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Abstract

In a previous work, we investigated the stability of passive cloud flows
at the stage of condensation and found that this process favored the
instability of the flow. In the present paper, we diagnose the capacity
of both gravity and entrainment to generate also instability
mechanisms in passive cloud flows. The study shows that gravity
waves cannot generate instability in the flow, whereas the entrainment
is very destabilizing. Moreover, the amplification rate of the unstable
modes is proportional to the entrainment rate and the flow becomes
more and more unstable along with higher entrainment rate.

l. Introduction

Instabilities mechanisms are common physical phenomena occurring in
one phase or multiphase fluid flows (Charru [1], Drazin [2], Danho [5],
Takeuchi et al. [11], Timoshin and Smith [9], Malick and Singh [10], de
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Verdiére and Te Raa [12], Pasa [13], Wang et al. [14], Zhen et al. [15], Seo
[16] and Milleta et al. [20]).

Cloud flows in natural environment display multitude of regimes with
variability in space as well as in time. However, any changing in the flow
regime is most of the time accompanied by thermodynamics and momentum
parameters variation leading to also phase changing in the cloud. All these
processes determine the cloud status. The passive clouds are those which do
not contain falling droplets and the active ones are those in which raindrops
are present. Among many factors that influence the cloud dynamics,
instabilities are some of the main mechanisms that impulse the changing.
Many works have been done on this matter. Stability of atmospheric clouds
flows has intensively been performed these last thirty years along with
computational capacities. Most of those studies had been focused on frontal
systems instabilities and particularly on conditional symmetric instabilities
(Lemaitre et al. [24] and Xu and Clark [21-23]). More recently, interest on
the study of atmospheric clouds and those involving droplets dynamics as
well has increased (Djué et al. [3, 6] and Shima et al. [17], Tao and Moncrieff
[18] and Van Weverberg et al. [19]). Focus on interactions between air
proper dynamics on the one hand and the cloud formation and maturity
towards rainfalls dynamics has also increased (Djué et al. [3, 6], Grabowski
et al. [25], Shima et al. [17] and Tao and Moncrieff [18]). On the other hand,
these processes are very often sustained by instabilities mechanisms (Djué et
al. [6, 8]). Recently, Djue et al. [4] have pointed out that the instability of a
convective passive cloud is governed by an entrainment process between the
cloud and its surrounding environment and that feeds the cloud parcel. They
also found that convective passive clouds are stable to internal and gravity
waves in the low atmosphere on the Jean vertical extent scale. In a newer
paper, they pointed out [7] that the condensation process also enhances the
flow instability in passive clouds.

The present study is conducted to see if the accounting of cloud droplets
in the passive cell contain can change the flow instability mechanisms.
Indeed in [4], only the water vapor was considered in the cloud composition
and this question was raised.
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I1. Linear Stability of an Isolated Passive Cloud Cell Flow in
a Uniform Gravity Field

The model governing the flow is similar to the one used in [3, 7] with a
supplementary term accounting for gravity:

OtPa +U0;pa + Ppad U = &,
ﬁtrl + Uazrl = &2,
Oth +Ud,;n = &3, (1)
1
Otu +Ud,u+ ———=0,p = &4,
t z pa(1+ rl) Zp &4

Otp + pall + rl)Cs%azu +Ud;p = &s,

g =8 =83 =E5=0 and & =-g(1+n +n). 2

Pa> 1, M, U and p are, respectively, the dry air density, the water vapor
mixing ratio, the cloud water mixing ratio, the velocity and the pressure, Cg

is the sound speed.
It is easy to check that the following hydrostatic equilibrium flow

pg = Pa, = Cste; P = o = Cste; o o = Cste; u = o;

p° = pg - 9pa, (1 + Mo +10)Z;  Po = Cste 3)
is a solution of (1).

As usual, we add a perturbation to the above equilibrium stationary flow
to investigate its stability. We can write

Pa = Pa, +Pa; N=ho+T; NK=ny+h; u=0;
P =(Po—9pa,(1+ 1o +0)2)+ P, “4)

so that (1) becomes after linearization
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OtPa + Pa, 02U =0,

ot =0,
8IF2 =O,

. g( o j~ 9 -, 9 - 1 =
ofU+—|1+ + n+ h+ 0,p =0,
7 pay T )2 " T 1 Tan, 2 Pa, (1 +10)

0P +1.4(1-0.1r10) (po — 9pa, (1 + 1o + 1) 2)0,U

= 0pa, (1 + g + 1)U = 0.
(%)
The passive warm cloud model we are dealing with here is applicable to

small cumuli at initial formation or fog which are located at altitude not

higher than 1500 meters. These altitudes are compatible with the Jean’s scale
zp [1, 4],

2
Zh = (1- O.lrio + rzo)%o ©
such that
Bp = 1.4(1 = 0.1r0) (Py — 9pa, (1 + g + 120)2) (7
can be approximated by
By = 1.4Py(1 - 0.1r9). (8)
Zy, is approximately 9kms and (5) becomes
OtPa + Pa, 0.0 =0,
oif =0,
o0t =0,
uu +%(1 ' 112?10%‘3 ' 1+ng0 e 1+gr10 N pa0(11+ r10)aZﬁ =0
0t P +PBo0,U — gpa, (1 + g + yo)U = 0.

©)
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9) admits solutions in the form X(z, t) = Xexp j(kz — wt), where 2= 1.
( pJ J

k is the wave number and o is the pulsation. K € R and w € C. We have

then to solve the following algebraic system of equations:
—0pg + kpa,U =0,

-of; =0,

-of, =0,

—jm0+i(l+r20)ﬁa+ 9 ¢ Jk

f + fy +
Pa, T+ng ' T+ng 2 pa (T+1p)

—op + [jkBo + jgpa, (1 + 1o + )] = 0

which associated dispersion relation is
—jo’[w? - k23] =0.
This leads to

0] = 0, 0y = kCO and 03 = —kCO.

(10)

p=0,

(11)

(12)

These neutral modes, already encountered when we studied isolated

convective atmospheric cells in a gravity field [4], show us that gravity has

no destabilizing effect on passive clouds flow in absence of entrainment.

I11. Linear Stability of an Open Passive Cloud Flowing in a

Uniform Gravity Field

As the cloud is open, it has exchanges with its surrounding [3, 4]. Let us

now account for the entrainment rate in the model governing the cloud flow

to investigate the entrainment impact on the flow stability. This model has

already been used in [3]. For the present study, the terms present in the

equations have been finely computed and the linearization of mixing ratios

terms has been done with judicious care. This leads to
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Otpa +U0zpa + Pad U = &y,
ﬁtrl + Uazrl = &2,

6tr2 + u62r2 = &3, (13)

1
oU +Uud,uU+————<0,p=E&,4,
t Z pa(1+r1) Zp &!4

orp+1.4p(1-0.1n)o,u +ud,p = &s,

where
& = %(H n+n); &= Y(liere - flj; &3 = -1
&4 =-9(l+ 1 +1);
Es = YTI P + YT3Pa + ¥ToPall + VT3paly + YT4PN + TSP, (14)

with

2r, 1 35
e = _—e — —_—— e . e = .
1 = 1 I + 25 (1 Iy (05} j, Ty = 0.2645Cpeee,

e Pe '€ e . e 2 . e
- . - 2.2 .
I ( 1+r1, ) 2.5 (1 + Ty lj’

e 1 3.5 e e Cpe
_ —_— : = . 15
5775 [1 +r, j al (15)

In the above equations, « e » is relative to the environment.

As the entrainment rate is low, we can see that the equilibrium stationary
flow defined in (3) is also solution of (13).
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By introducing (4) into (13) and after linearization, we get
OrPa + Pagdall = T Pag i — i (1 +10)Pa = 0
e T A e a =
Oty + 11 = 0,

at?Q +YF2 =0,

= 9+ 1)~ g9 -, 9 - = (10
oo + pa, pa+1+r10 f +1+r10 h +0pd;p =0,
0D + Bpd,0 — gn°T — y(x} + t4rp + 18r0) P
— (5 (1 + 1a9) + T5110)Pa — V(1§ + T3pay )Ty — vTGP°F = 0,
n® =141+, g ! (17)

~ paol+ 1)

Working again within the Jean’s scale z}, range (z < zj, ), the approximations

lead to a homogeneous system of PDEs which modal solutions verify the

following system:
(ymyo — j®)pa + ikpa, U + vro0fi + yma0f, =0,
(-jo+7y)f =0,

(—jo+7y)fh =0,

(18)
—Joul + m30pa + maof + mhofy + jkogp =0,
—(jo + y(x} + T3n0 + 15r0)) P + (JBok — gpaono)lj
—(5(1+ 1) + T5110)Pa — V(4R + T5pa, )i — Y73 Pof, = O,
where
1 Pa
Ty = —E(l +ho + o) T = —1+0re ;
1
myo = 30 20) G (19)

Pay 40_I'H’IO'



130 N. R. Djue, Y. Kramoh, E. Danho and B. D. Asseke

The dispersion relation associated to (18) is
(—jo+)*[(rmi0 — jo)[io(jo + ¥(zf + 4o + t8np))
~ Jketo(Bok — gpayn”)]
: : e e e
— Jkpa, [=m30(jo + y(tf + T4h0 + T5r20))
+ jkougy(t§(1+ 1) + 1710 = 0 (20)
that gives either

(mjo+y) =0 0=—j 1)

or
(vm10 — jo)[io(jo + v(xf + tiho + t8ng)) — jkag(iBok — gpayn”)]
— jkpag [~m30(jo + ¥(3f + 4hig + T5r0))
+ jkagy(t5(1+ 1) + 1519)] = 0 (22)
o
jo© —ylmyg = (xf + 1érp + T8 )]0’
— jlk*cg = vPmo(xf + t4hg + 18ng)]o + yryo(kicy + jkgpaoaoﬂo)
+ jkrzopa, v(tF + Tirig + T8r0) + kZpa ctgv(t5 (1 + ag) + 511) = 0, (23)
since
gpaonoao = Pa,T30 and ogBo = G- (24)
Finally, (23) can be rewritten
© + jylmyg — (1§ + t4rg + 1800)]0’

22 2
= [k*cy =y mo(xf + 14h0 + 15h0)]0
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0
+ Kpa, Y[m30(T1 + 4hio + T5ho) + mogon' ]

) 2
— Jk“Y[mi0Ch + pagoo(t5(1+ rag) + 15139)] = 0. (25)

Let us note that (25) is in the form

o +aw’ +bo+c =0, (26)

where
a = jylmo — (] + 4ho + t5r0)); (27)
b = —[k?c§ — v*myo(xf + tirg + 8o, (28)

0
¢ = kpa, Y30t + 13hg + 15h0) + meGagn” ]

— jky[myocq + Pagato(t5(1 + 1) + 1510)] (29)

The using of Cardan method leads to

o) = (3 oy — t] cos(%)

+ j[(3 o) + %/L_ljsin(g) —%Y[nm - (rle + rﬁrlo + Tg"zo)]} (30)

" j[(3 “r %/L_jsin@—fnj_%y[nw (T} +Tdno + Tgrzo)]}, (31)
1
o5 = (Ve - g foof £57%)

+ J[(% + %/(Ix—lem(d) +327t) _%y[mo —(rf + rﬁrlo + rgrzo)]} (32)
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where

1 2 2 2.2
I = 37 [m1o — (xf + t3ho + t8rg)]” — k7cq, (33)

2 1,292 2 2
aj = Zk v lmo — (xf + t4no + tshg)]key — 9]

2
2
+ [m K¢y + k>[m10Ch + Pago(t5(1+ 1) + rzerlo)} )

Taking each mode alone, it is not easy to determine algebraically the sign of
the imaginary part. However, we can see that their sum is a pure imaginary

complex number:
o + 0y + 03 = —jy[rg = (] + t4ho + T5r0)] 35)

The computation of [ty — (T} + T4l + T5h)] gives

1+ (1 + 2.44)!’10 + I + 4.9|’e

e e e
T — (T + T4h0 + Tshy) = - T+ T+r
e e

+ re(2.9r20 — 4.54rer10)
1+r1, '

(36)

As the mixing ratios are weak (of order 1072 ), then mjy — (tle + rﬁrlo +

8ry) is a negative number. Since in general y > 0, therefore the imaginary
part of the sum ®; + ®, + ®3 is positive. This means that at least one among
the eigen frequencies has a positive imaginary part. This result is sufficient to
conclude that the flow is destabilized when the cloud is nourished by its
surrounding through the entrainment process in which y > 0. Moreover,
when the cloud loses mass and energy for the benefit of its surrounding by an
entrainment process in which y <0, we remark that the flow is still
destabilized since from (21), @ = —jy has a positive imaginary part. So,
whatever the sense of the exchange between the open cloud cell and its
surrounding, the entrainment lets the cloud cell unstable. This result is
confirmed by the direct simulations. Some results of these simulations are

presented below for respectively y = 10_4; Y= 10_3; Yy = 1072 and y =0:
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Case y = 107,

o] = —324.5352 + (4.7721e — 005)i
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Figure 1. Eigen frequencies for y = 1074,

Case y = 1073,
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Figure 2. Eigen frequencies for y = 1073
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Case y = 1072,

®; = —324.5352 + 0.0048i

®, = 324.5352 + 0.0048i

o3 = 1.4131e — 006 — (2.4666e — 004)i

2000

1500

1000

S00 -

ok

-500

-1000

-1500 |

_Z000 . " . L L n "
-Z2000  -1500 -1000 -500 u] sS00 1000 1500 2000

Figure 3. Eigen frequencies for y = 1072,

Case y = 0.
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Figure 4. Eigen frequencies for y = 0.
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Results and comments

The simulations confirm the theoretical results. The red dots on the
figures represent unstable modes affixes whereas the green ones represent the

stable modes. When 7y # 0, there are two unstable modes ®; and ®,, as
illustrated by Figure 1, Figure 2 and Figure 3. The stable mode w5 is very
close to 0. It appears that the real part of the unstable modes ®; and ®, does

not depend on the entrainment rate y. This real part defines the instability

waves speed that is linked to the sound speed ;. The two unstable modes
®; and ®, have the same imaginary part that is very dependent upon the

entrainment rate y. We observe that this dependence is linear when we run

the model for different values of y from 0. For the stable mode w3, the real

part as well as the imaginary part are linearly dependent upon y. Moreover,

the result of the simulation for the case y = 0 (Figure 4) shows that w3 =0
as well as the imaginary parts of the modes ®; and ®,. Finally, we must say

that the entrainment has a destabilizing effect on the passive cloud flows, in
the presence of cloud water.

IV. Conclusion

The present paper aimed to investigate the impact of the surrounding air
entrainment rate on the stability of small cumuli and fogs assimilated to
passive clouds involving very small droplets flows. Those clouds matured
inside the Jean’s layer of thickness less than 9kms from the ground and their
stability is not affected by gravity waves. However, any nourishment of these
clouds or dissipation of them by an entrainment of the surrounding
environment makes them become very unstable to any infinitesimal
perturbation. The digital simulations revealed that the instability is strongly
governed by the entrainment rate. The entrainment process characterizes
roughly the melting of the cloud cell with its nearby environment through an
instability mechanism. We showed that the amplification rate of the unstable
modes is proportional to the entrainment rate y. Thus, the higher the value of
the entrainment rate, the more unstable the flow becomes and is susceptible
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to develop a chaotic behavior. The present result has already been pointed

out in [4]. However, in [4], cloud droplets were not taken into account in the

model and the question was, if they had been, the results would have been

the same? Moreover, in [4], we did not know how the amplification rate

varied with the entrainment rate. The present study closes definitely the

question: gravity does not destabilize passive clouds flows whereas exchange

of the cloud cell with its surrounding through the entrainment process

generates an instability mechanism in the flow leading to potential changes in

its dynamics as well as thermodynamics.
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