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Abstract

Let a(G) and B(G) be the independent number and vertex covering
number, respectively. The strong product G; X G, of graphs of Gy
and G, has vertex set V(G X G,) =V(Gy)xV(G,) and edge set
E(Gy X Gp) = {(uvy) (upv)|[uup € E(Gy) and wvpvp € E(Gp)]U
[l = up and vivp € E(Gy)]U [ugus € E(Gy) and vy = vp]}. In this
paper, we determine generalization of independent number and vertex

covering number on strong product of complete bipartite graphs and
any simple graph.

1. Introduction

In this paper, graphs must be simple graphs which can be the trivial
graph. Let G; and G, be graphs. The strong product of graphs G; and G,
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denoted by G; X G,, is the graph with V(G XG,) =V(G;)xV(G,) and
E(G1 X Gy) = {(upvy) (upva)| [uguy € E(Gy) and vyvp € E(G2)]U[w = uy
and vV, € E(G,)]U [uu, € E(Gy) and vy = v, ]}. There are some properties

about strong product of graphs. We recall these here.

Proposition 1. Let H = G; G, = (V(H), E(H)). Then
(@) [V(H)[ = V(G)IIV(G2)I,
(i) |E(H)| = 2/ E(G1)[| E(G2) | +| V(G || E(G2) | +[V(G2) || E(G)],
(iii) for every (u, v) e V(H),
dy (U, v)) = dg, (u)dg, (v) + dg, (u) + dg, (V).

Theorem 2. Let G; and G, be connected g graphs. Then the graph

H = G; X G, is connected if and only if G; or G, contains an odd cycle.

Next, we give the definitions about some graph parameters. A subset U
of the vertex set V(G) of G is said to be an independent set of G if the

induced subgraph G[U] is a trivial graph. An independent set of G with

maximum number of vertices is called a maximum independent set of G. The
number of vertices of a maximum independent set of G is called the
independent number of G, denoted by o(G).

A vertex of graph G is said to cover the edges incident with it, and a
vertex cover of a graph G is a set of vertices covering all the edges of G. The
minimum cardinality of a vertex cover of a graph G is called the vertex
covering number of G, denoted by B(G).

By definitions, it is clear that o(Ky, ) = max{m, n} and B(Ky p)=

min{m, n}.

Next, we get that general form for graph of strong product of K, , and

a simple graph.
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Proposition 3. Let G be a connected graph of order p, V(G) =
{vi/i=12, .., p}and V(Ky n) =1{uj/i =1 2, .., m+ nj, the graph of

m m+n P m+n
Km,n&G;UHIUURIUUSj’ HiI U Hi,j’
i=1 i=1 j=1 j=m+1

where V(H; j) =W; UWJ-, Wi = {(uj, vp) - (Uj, Vo), -y (U5, vp)}, Wj =
{(uj, vi) (Uj, Vo), ooy (U, vp)ts 1< j and E(H; ) = {(u;, v)(uj, w)/vw
e E(G)}. V(R)=W; and E(Rj) = {(u;j, v)(uj, w)/vw € E(G)}. V(Sj)
= {(ug, vj), (U, Vj) s (Umin, vj)b and  E(Sj) = {(u, vj)(w, vj)/uw e
E(Km,n)}-

Moreover, if G has no odd cycle, then each Hi,j has exactly two

connected components isomorphic to G.

2 5 4
KsRGex|JHulJRUulUS;
i=l i=1 j=1

4 . : ; . i
1 . :[Hl.:!UH:I.-iUHl.ﬁ]U[H'.E.I!UHJ,-1UH2.5]UUR:'UUSJI

i=1 J=I
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Figure 1. The graph of K, ;X G.
2. Vertex Covering Number of the Graph of K, , XG

We now state proposition and prove lemma before stating our main
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results. We begin this section by giving Lemma 4 which shows character of
vertex covering set.

Lemma 4. Let

m m+n p m+n
Kmn®G = JHiU [ JRUJs;: Hi= | Hij
i=1 i=1 j=1 j=m+1

Then B(H;, j) = 2B(R;) = 2B(G) and B(S;) =1.

Proof. Suppose G has no odd cycle, by Proposition 3, we have that H; ;

each contains 2 components isomorphic to G. So y(H;, j) = 2y(G).

If G has odd cycle, for each H; j, let E* = {e”/e" be one edge on each
odd cycles of G}, Hji j = Hj j — {(uj, X)(Uj41, ¥)/e" = xy € E*} and let

VD be a minimum dominating set of G. We get H;" ; = 2(G/E") then

] =

2[B(G)+| E* | ife” =xy, thenx e VD
y ¢ VD and y is not adjecent
B(Hi j) = 2B(G/E") = with vertex z e VD or not
dg(y) =1
2B(G), otherwise.

When we add e* comeback, in the case B(G/E") = B(G) +| E* | be not

impossible because the end vertices of edge e* are in dominating set of
G/E", so B(H; j) =B(Hi j)—|E"|.

Hence B(H; ) = 2B(G) = 2B(R;) (since R; = G). From S; = K,,, we
get B(S;) = B(Kp) =1. O

Next, we establish Theorem 5 for a minimum vertex covering number of
Km,n XG.
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Theorem 5. Let G be connected graph order m. Then
nB(G)+mp; m<n,
B(KmnXG) =T = ©
’ mB(G)+np; m>n.
Proof. Let

V(Kmn)=1{ui/i=12 .., m+n}, V(G)={v;/j=12 .., p}
Wi ={(uj, vj) eV(KnnXG)/j=12 .., p} i=12.,m+n

and since B(Kp, ) = max{m, n}. Let the minimum vertex covering set of

Km. n, G be

Uy, Uo, ooy Uy s m <n,
VDl:{{l 20 oo U

{Umsts Ums2, o Umgnls M >0,

VDy = {vy, Vg, ..., Vg },, respectively.

For Hy, by Lemma 4 we have B(Hy j) = 2B(G), j=m+1Lm+2, .,
m + n. From every Hlyj, Hy jzk, k=m+1 m+2 .., m+n have

B(G) common vertices in their vertex covering set which is in W;. So the
m+n
vertex covering set of Hy be in W; U U W;.
j=m+1
Similarly, for the vertex covering t set of H,, Hs, ..., H,, have B(G)
common vertices in their vertex covering set which is in Wy, Wa, ..., Wy,

respectively. But the independent set of Hy, —W,, H3 —W3, ..., Hy, — W,

are subset of the independent set of H, then vertex covering set of UirilHi

is UEnAi c Uim:InWi, where A = {(u;, v )/Vk € VD, }.

m+n

For each R;, itis clear that vertex covering set of UE” R is Ui:1 .
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And for S; = Ky, 1y, We have vertex covering set of UVaEVDz Sg isin

UE” A;. But for Sp, v, & VD,, we have vertex covering set of |

s UbeVDz By < UvbeVDz Sp, where By = {(uj, Vp/uj € VDy)}.

Vp 2VD, Sp

Therefore,
nB(G)+mp; m<n,

B(Km,n ®G) = {mB(G)-‘r np; m>n.

On the other hand, we get another vertex covering set of Ky, , XG is

KUM,

Wl,Wz,...,Wm, m<n
and M = {(uy, v) e W /v e VD,},

Wini1:Wme2s o Winn,  Mm>n
then | K | = pmin{m, n} and | M | = [(m + n) — min{m, n}]B(G).
Hence

nB(G)+mp; m<n,

PKm.nMG) =T = {mB(G)+ np; m>n.
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Figure 2. The region of W, S where m > n.

Suppose that B(Ky, , XG) < T, then there exists at least one edge in W
(or S) is not incident with vertices in W (or S), W = {(u, v )/vx € VD,} and
S = {(up, v)/up € VDy}. Itis not true.

Hence

np(G)+mp; m<n,
B(Km,n@G)={ ©) =

mB(G)+np; m>n.
3. Independent Number of the Graph of K, , XG

We begin this section by giving Lemma 6 that shows a relation of
independent number and vertex covering number.

Lemma 6 [2]. Let G be a simple graph with order n. Then a(G)+
B(G)=n.

Next, we establish Theorem 7 for independent number of K, , XG.
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Theorem 7. Let G be connected graph order p. Then

{nB(G) +mp; m<n,

KnnXG) =
@Kum.n ) mpB(G)+np; m>n.

[l

Proof. In case m < n, by Theorem 5 and Lemma 6, we can also show
that

a(Km n ®G)+p(m, nXG) = nm
pm + na(G) + B(Km n XG) = nm
B(Ky n ®G) = nm — pm — na(G)

=(n-p)m-na(G).
Similarly, in case m > n, we get

B(Kmm&G):(m— p)n — ma(G). O
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