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Abstract 

Let S be a Schur multiplier in a multiscale system. Then there is a 
quasi-coisometric linear system whose state space is the extension 

space ( )SD̂  of the de Branges-Rovnyak space ( )SH  and the transfer 

function is S. 

1. Introduction 

In this paper, the relationships between the theory of non-stationary 
linear systems indexed by the integers and the theory of stationary multiscale 
systems indexed by a homogeneous tree are explained. Stationary multiscale 
systems were first introduced by Basseville et al. [5, 6]. In the non-stationary 
case, we replace the Hardy space by space of upper triangular Hilbert 
Schmidt operators, complex variables by the bilateral backward shift 
operators [2, 3]. This paper presents a construction of a stationary multiscale 
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system indexed by a homogeneous tree using the methods first introduced by 
de Branges and Rovnyak. 

We first review some of definitions using in the theory of multiscale 
systems introduced by Basseville, Benveniste, Nikoukhah and Willsky. 

A homogeneous tree T  of order 2≥q  is an infinite acyclic, undirected, 

connected graph such that every node of T  has exactly ( )1+q  branches. 

For each nodes ,, T∈ts  the notion of distance ( )tsd ,  is the number of 

edges along the shortest path between s and t and denote ts ∧  by the first of 
their common node. 

Using these notation, define the partial order U  by 

ts U  if ( ) ( )tstdtssd ∧≤∧ ,,  

and the equivalence relation T  by 

ts T  if ( ) ( ).,, tstdtssd ∧=∧  

The primitive shift operator TT →γ :ˆ  is defined by 

( ) .,1,ˆ,ˆ T∈∀=γγ tttdtt U  

Let ( )T2l  be the Hilbert space of square summable sequences indexed by 

the nodes of a homogeneous tree T  of order :2≥q  

( ) ( ) .:: 22
2 2 











∞<=→= ∑
∈T

TT
t

l tfffl C  

Define the upward shift operator ( ) ( )TT 22: ll →γ  by 

( ) ( ).ˆ1 γ=γ tf
q

tf  

Then γ  is an isometry but not unitary since it is not surjective. Denote the 

adjoint operator of γ  by γ. 
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Let ( )TX  denote the ∗C -algebra of bounded linear operators on ( ).2 Tl  

A multiscale system is a linear system of the form 

 ,Suy =  where ( ),, 2 Tlyu ∈  (1.1) 

where the transfer function S is in ( ).TX  The multiscale linear system (1.1) 

is said to be causal if 

( )( ) ( )( )00 ,0,0 tttytttu UU ∀=→∀=  

and it is said to be stationary if for every tree isometry τ̂  with 

,,ˆˆ TT ∈∀γτ ttt  

the corresponding operator ( ) ( )TT 22: ll →τ  defined by ( ) ( )τ=τ ˆtftf  

commutes with the transfer function S. 

In [4], it has been shown that a causal and stationary multiscale system 
can be represented by a series which is convergent in the operator norm. The 
following definitions and results were announced in [4]. 

Define 

,,, 100 σ−=ω=σγγ=σ IInn
n  and .,1 ++ ∈σ−σ=ω Znnnn  

Then we have γω=ωγ +1nn  and 0=γω k
n  if .kn <  Define a Banach 

algebra 

( ) { },...2,1,0,:span =σγ= mnm
n

CTU  

where the closure is taken in the pointwise sense and define the commutative 
∗C  algebra K  as 













∞<∈ω== ∑
∞

=0
sup,:

k
kkkkk ccc CK c  

with the usual operator norm .sup kkop c=c  Let ( ).TX∈S  From 
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Theorems 4.2 and 4.3 in [1], we can characterize a causal and stationary 
multiscale linear system. 

( )TU∈S  if and only if 

∑
∞

=

γ=
0

,
k

k
kS s  where .opopk S≤s  

The multiscale system Suy =  is both causal and stationary if and only 

if ( ).TU∈S  

2. Multiscale Systems and Point Evaluations 

In the stationary multiscale case, we consider the Hardy space as the 
following space. Define a Hilbert space 













∞<∈ω== ∑ ∑
∞

=

∞

=0 0

2
2 :

k k
kkk cc KK c  

with the inner product 

,,
0

2 ∑
∞

=

=
k

kkcdKdc  where ∑
∞

=

ω=
0k

kkcc  and ∑
∞

=

ω=
0

.
k

kkdd  

Define the Hilbert space 

( ) ( ) 











∞<=∈γ== ∑ ∑
∞

=

∞

=0 0

22
22 22
,:

k k
kkk

k FF KK fffU U TT  

with the inner product 

( ) ,,,
0

22 ∑
∞

=

=
k

kkGF KgfU T  where ∑
∞

=

γ=
0k

k
kF f  and ∑

∞

=

γ=
0

.
k

k
kG g  

Then the space ( )T2U  is contained contractively in ( ).TU  
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Now exploit the left and right point evaluation on ( ).TU  Let .K∈c  

Define 
[ ] ( ) ( ) [ ] ,,, 00 Innnnnn ==γγ=γγ= cccccc  

( ) ( ) nnnnnn −−− γγ=γγ= cccc ,  and ( ) cc =0  

for a non-negative integer n. Then 

[ ] [ ] ,, ∗∗∗∗ == nnnn cccc  

[ ] ( ) ( ) ,nnnnn ccc γγ=γγ=  

( ) ( ) ,nnnnn γγ=γγ= ccc  

( ) ( ) [ ] [ ] ( ),, 1 nnnmmnnm ccccc =γ=γ ++  

where 

∑
∞

=

∗ ω==
0

.
k

kkccc  

For K∈c  with [ ] ,1suplim
1
<∞→ nn

n c  the series 

[ ]∑
∞

=0k
k

k sc    and   ( )∑
∞

=

−

0k

nn
k cs  

are absolutely convergent in .K  Define the space 

( ) { ( ) [ ] }.1suplim:
1
<=ρ∈=

∞→
nn

n
c cc KD T  

Let ( )∑∞
= ∈γ= 0 2k k

kF TUf  and ( ).TD∈c  The left point evaluation of F 

at c is defined by 

( ) [ ] ( )∑ ∑
∞

=

∞

=

∧ γγ==
0 0k k

k
kk

k
kF fcfcc  
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and the right point evaluation of F at c is defined by 

( ) ( ) ( )∑ ∑
∞

=

∞

=

− γγ==
0 0

.
k k

k
k

kkk
kF cfcfc�  

The space ( )T2U  is a reproducing kernel space with respect to the left 

and right point evaluations (Theorem 4.2 [4]). 

Theorem 2.1. Let ( )T2U∈F  and ( ).TD∈c  For any ,2K∈k  the 

identities 

( ) ( ) ( ) ( )
2222

,,,,, KK kckkck U
c

U
c ∆

∆
∧

∧ == FKFFKF TT  

hold, where 

( ) ( ) ( )., 2
11 TUcc cc ∈γ−=γ−= −∗

∆
−∗

∧ IKIK  

We can apply similar argument on the space ( ),TL  where 

( ) { }....,2,1,0,:span =γσ= mnn
mCTL  

Define the Hilbert space 

( ) ( ) 











∞<=∈γ== ∑ ∑
∞

=

∞

=0 0

22
22 22
,:

k k
kk

k
k GG KK gggL L TT  

with the inner product 

( ) ,,,
0

22 ∑
∞

=

=
k

kkGF KgfL T  where ∑
∞

=

γ=
0k

k
kF f  and ∑

∞

=

γ=
0

.
k

k
kG g  

Theorem 2.2. Let ( ).TX∈G  Then ( )TL∈G  if and only if it can be 

represented as a row-wise converging series 

∑
∞

=

∈γ=
0

.,
k

k
k

kG Kss  
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Proof. ( )TL∈G  if and only if ( ).TU∈∗G  
 

We can define the left and right point evaluation on ( ).2 TL  Let =G  

∑∞
= γ0 ,k

k
kg  where 2K∈kg  for each k. Define the left point evaluation of 

G at c by 

( ) ( )∑
∞

=

∨ γγ=
0k

kk
kG cgc  

and the right point evaluation of F at c by 

( ) ( )∑
∞

=

∇ γγ=
0

.
k

k
k

kG gcc  

Theorem 2.3. Let ( )T2L∈G  and ( ).TD∈c  For any ,2K∈k  the 

identities 

( ) ( ) ( ) ( )
2222

,,,,, KK kckkck L
c

L
c ∇

∇
∨

∨ == GKGGKG TT  

hold where 

( ) ( ) ( )., 2
11 TLcc cc ∈γ−=γ−= −∗

∇
−∗

∨ IKIK  

Proof. Since ( ) [ ] ,kkk γ=γ cc  

( ) ( ) [ ]∑ ∑
∞

=

∞

=

∗∗−∗
∨ γ=γ=γ−=

0 0

1

k k

kkkIK cccc  

and 

( )
[ ] [ ]∑ ∑

∞

=

∞

=

∗
∨ ==

0 0 2
22

,,,
k k

k
k

k
kKG

K
K kcgkcgk L

c
T  

( ) .,
2Kkc∨= G  
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Since ( ) ( )( ) ,kkkkkk γ=γ=γ ccc  

( ) ( ) ( )( )∑ ∑
∞

=

∞

=

∗∗−∗
∇ γ=γ=γ−=

0 0

1

k k

kkkkIK cccc  

and 

 ( )
( ) [ ] ( ) .,,,

2
2

2
0

K
K

kckcgk L
c ∇

∞

=

−
∇ == ∑ GKG

k

kn
kT  
 

3. The Extension Space ( )SD̂  

In this section, we construct the extension space ( )SD̂  associated with 

( )SH  using the method introduced by de Branges and Rovnyak [8]. 

Definition 3.1. An operator ( )TU∈S  is called a Schur multiplier if 

.1≤opS  

Let S be a Schur multiplier and ( ).2 TU∈F  Then the multiplication 

operator 

( ) ( )TT 22: UU →SM  

defined by SFFM S =  is contractive [1]. Hence, the de Branges-Rovnyak 

space ( )SH  also can be constructed in the multiscale cases [7, 8]. 

The space 

( ) ( ) ( ){ },:2 ∞<∈= FkFS TH U  

where 

( )
( )

{ ( ) ( )}
22

22
2

sup TT
T

UU
U

USUFFk
U

−+=
∈

 

is a Hilbert space with the inner product ( ) ( ).2 FkF LS =H  
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Let 2K∈k  and ( ).TD∈c  From 

( ) kck cc
S KSKM ∧

∗∧
∧

∗ =  

( )∑ ∑
∞

=

∞

=

+∗∗












γγ=

0 0j k

kjj
j kcs  

( ) [ ]∑ ∑
∞

=

∞

=

+∗∗γ=
0 0

,
k j

kjk
j

k kcs  

the reproducing kernel function c
SK  of the space ( )SH  is of the form 

( ) c
SS KSMIK ∧
∗−=c  

( ) [ ] .
0 0














γ−= ∑ ∑

∞

= =

∗
−∧

k

k

j

kj
jk

kc SK cs  

For a Schur multiplier S, there exists a co-isometric linear system whose 
transfer function is S (Theorem 6.1 in [1]). 

Theorem 3.2. Let S be a Schur multiplier. Then there exists a linear 
system 

( ) ( )










→




















=

22
:

KK
SS

DC

BA
V

HH
 

defined by 

( ) ( ( )) ,0 γ−= ∧FFAF  

( ) ( ( )) ,0 γ−= ∧ kk SSB  

( ),0∧= FCF  

and 

 ( ) ,0 kk ∧= SD  (3.1) 
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where 

 








 γγ
=∗

I
VV

0

0
 (3.2) 

and S can be written by 

( )∑
∞

=

++γ+=
0

11 .
k

nnn BCADS kkk  

A linear system V is called to be quasi-coisometric if V satisfies (3.2). 

The extension space ( )SD̂  associated with ( )SH  can be constructed. 

Let ( )SF H∈  and GFA =∗  and .HFB =∗  Since the linear system 

(3.1) is co-isometric, the identities 

[( ) ( ) ] FFBBFAA =+ ∗∗    and   ( ) ( ) 0=+ ∗∗ FDBFCA  

hold. Hence, we have 

.SHFFA −γ=∗  

Set 

10010 ,,, −
∗∗

−
∗ ==== nnnn FBHFBHFAFFF  for .1≥n  

Then 

( ) ( )SHHSFF n
nn

n H∈++γ−γ= −
−

1
1

0  

and 

( ) ( )SnnSn FAFAF HH 11
2 , −

∗
−

∗=  

( ) ( )Snn FFBBI H11, −−
∗−=  

( )
2

1
2

1 2K−− −= nSn HF H  

( ) ∑
−

=

−=
1

0

22 .
2

n

k
kS HF KH  (3.3) 
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Let the extension space ( )SD̂  associated with ( )SH  be the set of pairs 

( ),, HF  where ( )SF H∈  and ∑∞
= γ= 0k

k
kHH  such that 

( ) ( )SHHSF n
nn H∈++γ−γ −
−

1
1

0  

and the sequence 

( ) ( ) ∑
−

=
−

− +++γ−γ
1

0

22
1

1
0 2

n

k
kSn

nn HHHSF KH  

is finite for every non-negative integer n. Then ( )SLD̂  becomes a Hilbert 

space with the inner product 

( ) ( )SL
HF D̂,  

( ) ( ) .lim
1

0

22
1

1
0 2 











+++γ−γ= ∑

−

=
−

−

∞→

n

k
kSn

nn
n

HHHSF KH  (3.4) 

From (3.2) and (3.3), we have 

 ( ) ( ) ( )., ˆ SS FHF HD =  (3.5) 

The space ( )SD̂  is a reproducing kernel space. 

Theorem 3.3. For each ,2Kk ∈  

( ( ( )) ( ) ) ( )SISSKS D∈γγ−− −∨∗∗ kcckc 1,  

and 

( ) ( ) ( ( ( )) ( ) ) ( ).,,,, ˆ
1

2 SS ISSKHFF Dγγ−−= −∨∗∗∧ kcckkc c
K  

Proof. Let 2Kk ∈  and ( ).2 TU∈F  First represent ( )nc
S KM γ∧
∗ k  as a 

series for each non-negative integer n. Since 

( )∑ ∑
∞

= =
−γ==

0 0k

k

j
j

j
jk

k
S fSFFM s  
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and 

[ ] ( [ ] )( )∑ ∑
∞

=

∞

=

∗+∗
∧ γ=γγ=γ

0 0
,

k k

nknknkkncK kckck  

( ) ( [ ] )( )∑ ∑
∞

=

+

=

∗
−+∧ =γ

0
2

0
,,

2
k

nk

j

nk
j

j
jnk

nc fKSF Kkcsk H  

( ) ( [ ] )( )∑∑
∞

=

+

=

∗∗
−+=

0
2

0
,

k

nk

j

nkj
jnkjf Kkcs  

( ) ( [ ] )( )∑ ∑
=

∞

=

∗∗
−+=

n

k j

njk
knjkf

0
2

0
, Kkcs  

( )( [ ] )( ) .,
1

2
0

∑ ∑
∞

+=

∞

=

−+∗∗+
nk j

nnkjk
jkf Kkcs  

Hence, 

( ) ∑
∞

=
∧

∗ γ=γ
0

,
k

k
knc

S KM ak  

where 

( ) ( [ ] )( )

( )( [ ] )( )







≤

≤≤
=

∑
∑

∞

=
−+∗∗

∞

=
∗∗

−+

.,

,0,

0

0

kn

nk

j
nnkjk

j

j
njk

knj
k

kcs

kcs
a  

For ,10 −≤≤ nk  

( [ ] )( )∑
∞

=

∗∗
−+ γ=γ

0j

njk
knjk

k kcsa  

( [ ] )( ) .
0
∑
∞

=

−∗∗
−+ γ=

j

kknj
knj kcs  
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For non-negative integer k, 

( )( [ ] )( )∑
∞

=

+∗+∗
+

+ =γ
0j

nkjnk
jnk

nk kcsa  

( ) [ ]∑
∞

=

+∗∗ γγ=
0

.
j

nkjk
j

k kcs  

Then ( ) ( ) ( )SKSMI nc
S H∈γ− ∧
∗ k  and 

( ) ( )nc
S KSMI γ− ∧
∗ k  













γ+γ−γ= ∑ ∑

−

=

∞

=
+

+
∧

1

0 0

n

k k
nk

nk
k

knc SK aak  

( [ ] )( )∑ ∑
−

=

∞

=

−∗∗
−+ γ













−γ=

1

0 0
.

n

k

k

j

knj
knj

n
S SK kcskc  

For each k with ,10 −≤≤ nk  the series ( [ ] )( )∑∞
=

−∗∗
−+0j

knj
knj kcs  is a 

coefficient of 1−−γ kn  in the series ( ( )) ( ) ,1 γγ−− −∨∗∗ kcc ISS  

( ( )) ( ) ( )∑ ∑
∞

= =

∗+∗
+

−∨∗∗ γγγ=γγ−−
0 0

1
1

1

k

k

j

jk
kISS kcskcc  

( [ ] )( )∑ ∑
∞

= =

−−+∗∗
+ γ=

0 0

1
1

k

k

j

jkjkj
k kcs  

( [ ] )( ) .
0 0

1
1∑ ∑

∞

=

∞

=

+∗∗
++ γ














=

k

k

j

kj
jk kcs  

Hence 

( ( ( )) ( ) ) ( ).ˆ, 1 SISSKS D∈γγ−− −∨∗∗ kcckc  
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The reproducing kernel property in the space ( )SD̂  holds since c
SK  is the 

reproducing kernel function of the space ( ).SH  
 

The extension space ( )SD̂  associated with ( )SH  is the state space of a 

multiscale system. 

Theorem 3.4. The extension space ( )SD̂  associated with ( )SH  is the 

state space of a multiscale system which is defined by 

 
( ) ( )

,
ˆˆ

:
ˆˆ

ˆˆ
ˆ

22













→




























=

KK
SS

DC

BA
V

DD
 (3.6) 

where 

( )( ) (( ( )) ( )),0,0,ˆ ∧∗∧ −γγ−= FSHFFHFA  

(( ( )) ( ( )) ),0,0ˆ kkk ∨∗∧ −γ−= SSISSB  

( )( ) ( ),0,ˆ ∧= FHFC  and 

( ) .0ˆ kk ∧= SD  

The linear system satisfies the identity 

( ) ( ( ( )) ( )) .00,,ˆˆ









 +γγ−γγ
=







 ∨∨
∗

kk
HHHFHF

VV  

Proof. Let .2Kk ∈  First claim that 

(( ( ) ) ( ( ) ) ) ( ),ˆ0,01 SSSSS D∈γ−− ∗∨∗∗∧ kk  

where ∑∞
=

∗∗ γ= 0 .k
k

kS s  In order to that represent ( )n
SM γ∗ k  as a series. 

( ) ( )∑
=

∗
−=γ

n

k

nk
knk

n fSF
0

,,
2 Kksk H  
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( ) ( )

20
,

H
∑
=

∗
−γ=

n

k

nk
kn

kF ks  

( ) .,

20 H
∑
=

−∗
− γ=

n

k

kkn
knF ks  

Hence, we have 

( ) ( ) ( )∑ ∑
= =

−∗−∗
−

∗ γ=γ=γ
n

k

n

k

knk
k

kkn
kn

n
SM

0 0
ksksk  

and for each non-negative integer n, 

( ) ( ) ( ( ) ) ( ) ( )












γ−γ−=γ− ∑

−

=

−−+∗
+

∗∧∗
1

0

11
1011

n

k

knk
k

nn
SS SSSMM kskk  

is an element of ( ).SH  Since ( ( ) ) ( )SSSI H∈− ∗∧ k0  and 

( ( ) ) ( )∑
∞

=

+∗
+

∗∨∗ γ=γ−
0

1
1 ,0

k

nk
kSS ksk  

we have 

(( ( ) ) ( ( ) ) ) ( ).0,0 SSSSSI D∈γ−− ∗∨∗∗∧ kk  

We can rewrite ( ) ( )n
SS MMI γ− ∗ ks0  as the following way: 

( ) ( )n
SS MMI γ− ∗ ks0  

( )( ) ( )











γ−γ= ∑

=

−∗
n

k

knk
k

n S
0

00 kssks  

[ ( )] ( ) ( )( ) .0
1

000
1












γ+γ−−γγ−= ∑

=

−∗∗+∧
n

k

knk
k

nn ISSS ksskssk  
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Hence 

(( ( )) ( ( )) ) ( ).ˆ0,0 SSSISS D∈−γ− ∨∗∧ kk  

Assume that ( ) ( )SHF D̂, ∈  and write ∑∞
= γ= 0 .k

k
kH h  Then 0h−γF  

( )SH∈  and 

( )nn
nn SF hhh +γ++γ−γ −

+
10

1  

( ) ( ).1
1

10 nn
nn SSF hhhh +γ++γ−γ−γ= −
−  

Hence, we have 

( ( ) ( ( )) ) ( ).ˆ0,0 SHHSHF D∈γ−−γ ∨∨  

Since 

(( ( ) ) ( ) ( ( ) ) ( ) ) ( ),ˆ00,00 SFSSFSSI D∈γ−− ∧∗∨∗∧∗∧  

[ ( ) ] ( ) [( ( )) ] ( ) ( ) ( ).00000 SFSSFFFSSIF H∈+γγ−=−− ∧∗∧∧∧∗∧  

Since 

[ ( ) ] ( ) ( ( )) ( ) ( ) ,00000 γ+γ−γ=γ−− ∧∗∨∧∗∧∗∨∗ FSFSHFSSH  

(( ( )) ( )) ( ).ˆ0,0 SFSHFF D∈−γγ− ∧∗∧  

Define the linear system by 

( )( ) (( ( )) ( )),0,0,ˆ ∧∗∧ −γγ−= FSHFFHFA  

(( ( )) ( ( )) ),0,0ˆ kkk ∨∗∧ −γ−= SSISSB  

( )( ) ( ),0,ˆ ∧= FHFC  and 

( ) .0ˆ kk ∧= SD  
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Then the adjoint of transformations are 

( )( ) ( ( ) ( ( )) ),0,0,ˆ γ−−γ= ∨∨∗ HHSHFHFA  

( )( ) ( ),0,ˆ ∨∗ = HHFB  

(( ( ) ) ( ( ) ) ),0,0ˆ γ−−= ∗∨∗∗∧∗ kkk SSSSIC  and 

( ) .0ˆ kSD ∨∗∗ =k  

Hence, we have 

 
( ) ( ( ( )) ( ))

.
00,,

ˆˆ












 +γγ−γγ
=









 ∨∨
∗

kk

HHHFHF
VV  
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