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Abstract 

Shen et al. [14] proved the convergence of the sequence of fixed 
points for some sequences of contraction mappings satisfying certain 
conditions in fuzzy metric space. In this paper, we define some 
properties and obtain the convergence of the fixed points sequence      
for pointwise convergent sequences of contraction mapping and IFM 
satisfying certain conditions in IFMS. 

1. Introduction 

Kramosil and Michalek [4] introduced the concept of fuzzy metric space. 
Grabiec [2] extended fixed point theorems of Banach and Edelstein to fuzzy 
metric spaces in the sense of Kramosil and Michalek. Kutukcu et al. [5] 
extended fixed point theory to other types of fuzzy metric space in recent 
years, and Shen et al. [14] proved the convergence of the sequence of      
fixed points for some sequences of contraction mappings satisfying certain 
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conditions in fuzzy metric space. Park et al. [12] proved the existence of 
fixed point for a nonexpansive mapping of intuitionistic fuzzy metric space 
(shortly, IFMS) and the intuitionistic Banach fixed point theorem in complete 
IFMS, respectively. Also, Park [9, 10] extended fixed point theory to others 
types of IFMS. 

In 2013, Park [11] studied some common fixed point theorem in IFMS, 
and proved a fixed point theorem for a pair of k-weakly commuting 
mappings in IFMS. Also, Park et al. [8] extended some common fixed point 
theorem for five maps to M-fuzzy metric spaces. 

In this paper, we define some properties and obtain the convergence of 
the fixed points sequence for pointwise convergent sequences of contraction 
mapping and IFM satisfying certain conditions in IFMS. 

2. Preliminaries 

In this section, we recall some definitions, properties and known results 
in the IFMS as following: 

Let us recall (see [13]) that a continuous t-norm is an operation 
[ ] [ ] [ ]1,01,01,0: →×∗  which satisfies the following conditions: (a) ∗ is 

commutative and associative, (b) ∗ is continuous, (c) aa =∗1  for all 

[ ],1,0∈a  (d) dcba ∗≤∗  whenever ca ≤  and db ≤  [ ]( ).1,0,,, ∈dcba  

Also, a continuous t-conorm is an operation [ ] [ ] [ ]1,01,01,0: →×◊  which 

satisfies the following conditions: (a) ◊  is commutative and associative,                  
(b) ◊  is continuous, (c) aa =◊ 0  for all [ ],1,0∈a  (d) dcba ◊≥◊  

whenever ca ≤  and db ≤  [ ]( ).1,0,,, ∈dcba  

Definition 2.1 ([7]). The 5-tuple ( )◊∗,,,, NMX  is said to be an 

intuitionistic fuzzy metric space (shortly, IFMS) if X is an arbitrary set, ∗ is a 
continuous t-norm, ◊  is a continuous t-conorm and M, N are fuzzy sets on 

( )∞× ,02X  satisfying the following conditions; for all Xzyx ∈,,  such 

that 
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(a) ( ) ,0,, >tyxM  

(b) ( ) 1,, =tyxM  if and only if ,yx =  

(c) ( ) ( ),,,,, txyMtyxM =  

(d) ( ) ( ) ( ),,,,,,, stzxMszyMtyxM +≤∗  

(e) ( ) ( ) ( ]1,0,0:,, →∞⋅yxM  is continuous, 

(f) ( ) ,0,, >tyxN  

(g) ( ) 0,, =tyxN  if and only if ,yx =  

(h) ( ) ( ),,,,, txyNtyxN =  

(i) ( ) ( ) ( ),,,,,,, stzxNszyNtyxN +≥◊  

(j) ( ) ( ) ( ]1,0,0:,, →∞⋅yxN  is continuous. 

Note that M, N is called an IFM on X. The functions ( )tyxM ,,  and 

( )tyxN ,,  denote the degree of nearness and the degree of non-nearness 

between x and y with respect to t, respectively. 

In this paper, X is considered to be the IFMS with the following 
condition: for all Xyx ∈,  and ,0>t  

 ( ) ( ) .0,,lim,1,,lim ==
∞→∞→

tyxNtyxM
tt

 (2.1) 

Definition 2.2. Let X be an IFMS. Then 

(a) A sequence { }nx  is said to converge to x in X, denoted by ,xxn →  

if and only if ( ) ,1,,lim =∞→ txxM nn  ( ) 0,,lim =∞→ txxN nn  for all 

,0>t  that is, for each ( )1,0∈r  and ,0>t  there exists an N∈0n  such 

that ( ) ,1,, rtxxM n −>  ( ) rtxxN n <,,  for all .0nn ≥  

(b) A sequence { } Xxn ⊂  is a G-Cauchy sequence if and only if for all 
0>p  and ,0>t  

( ) ( ) .0,,lim,1,,lim == +
∞→

+
∞→

txxNtxxM npn
n

npn
n

 



Jong Seo Park 36 

(c) The IFMS X is called G-complete if every G-Cauchy sequence is 
convergent in X. 

Lemma 2.3 ([7]). Let X be a G-complete IFMS. If there exists a number 
( )1,0∈k  such that for all Xyx ∈,  and ,0>t  

( ) ( ) ( ) ( ),,,,,,,,,, tyxNktTyTxNtyxMktTyTxM ≤≥  

then T has a unique fixed point. 

Definition 2.4. Let X be an IFMS and let { }nT  be a sequence of self-

mappings on X. XXT →:0  is a given map. The sequence { }nT  is said to 

converge pointwise to 0T  if for each ( )1,0∈r  and ,0>t  there exists an 

N∈0n  such that for all 0nn ≥  and ,Xx ∈  

( ) ( ) .,,,1,, 000000 rtxTxTNrtxTxTM nn <−>  

Definition 2.5. Let X be an IFMS and let { }nT  be a sequence of self-

mappings on X. XXT →:0  is a given map. The sequence { }nT  is said to 

converge uniformly to 0T  if for each ( )1,0∈r  and ,0 Xx ∈  there exists an 

N∈0n  such that for all 0nn ≥  and ,Xx ∈  

( ) ( ) .,,,1,, 00 rtxTxTNrtxTxTM nn <−>  

Definition 2.6. Let X be an IFMS. A sequence of self-mappings { }nT  is 

uniformly equicontinuous if for each ( ),1,0∈r  there exists an ( )1,0∈ε  

such that for every ,, Xyx ∈  N∈n  and ,0, >ts  ( ) ,1,, ε−>syxM  

( ) ε<syxN ,,  implies 

( ) ( ) .,,,1,, rtyTxTNrtyTxTM nnnn <−>  

Definition 2.7. Let X be an IFMS. The open ball ( )trxB ,,  and closed 

ball [ ]trxB ,,  with center Xx ∈  and radius r, ,10 << r  ,0>t  respectively, 

are defined as follows: 

( ) ( ) ( ){ },,,,1,,:,, rtyxNrtyxMXytrxB <−>∈=  

[ ] ( ) ( ){ }.,,,1,,:,, rtyxNrtyxMXytrxB ≤−≥∈=  
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Definition 2.8. An IFMS X is a compact space if ( )NMX ,, τ  is a 

compact topological space, where NM ,τ  is a topology induced by the 

intuitionistic fuzzy metric M, N. 

Lemma 2.9 ([9]). (a) Every open(closed) ball is an open(closed) set. 

(b) Every closed subset A of a compact IFMS X is compact. 

Lemma 2.10. Let X be an IFMS and let { }nT  be a sequence of self-

mappings on X, XXT →:0  be a contraction mapping of X and A be a 

compact subset of X. If { }nT  converges pointwise to 0T  in A and it is a 

uniformly equicontinuous sequence, then the sequence { }nT  converges 

uniformly to 0T  in A. 

Proof. For each ( ),1,0∈r  we choose an appropriate r such that 

( ) ( ) ( ) rrrr −>−∗−∗− 1111  and .rrrr <◊◊  Since { }nT  is uniformly 

equicontinuous, there exists ( )1,0∈ε  with r≤ε  such that if ( ) >syxM ,,  

,1 ε−  ( ) ,,, ε<syxN  then ( ) ,1,, rtyTxTM nn −>  ( ) rtyTxTN nn <,,  for 

every ,, Xyx ∈  0, >ts  and .N∈n  For ε, we fix .0>s  Define =β  

( ){ }.:,, AxsxB ∈ε  By Lemma 2.3, β is a family of open sets of A. Clearly, 

β constitutes an open covering of A. That is, ( ).,,1 sxBA i
m
i ε⊂ =∪  Since A is 

compact, there exist Axxx m ∈...,,, 21  such that ( ).,,1 sxBA i
m
i ε⊂ =∪  For 

every ( ),...,,2,1 miAxi =∈  since { }nT  converges pointwise to 0T  in A, 

there exist ( )mini ...,,2,1=∈ N  for ( )1,0∈r  such that ( ) >txTxTM iin ,, 0  

,1 r−  ( ) rtxTxTN iin <,, 0  for all .inn ≥  Putting { },...,,2,1:max minn i ==∗  

then ∗n  depends only on r. For ,Xx ∈  there is an { }mii ...,,2,10 =∈    

such that ( ).,,0 sxBx i ε∈  Hence, we have that if ( ) ,1,, 0 ε−>sxxM i  

( ) ,,, 0 ε<sxxN i  then ( ) ,1,, 0 rtxTxTM inn −>  ( ) rtxTxTN inn <,, 0  for all 

.N∈n  Thus, for all ,∗≥ nn  
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( )kstxTxTM n +2,, 0  

( ) ( )kstxTxTMtxTxTM ininn +∗≥ ,,,, 000  

( ) ( ) ( )ksxTxTMtxTxTMtxTxTM iiininn ,,,,,, 000 0000 ∗∗≥  

( ) ( ) ( )sxxMtxTxTMtxTxTM iiininn ,,,,,, 0000 0 ∗∗≥  

( ) ( ) ( )ε−∗−∗−≥ 111 rr  

( ) ( ) ( ) ,1111 rrrr −>−∗−∗−≥  

( )kstxTxTN n +2,, 0  

( ) ( )kstxTxTNtxTxTN ininn +◊≤ ,,,, 000  

( ) ( ) ( )ksxTxTNtxTxTNtxTxTN iiininn ,,,,,, 000 0000 ◊◊≤  

( ) ( ) ( )sxxNtxTxTNtxTxTN iiininn ,,,,,, 0000 0 ◊◊≤  

.rrrrrr <◊◊≤ε◊◊≤  

Hence, the sequence { }nT  converges uniformly to 0T  in A.  

Definition 2.11. An IFMS X in which every point has a compact 
neighborhood is called locally compact. 

Definition 2.12. Let X be an IFMS with IFM ,0M  0N  and let { }nM  

and { }nN  be sequences of IFM on X. 

(a) The sequence { }nM  is said to upper semiconverge uniformly to 0M  

if for each ( )1,0∈r  and ,0>t  there exists an N∈0n  such that ( )tyxMn ,,  

( )tyxM ,,0≥  and ( )
( ) rtyxM

tyxM
n

−> 1,,
,,0  for all ,0nn ≥  ., Xyx ∈  

(b) The sequence { }nN  is said to lower semiconverge uniformly to 0N  if 

for each ( )1,0∈r  and ,0>t  there exists an N∈0n  such that ( )tyxNn ,,  

( )tyxN ,,0≤  and ( )
( ) rtyxN

tyxN
n

<,,
,,0  for all ,0nn ≥  ., Xyx ∈  
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3. Main Results 

Theorem 3.1. Let X be a G-complete IFMS and let { }nT  be a sequence 

of self-mappings on X, where t-norm { }baba ,min=∗  and t-conorm 

{ }.,max baba =◊  0T  is a contraction mapping of X, that is, there exists 

( )1,00 ∈k  such that ( ) ( )tyxMtkyTxTM ,,,, 000 ≥  and ( ) ≤tkyTxTN 000 ,,  

( )tyxN ,,  for all ,, Xyx ∈  ,0>t  and satisfying .000 xxT =  If there exists 

at least a fixed point nx  for each ( )N∈nTn  and the sequence { }nT  

converges uniformly to ,0T  then .0xxn →  

Proof. Suppose that ,0xxn  there exist ,00 >t  ( )1,00 ∈r  such that 

for any ,N∈n  there is a ( ) nnk >  satisfying ( ( ) ) 000 1,, rtxxM nk −<  and 

( ( ) ) .,, 000 rtxxN nk >  Fixed a number ( ),1,0kh ∈  from (2.1), we can        

find N∈p  for 00 >t  such that 0
0

00 1,, rk
htxxM

p

n −>⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛  and 

0
0

00,, rk
htxxN

p
n <⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛  for any .N∈n  Since the sequence { }nT  

converges uniformly to ,0T  we can make 0n  sufficiently large such that 

( ) 00 1,, rtxTxTM nn −>  and ( ) 00 ,, rtxTxTN nn <  for all ,0nn ≥  .0>t  

Now for ,0nn ≥  we have 

( ( ) )000 ,,1 txxMr nk>−  

( ( ) ( ) )000 ,, txTxTM nknk=  

( ( ) ( ) ( ) ( ) ) ( ( ) )000000 ,,1,, htxTxTMthxTxTM nknknknk ∗−≥  

( ( ) ( ) ( ) ( ) ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛∗−≥

0
0

000 ,,1,, k
htxxMthxTxTM nknknknk  

( ( ) ( ) ( ) ( ) ) ( ) ( ) ( )
( )

⎟
⎠
⎞

⎜
⎝
⎛ −∗−≥

0
0000

1,,1,, k
hhtxTxTMthxTxTM nknknknknknk  
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( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛∗

2

0
00,, k

htxxM nk  

≥  

( ( ) ( ) ( ) ( ) ) ( ) ( ) ( )
( )

⎟
⎠
⎞

⎜
⎝
⎛ −∗−≥

0
0000

1,,1,, k
hhtxTxTMthxTxTM nknknknknknk  

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛∗∗

p
nk k

htxxM
0

00,,  

( ) ( ) ( ) ,1111 0000 rrrr −=−∗∗−∗−≥  

( ( ) )000 ,, txxNr nk<  

( ( ) ( ) )000 ,, txTxTN nknk=  

( ( ) ( ) ( ) ( ) ) ( ( ) )000000 ,,1,, htxTxTNthxTxTN nknknknk ◊−≤  

( ( ) ( ) ( ) ( ) ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛◊−≤

0
0

000 ,,1,, k
htxxNthxTxTN nknknknk  

( ( ) ( ) ( ) ( ) ) ( ) ( ) ( )
( )

⎟
⎠
⎞

⎜
⎝
⎛ −◊−≤

0
0000

1,,1,, k
hhtxTxTNthxTxTN nknknknknknk  

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛◊

2

0
00,, k

htxxN nk  

≤  

( ( ) ( ) ( ) ( ) ) ( ) ( ) ( )
( )

⎟
⎠
⎞

⎜
⎝
⎛ −◊−≤

0
0000

1,,1,, k
hhtxTxTNthxTxTN nknknknknknk  

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛◊◊

p
nk k

htxxN
0

00,,  

.0000 rrrr =◊◊◊≤  

Therefore, this is a contradiction. Hence .0xxn →   
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Theorem 3.2. Suppose that X is a locally compact IFMS. Let { }nT  be         

a sequence of self-mappings on X and let XXT →:0  be a contraction 

mapping. If the following conditions are satisfied: 

(a) m
nT  is a contraction mapping for a certain ( ),nmm =  

(b) { }nT  converges pointwise to 0T  and { }nT  is a uniformly 

equicontinuous, 

(c) ,,2,1,0, …== xxxT nnn  

then the sequence { }nx  converges to .0x  

Proof. We can choose ( )1,0∈r  for each ( )1,0∈ε  such that ( ) ∗− r1  

( ) ε−≥− 11 r  and .ε≤◊ rr  Assume that r is sufficiently small for given 

Xx ∈0  such that 

( ) ( ) ( ){ }rtxxNrtxxMxrxU ≤−≥= ,,,1,,:, 000  

is a compact subset of X. Since { }nT  is uniformly equicontinuous and 

pointwise convergent on ( ),,0 rxU  by Lemma 2.10, { }nT  converges uniformly 

to 0T  on the compact subset ( ).,0 rxU  Then for that r, there exists N∈εn  

such that ( )( ) rtkxTxTM n −>− 11,, 00  and ( )( ) rtkxTxTN n <− 00 1,,  for 

all ,ε≥ nn  0>t  and ( ).,0 rxUx∈  Also, since 0T  is a contraction mapping, 

we have ( ) ( )tyxMtkyTxTM ,,,, 000 ≥  and ( ) ( )tyxNtkyTxTN ,,,, 000 ≤  

for all ( ).,, 0 rxUyx ∈  Thus, for all ε≥ nn  and ( ),,0 rxUx ∈  we can 

obtain 

( ) ( )txTxTMtxxTM nn ,,,, 000 =  

( )( ) ( )tkxTxTMtkxTxTM n 000000 ,,1,, ∗−≥  

( )( ) ( )txxMtkxTxTM n ,,1,, 000 ∗−≥  

( ) ( ) ,111 ε−≥−∗−≥ rr  
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( ) ( )txTxTNtxxTN nn ,,,, 000 =  

( )( ) ( )tkxTxTNtkxTxTN n 000000 ,,1,, ◊−≤  

( )( ) ( )txxNtkxTxTN n ,,1,, 000 ◊−≤  

.ε≤◊≤ rr  

Hence, for all ,ε≥ nn  ( )rxU ,0  is an invariant set for .m
nT  Since m

nT  is a 

contraction mapping for a certain positive integer ( ),nmm =  the fixed point 

nx  of nT  is contained in the set ( ).,0 rxU  By definition of ( ),,0 rxU  we 

have ( ) rtxxM n −≥ 1,, 0  and ( ) rtxxN n ≤,, 0  for all .ε≥ nn  Therefore, 

.0xxn →   

Lemma 3.3. Suppose that X is a G-complete IFMS. Let A be a compact 
subset of X, where t-norm { }baba ,min=∗  and t-conorm { },,max baba =◊  

and let { }nM  and { }nN  be sequences of IFM, { }nT  be a sequence of self-

mappings on X. If they satisfy the following conditions: 

(a) { }nM  upper semiconverges uniformly to ,0M  

(b) { }nN  lower semiconverges uniformly to ,0N  

(c) nT  is a contraction mapping for the IFM nM  and ,nN  =n  

...,,2,1,0  

(d) { }nT  converges pointwise to ,0T  

then { }nT  converges uniformly to 0T  in A with IFM 0M  and .0N  

Proof. We can choose ( )1,0∈r  for each ( )1,0∈ε  such that ( ) ∗− r1  

( ) ε−≥− 11 r  and .ε≤◊ rr  From (a) and (b), there exists N∈rn  such that 

( ) ( ),,,,, 0 tyxMtyxM n ≥  ( )
( ) ,1,,

,,0 rtyxM
tyxM

n
−>  ( ) ( )tyxNtyxNn ,,,, 0≤  

and ( )
( ) rtyxN

tyxN
n

<,,
,,0  for all ,rnn ≥  .0>t  Choose Xyx ∈,  such that 
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( ) rtyxM −> 1,,0  and ( ) rtyxN <,,0  for each .0>t  Then we have for 

all ,rnn ≥  

( ) ( )
( ) ( )tyTxTMtyxM

tyxMtyTxTM nnn
n

nn ,,,,
,,,, 0

0 ∗=  

( ) ( )tyTxTMr nnn ,,1 ∗−≥  

( ) ( )( )1,0,1,,1 ∈⎟
⎠
⎞

⎜
⎝
⎛∗−≥ n

n
n kkyxMr  

( ) ⎟
⎠
⎞

⎜
⎝
⎛∗−≥

nkyxMr 1,,1 0  

( ) ( ) ,111 ε−>−∗−≥ rr  

( ) ( )
( ) ( )tyTxTNtyxN

tyxNtyTxTN nnn
n

nn ,,,,
,,,, 0

0 ◊=  

( )tyTxTNr nnn ,,◊≤  

( )( )1,0,1,, ∈⎟
⎠
⎞

⎜
⎝
⎛◊≤ n

n
n kkyxNr  

⎟
⎠
⎞

⎜
⎝
⎛◊≤

nkyxNr 1,,0  

.ε<◊≤ rr  

Therefore, the sequence { }nT  is uniformly equicontinuous in A with          

IFM 0M  and .0N  Also, by (d), since { }nT  is pointwise convergent and A is 

a compact subset of X, we have { }( )rn nnT ≥  converges uniformly to 0T          

in A from Lemma 2.10. Thus, { }nT  converges uniformly to 0T  in A with       

IFM 0M  and .0N   

Theorem 3.4. Suppose that X is a locally compact IFMS, where t-norm 
{ }baba ,min=∗  and t-conorm { }.,max baba =◊  If { },nM  { }nN  and 

{ }nT  satisfy the following conditions: 
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(a) { }nM  upper semiconverges uniformly to ,0M  

(b) { }nN  lower semiconverges uniformly to ,0N  

(c) nT  is a contraction mapping for the IFM nM  and ,nN  =n  
,,2,1,0 …  

(d) { }nT  converges pointwise to ,0T  

(e) ,,2,1,0, …== nxxT nnn  

then the fixed points { }nx  of { }nT  converge to the fixed point 0x  of .0T  

Proof. We can choose ( )1,0∈r  for each ( )1,0∈ε  such that ( ) ∗− r1  

( ) ε−≥− 11 r  and .ε≤◊ rr  Also, we may make r sufficiently small for 

each Xx ∈0  such that ( ) ( ) ( ){ }rtxxNrtxxMxrxU ≤−≥= ,,,1,,:, 000  

is compact in X for each .0>t  By Lemma 3.3, { }nT  converges uniformly   

to 0T  in ( )rxU ,0  with respect to the IFM 0M  and .0N  Thus, for every 

,Xx ∈  there exists an N∈rn  such that ( ) rtxTxTM n −≥ 1,, 00  and 

( ) rtxTxTN n ≤,, 0  for all ,rnn ≥  .0>t  Therefore, we have for all 

( )rxUx ,0∈  and ,rnn ≥  

( )( ) ( ) ( )tkxxTMtxTxTMtkxxTM nn 000000000 ,,,,1,, ∗≥+  

( ) ( )tkxTxTMtxTxTM n 0000000 ,,,, ∗≥  

( ) ( )txxMtxTxTM n ,,,, 0000 ∗≥  

( ) ⎟
⎠
⎞

⎜
⎝
⎛∗−≥

nkyxMr 1,,1 0  

( ) ( ) ,111 ε−≥−∗−≥ rr  

( )( ) ( ) ( )tkxxTNtxTxTNtkxxTN nn 000000000 ,,,,1,, ◊≤+  

( ) ( )tkxTxTNtxTxTN n 0000000 ,,,, ◊≤  

( ) ( )txxNtxTxTN n ,,,, 0000 ◊≤  

.ε≤◊≤ rr  
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Hence, ( )rxU ,0  is an invariant set in X with 0M  and .0N  From (c), since 

nT  is a contraction mapping in ( )rxU ,0  with IFM nM  and ,nN  we know 

that the fixed point is included in ( ).,0 rxU  Therefore, we can obtain 

( ) rtxxM n −≥ 1,, 00  and ( ) .,, 00 rtxxN n ≤  Since r is sufficiently small, 

.0xxn →   

Theorem 3.5. Let X be a compact IFMS, where t-norm { },,min baba =∗  

t-conorm { }.,max baba =◊  Suppose that { },nM  { }nN  and { }nT  satisfy the 

following conditions: 

(a) { }nM  upper semiconverges uniformly to ,0M  

(b) { }nN  lower semiconverges uniformly to ,0N  

(c) nT  is a contraction mapping for the IFM nM  and ,nN  =n  

...,,2,1,0  

(d) { }nT  converges pointwise to .0T  

If ( )N∈nTn  has a fixed point nx  and there is a subsequence { }knx  of 

{ }nx  which converges to ,0x  then .000 xxT =  

Proof. Let ( )rxU ,0  denote the closure of the set { }.knx  By Lemma 2.9, 

we know that ( )rxU ,0  is a compact set. From Lemma 3.3, { }knT  converges 

uniformly to 0T  in ( )rxU ,0  with 0M  and .0N  Clearly, { }kk nn xT  converges 

to .00xT  Hence .000 xxT =   
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