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Abstract

Shen et al. [14] proved the convergence of the sequence of fixed
points for some sequences of contraction mappings satisfying certain
conditions in fuzzy metric space. In this paper, we define some
properties and obtain the convergence of the fixed points sequence
for pointwise convergent sequences of contraction mapping and IFM
satisfying certain conditions in IFMS.

1. Introduction

Kramosil and Michalek [4] introduced the concept of fuzzy metric space.
Grabiec [2] extended fixed point theorems of Banach and Edelstein to fuzzy
metric spaces in the sense of Kramosil and Michalek. Kutukcu et al. [5]
extended fixed point theory to other types of fuzzy metric space in recent
years, and Shen et al. [14] proved the convergence of the sequence of
fixed points for some sequences of contraction mappings satisfying certain
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conditions in fuzzy metric space. Park et al. [12] proved the existence of
fixed point for a nonexpansive mapping of intuitionistic fuzzy metric space
(shortly, IFMS) and the intuitionistic Banach fixed point theorem in complete
IFMS, respectively. Also, Park [9, 10] extended fixed point theory to others
types of IFMS.

In 2013, Park [11] studied some common fixed point theorem in IFMS,
and proved a fixed point theorem for a pair of k-weakly commuting
mappings in IFMS. Also, Park et al. [8] extended some common fixed point
theorem for five maps to M-fuzzy metric spaces.

In this paper, we define some properties and obtain the convergence of
the fixed points sequence for pointwise convergent sequences of contraction
mapping and IFM satisfying certain conditions in IFMS.

2. Preliminaries

In this section, we recall some definitions, properties and known results
in the IFMS as following:

Let us recall (see [13]) that a continuous t-norm is an operation
* 1[0, 1] x [0, 1] — [0, 1] which satisfies the following conditions: (a) = is
commutative and associative, (b) * is continuous, (¢) a*1=a for all
ael0,1], (d) a*b<c=*d whenever a<c and b<d (ab,c,del0,1)).
Also, a continuous t-conorm is an operation ¢ : [0, 1] x [0, 1] — [0, 1] which
satisfies the following conditions: (a) ¢ is commutative and associative,
(b) ¢ is continuous, (c) a¢0=a forall ac[0,1], (d ad¢b>c¢d

whenever a<cand b<d (a, b, c,d [0, 1]).

Definition 2.1 ([7]). The 5-tuple (X, M, N, , 0) is said to be an
intuitionistic fuzzy metric space (shortly, IFMS) if X is an arbitrary set, = is a
continuous t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on

X2 x (0, ) satisfying the following conditions; for all x, y, z € X such
that
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(@ M(x, y,t)>0,
(b) M(x, y,t) =1 ifandonly if x =y,
(© M(x, y, t) = M(y, x, 1),
(d) M(x, y, t) * M(y, z,5) < M(X, z, t +5),
(e) M(x, y, -): (0, ) — (0, 1] is continuous,
(® N(x, y, 1) >0,
(@) N(x, y,t)=0 ifandonlyif x =y,
(h) N(x, y, t) = N(y, x, 1),
(i) N(x, y, t) © N(y, z, 8) > N(x, z, t + 5),
(4) N(x, Yy, -): (0, ©) — (0, 1] is continuous.
Note that M, N is called an IFM on X. The functions M(x, y, t) and

N(x, y, t) denote the degree of nearness and the degree of non-nearness
between x and y with respect to t, respectively.

In this paper, X is considered to be the IFMS with the following
condition: forall x, y e X and t > 0,

lim M(x, y,t)=1, lim N(x, y,t)=0. (2.1)
t—w© t—o0

Definition 2.2. Let X be an IFMS. Then

(a) A sequence {x,} is said to converge to x in X, denoted by x, — X,
if and only if lim,_, M(x,, X, t)=1 lim,_, N(x,, x,t)=0 for all
t > 0, that is, for each r € (0,1) and t > 0, there exists an ny € N such
that M (X, X, t) >1—r, N(xy, X, t) <r forall n > ng.

(b) A sequence {x,} < X isa G-Cauchy sequence if and only if for all
p>0andt>0,

lim M(Xpips Xp, ) =1 lim N(Xq, p, Xy, t) = 0.

N—o0 n—oo
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(c) The IFMS X is called G-complete if every G-Cauchy sequence is
convergent in X.

Lemma 2.3 ([7]). Let X be a G-complete IFMS. If there exists a number
k € (0,1) suchthatforall x, y e X and t > 0,

M(Tx, Ty, kt) > M(x, y,t), N(Tx, Ty, kt) < N(x, y, t),
then T has a unique fixed point.

Definition 2.4. Let X be an IFMS and let {T,,} be a sequence of self-
mappings on X. Ty : X — X is a given map. The sequence {T,} is said to
converge pointwise to Ty if for each r € (0,1) and t > 0, there exists an
ng € N such that for all n > ny and x € X,

M (ThXg, ToXg, t) >1—r1, N(T,Xg, ToXg, t) <T.

Definition 2.5. Let X be an IFMS and let {T,} be a sequence of self-

mappings on X. Tp : X — X is a given map. The sequence {T,} is said to

converge uniformly to Ty if for each r € (0, 1) and xg € X, there exists an

ng € N such that forall n > ny and x € X,
M (T X Tox, t) >1—r, N(Tx, Tox, t) <.

Definition 2.6. Let X be an IFMS. A sequence of self-mappings {T,} is
uniformly equicontinuous if for each r € (0, 1), there exists an ¢ € (0, 1)
such that for every x,ye X, neN and s,t>0, M(x,y,s)>1-g¢,
N(x, y, s) < ¢ implies

M(TX, Toy, ) >1—1, N(Tx, Tpy, t) <r.

Definition 2.7. Let X be an IFMS. The open ball B(x, r, t) and closed
ball B[x, r, t] with center x € X and radiusr, 0 <r <1, t >0, respectively,
are defined as follows:

B(x, r,t)={ye X :M(x, y,t)>1—r, N(X, y, t) <r},
Blx, r,t]={y e X :M(X, y,t)>1—r, N(x, y, t) <r}.
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Definition 2.8. An IFMS X is a compact space if (X, 1y y) is a
compact topological space, where Ty, y Is a topology induced by the
intuitionistic fuzzy metric M, N.

Lemma 2.9 ([9]). () Every open(closed) ball is an open(closed) set.

(b) Every closed subset A of a compact IFMS X is compact.

Lemma 2.10. Let X be an IFMS and let {T,,} be a sequence of self-
mappings on X, Ty : X — X be a contraction mapping of X and A be a
compact subset of X. If {T,} converges pointwise to Ty in A and it is a

uniformly equicontinuous sequence, then the sequence {T,} converges

uniformly to Ty in A.

Proof. For each r e (0,1), we choose an appropriate r such that
@l-r*Q-r)y*x@-r)>1-rand r Or &r <F. Since {T,} is uniformly
equicontinuous, there exists ¢ e (0, 1) with ¢ < r such that if M(x, y, s) >
1-¢, N(x, v, 8)<g, then M(TyX, Tpy, t) >1—r, N(Tox, Ty, t) <r for
every X,ye X, s,t>0 and ne N. For g we fix s> 0. Define =
{B(x, &, s): x € A}. By Lemma 2.3, B is a family of open sets of A. Clearly,
B constitutes an open covering of A. Thatis, A c U{"1B(X;, &, ). Since A is
compact, there exist X;, Xy, ..., Xy € A such that A < UlL;B(x;, &, s). For
every xj € A(i =1 2, .., m), since {T,} converges pointwise to Ty in A,
there exist nj e N (i =1, 2, ..., m) for r € (0, 1) such that M (T, x;, Tox;, t) >
1—r, N(TpX, Toxj, t)<r forall n>n;. Putting n* = max{n; :i=1,2, ..., m},
then n* depends only on r. For x € X, there is an igel{i=12 .., m}
such that x e B(xio, g, ). Hence, we have that if M(X, Xig s)>1-g¢,

N(X, Xy, s) <&, then M(Tpx, TpXj, t) >1 -1, N(TyX, Tpxj,, t) <r forall

n e N. Thus, forall n > n*,
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M (T, X, ToX, 2t + ks)
2 M(TpX, TnXiy, t) * M(TyXj,, ToX, t +ks)
> M(T,X, Tnxio, t) * M(Tnxio, Toxio, t) * M(Toxioy Tox, Ks)
> M(Tpx, Tnxio, t) * M(Tnxio, Toxio, t) M(Xio, X, S)
>(1-r)x1-r)x(1-¢)
2(1-n)*x1-rx0-r)>1-T,

N(ThX, ToX, 2t + ks)
< N(TpX, TpXig, t) © N(TpXi, ToX, t +Ks)

< N(TpX, TpXigs 1) © N(TpXi» ToXiy, t) © N(ToXi;, ToX, Ks)

IA

N(ThX, TnXig, t) O N(TyXi;, ToXiy» t) O N(Xjg, X, s)
Sroroesroror<r.
Hence, the sequence {T,} converges uniformly to Ty in A. O

Definition 2.11. An IFMS X in which every point has a compact
neighborhood is called locally compact.

Definition 2.12. Let X be an IFMS with IFM Mg, Ng and let {M}
and {N,} be sequences of IFM on X.

(a) The sequence {M} is said to upper semiconverge uniformly to M
if for each r € (0,1) and t >0, there exists an ny € N such that M (x, y, t)

Mo(X, Yy, t)
>Mo(x, y,t)and —2 2511 foralln>ny, X, y € X.
0( y ) Mn(X, y,t) 0 y

(b) The sequence {N,} is said to lower semiconverge uniformly to N if
for each r € (0,1) and t > 0, there exists an ny € N such that N,(x, y, t)

No(X, y, t)
< No(x, y,t)and —22 2 2 ¢ forall n>ny, X, ye X.
O( y ) Nn(X, Y, t) 0 y
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3. Main Results

Theorem 3.1. Let X be a G-complete IFMS and let {T,,} be a sequence
of self-mappings on X, where t-norm a*b = min{a, b} and t-conorm
a ¢ b = max{a, b}. Ty is a contraction mapping of X, that is, there exists
ko € (0, 1) such that M (Tpx, Tpy, kot) = M(X, y, t) and N(Tpx, Ty, Kot) <
N(x, y, t) forall x, y e X, t >0, and satisfying ToXg = Xq. If there exists
at least a fixed point x, for each T, (ne N) and the sequence {T,}

converges uniformly to Ty, then x, — Xg.

Proof. Suppose that x, —+ Xg, there exist ty > 0, rp € (0, 1) such that
forany n e N, there is a k(n) > n satisfying M (X(n), Xo, to) <1-1p and

N(Xk(n), X0, to) > fo. Fixed a number h e (ko, 1), from (2.1), we can

p
find peN for tyg >0 such that M[xn, X0, to(klj J>1_ fp and
0

P
N[xn,xo,to(%j J<r0 for any neN. Since the sequence ({T,}

converges uniformly to Ty, we can make ng sufficiently large such that
M (TpXn, ToX, t) >1—19 and N(T,X,, ToX, t) <1y for all n>ng, t>0.

Now for n > ny, we have
1-15 > M (Xk(n), Xo: to)
= M (Tk(n)Xk(n)» To%o, to)

2 M (Ty(n)Xk(n)> ToXk(n): 2= h)to) * M(ToXc(n), ToXo. hto)

ht
= M(T(n)Xk(n): ToXk(n)» 1= h)to) * M (Xk(n)v X0, k_(?j

1-h)h
2M(Tk(n)xk(n)’TOXk(n)’(1_h)t0)*M(Tk(n)xk(n)aTOXk(n)'tO( ko) j
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h\2
* M(xk(n), X0, to(%) J

> ...

1-h)h
ZM(Tk(n)xk(n)vTOXk(n)’(1_h)t0)*M(Tk(n)xk(n)aTOXk(n):tO( ko) )

h\P
* o0k M| Xi(n), Xo:to(z)

2(l-r)*l-r)**1-r)=1-1,
1o < N(X(n), %o to)
= N(Tk(n)(n): ToXo: to)

< N(Tk(n)Xk(n): ToXk(n)» X =M)tg) © N(ToXg(n), ToXo, hto)

ht
< N(Tk(n)Xk(n)» ToXk(n), 1= M)tg) © N(Xk(n)’ X0, k_(?j

1-h)h
< N(Tk(n)Xk(n)» ToXk(n), 1= M)tg) © N(Tk(n)xk(n)' ToXk(n): to ( ko) j

h 2
ON Xk(n)’ X0» to(gj ]

<...

1-h)h
< N(Tk(n)Xk(n)» ToXk(n), 1= M)tg) © N(Tk(n)xk(n)' ToXk(n): to ( ko) j

h\P
O---ON Xk(n)' X0, to(g)

Sro <>r0 Q-0 Ip =Ip-

Therefore, this is a contradiction. Hence x, — Xp. O
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Theorem 3.2. Suppose that X is a locally compact IFMS. Let {T,} be
a sequence of self-mappings on X and let Ty : X — X be a contraction

mapping. If the following conditions are satisfied:
(a) T," is a contraction mapping for a certain m = m(n),

(b) {T,} converges pointwise to T, and {T,} is a uniformly

equicontinuous,
©) ToXp =%, X=0,12, ...,
then the sequence {x,} converges to X.

Proof. We can choose r e (0, 1) for each ¢ e (0, 1) such that (1—r) *
(I-r)=1-¢ and r O r <& Assume that r is sufficiently small for given

Xp € X such that
U(xg, ) ={Xx:M(X, Xg, ) =1—r, N(X, X9, t) <1}

is a compact subset of X. Since {T,} is uniformly equicontinuous and
pointwise convergent onU(Xg, r), by Lemma 2.10, {T,, } converges uniformly
to Ty on the compact subset U(Xg, r). Then for that r, there exists n, € N
such that M (T,X, ToX, (1 —kgp)t) >1—r and N(T,x, Tox, (L —kg)t) < r for
all n>n,, t>0and xeU(Xg, r). Also, since Ty is a contraction mapping,
we have M (Tgx, Toy, kot) = M (X, y, t) and N(Tpx, Toy, kot) < N(x, y, t)
for all x, y eU(xg, r). Thus, for all n>n, and x eU(Xg, r), we can

obtain

M (T, X, Xg, t) = M (T, %, TpXg, t)

v

M (TnX, TOX, (1 - ko)t) * M (Tox, TOXO! kot)
> M (T, ToX, (L= kg)t) * M(X, X, t)

>(1-r)x(1-r)>1-g¢,
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N(TpX, Xg, t) = N(TpX, TpXg, t)

IA

N(TnX, TOX, (1— ko)t) 0 N(Tox, TOXOv kot)

IN

N(TpX, ToX, (1 —kg)t) O N(X, Xg, t)

<ror<e
Hence, for all n > n,, U(xg, r) is an invariant set for T,". Since T," is a
contraction mapping for a certain positive integer m = m(n), the fixed point
X, of T, is contained in the set U(Xq, r). By definition of U(xg, r), we
have M(Xn, Xg, t) =1 —r and N(x,, Xg, t) < r for all n > n,. Therefore,
Xn —> Xo- U

Lemma 3.3. Suppose that X is a G-complete IFMS. Let A be a compact
subset of X, where t-norm a *b = min{a, b} and t-conorm a ¢ b = max{a, b},

and let {M,} and {N,} be sequences of IFM, {T,} be a sequence of self-
mappings on X. If they satisfy the following conditions:

(@) {M} upper semiconverges uniformly to Mg,
(b) {N,} lower semiconverges uniformly to N,

(c) T, is a contraction mapping for the IFM M, and N, n=
01%2..,

(d) {T,} converges pointwise to Ty,
then {T,} converges uniformly to Ty in A with IFM Mg and Ng.

Proof. We can choose r e (0, 1) for each ¢ € (0, 1) such that (1—r) =

(I-r)=1-¢andr O r <e From(a)and (b), there exists n, € N such that

Mo(x, ¥, t)
Mp(x y, t) > Mg(x, vy, t), M. (x, v, 0) >1-r1, Np(x, ¥, 1) < Ng(x, vy, t)
and No(x, ¥, ) <r forall n>n,, t>0. Choose x,ye X such that

Nn(X, y, t)
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Mo(x, y,t) >1—r and Ng(x, y, t) <r for each t > 0. Then we have for
all n > n,,

Mo(Tox, Ty, 1) = Mo Y. Oy 7y )

o\'n” In)s Mn(x,y,t) n\'n? InYs

> (1_ r) * Mn(TnXa Tny: t)

>(1-r)=* Mn(x, Y, %) (ky €(0,1)

>@1-r)* Mo(x, Y, kij
n
>@AL-n*1-r)>1-g¢,
Npo(X, v, t
No(Thx, Ty, t) = % O Np(Tox, Tpy, t)

<r O N,(Tx, Tpy, t)

IN

ro Nn(x, Y, %) (kn € (0, 1))

IA

ro No(x, Y, ki)
n

<rdor<e.

Therefore, the sequence {T,} is uniformly equicontinuous in A with
IFM Mg and Ng. Also, by (d), since {T,,} is pointwise convergent and A is
a compact subset of X, we have {T,}(n >n,) converges uniformly to T,
in A from Lemma 2.10. Thus, {T,} converges uniformly to Ty in A with

IFM Mg and N. 0

Theorem 3.4. Suppose that X is a locally compact IFMS, where t-norm
a*b =min{a, b} and t-conorm a ¢ b = max{a, b}. If {M,}, {N,} and

{T,} satisfy the following conditions:
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(@) {M} upper semiconverges uniformly to Mg,
(b) {Np} lower semiconverges uniformly to Ny,

(c) T, is a contraction mapping for the IFM M, and N,, n=
01%12..,

(d) {T,} converges pointwise to T,
€ Toxp =%,,n=0,12, ...,
then the fixed points {x,} of {T,,} converge to the fixed point xy of Tj.

Proof. We can choose r e (0, 1) for each ¢ e (0, 1) such that (1—r)*
(I-r)>1-¢ and r O r <& Also, we may make r sufficiently small for
each xg € X suchthat U(xg, r) = {x: M(X, Xg, t)>1—r, N(X, Xg, t) < r}
is compact in X for each t > 0. By Lemma 3.3, {T,;} converges uniformly
to T in U(xg, r) with respect to the IFM My and Ng. Thus, for every
X € X, there exists an n, € N such that My(T,x, Tox,t)>1—r and
N(T,x, Tox, t)<r for all n>n,, t>0. Therefore, we have for all
x eU(xg, r)and n>n,,

Mo(TpX, Xg, 1+ kg)t) = Mg(Tx, ToX, t) * Mg(ToX, Xg, Kot)
> Mg(Tpx, ToX, t) * Mg(Tox, ToXg, Kot)

> Mq(Tpx, ToX, t) * Mg(X, Xg, t)
>@Q-r)x* Mo(x, Y, i)
Kn

>(1-r)x(1-r)>1-g¢,

No(TnX, X0, (1+ ko)t) < No(TnX, TOX, t) 0 No(Tox, X0, kot)

A

< No(TnX, TOX, t) 0 No(T()X, TOX0, kot)

A

< No(TnX, TOX, t) 0 No(X, X0, t)

IA

ror<e.
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Hence, U(Xg, r) is an invariant set in X with My and Ng. From (c), since
T, is a contraction mapping in U(Xg, r) with IFM M, and N,,, we know
that the fixed point is included in U(Xxq, r). Therefore, we can obtain
Mo(Xn, Xg, t) =1—r1 and Ng(X,, Xg, t) < r. Since r is sufficiently small,
Xn —> Xo- t

Theorem 3.5. Let X be a compact IFMS, where t-norm a *b = min{a, b},

t-conorm a ¢ b = max{a, b}. Suppose that {M,}, {N,} and {T,} satisfy the
following conditions:

(@) {M,} upper semiconverges uniformly to My,
(b) {N,} lower semiconverges uniformly to Ny,

(c) T, is a contraction mapping for the IFM M, and N, n=
012..,

(d) {T,} converges pointwise to Tj,.

If Ty (n € N) has a fixed point x, and there is a subsequence {x, } of
{x,} which converges to xg, then TopXg = Xg-

Proof. Let U(xo, r) denote the closure of the set {x, }. By Lemma 2.9,
we know that U(Xg, r) is a compact set. From Lemma 3.3, {Tj, | converges
uniformly to Ty in U(xg, r) with My and Ng. Clearly, {Tnk xnk} converges

to TOX0. Hence TOX0 = Xo. ]
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