents commute, the commutative semigroup is
an inverse semigroup. O

Now let us try to solve the following problem. Let n > 2 be a positive
integer not necessarily a prime. Find all 2-semhoms on Z; i.e., all functions

f :Z, > Z, such that there is a — Z,, which makes the following equation
hold: f(x+vy)= f(x)+ f(y)+ f(a), ff(a)=0.

We first notice that f(x) = (f(1)— f(0))x + f(0), f(0)=—f(a). From
f(f(a)) =0, it follows that f(—f(0))=0=(f(1)- f(0))(-f(0))+ f(0) =
(f(O))2 - f(0)f(Q)+ f(0)= f(0O)(f(0)+1- f(1)). Thus the 2-semhom f
is completely determined by f(0) and f(1). If f(0) is a unit, then f(1) =
f(0) +1. Let for all m € Z,,, w(m) denote the number of annihilators k of m
in Z,,. Thus km = 0 mod n. This is the same as the number of annihilators of
gcd(m, n) in Z,, and this is gcd(m, n). Thus for any f(0), there are y(f(0))

of 2-semhoms corresponding to f(0). Thus the total number of 2-semhoms
is an_:lo ged(m, n) =n+ ZEngd(ky n).

We first notice that any 2-semhom is of the form f(x) = (f(1) - f(0))x
+ f(0), f(0)=-f(a), f(0)(f(0)+1- f(1))=0. Thus f(x)=Mx+ f(0),
f(0)A-M)=0.

Proposition 4. The set of 2-semhoms on the Abelian group (Z,, +)
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under the operation (Mqx + f(0)) o (M,x + g(0)) = M{Mox + f(0)g(0) is

a commutative semigroup of order n + Zﬂj ged(k, n).

Proof. The first part of the proposition was proved earlier. The set of all
2-semhoms is not closed under composition as was noted earlier and as
shown in Example 5. But this set is a commutative semigroup under the
operation (myx + kq) o (MoX + Ko ) = mymoX + kyko. For if mx + kq, mox + ko

are 2-semhoms, then
(my =1k =0, (My —1)ky = 0 = miky = ky, Maky = ky (6)
= m1m2k1k2 = k1k2 = (m1m2k1k2 —1) k1k2 =0. (7)

Thus (MyX + ky) o (MoX + Kp) = mmyx + kyk,. This operation is well defined

and commutative. O

Example 5. Let us find all 2-semhoms f : Zg — Zg. If k =0 = f(0),
then f(x) = Mx, totalling to 6. If k =1 = f(0), then M =1 and we have
only one such function: f(x) = x+1.If k =2, then M =1, 4 giving x + 2,
4x+ 2. If k=3, then M =1, 3,5 giving x+ 3, 3x+ 3, 5x+ 3. If k = 4,
then M =1, M =4 giving x+4, 4x+4. If k=5, then M =1 giving
X +5. Thus we have: 0, X, 2x, 3x, 4x, 5x, x+1, X+ 2, 4x+2, X+3,
3x+3, 5x+3, x+4, 4x+4, x+5 totalling 15 functions. We notice that
6 + gcd(l, 6) + gcd(2, 6) + gcd(3, 6) + gcd(4, 6) + gcd(5,6) =6 +1+2+3
+2+1=15 as claimed. For example, if we pick f(x)=4x+ 4, then
f(x+y)=4x+4y+4, f(x)+ f(y)=4x+4y+8 and we see that
fx+y)=f(xX)+ f(y)-4=1f(x)+f(y)=2, 2=4x+4, %=1 and
2="1(Q), f(fQ)= f(2)=4(2)+4=0. We notice that the composition
of the two 2-semhoms: x + 5 after 4x + 4 is 4x + 3 which is not a 2-semhom.
The resulting semigroup is a commutative semigroup of order 15. It is an

inverse semigroup because it is commutative and the cube of every element
is the element itself.
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Example 6. Similarly we see that all such functions f : Zg — Zq are
0, X,2X,...,8x and x+1 and x+2 and x+3, 4x+3, 7x+3, X+ 4,
X+5 X+6, 4x+6, 7x+6, x+7, x+8 totalling 21. We notice that

9+Zizlgcd(n, 9)=9+1+1+3+1+1+3+1+1=21 as expected. The

resulting semigroup, although commutative, is not an inverse semigroup.
(Xx+3)o(mx+d)o(x+3)=mx forevery mx and so x + 3 is not a regular

element in this semigroup.

Problem 7. Is it true that the semigroup of all 2-semhoms on Z,, n > 2,
n is not a prime, is an inverse semigroup if and only if n is square-free?
Problem 8. What is the structure of the set of all m-semhoms, m > 2, of

the Abelian group (Z,, +)?
Problem 9. What is the structure of the set of all semhoms on the
Abelian group (Z, x Z, +) or the like?
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