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Abstract 

Let ( )Gα  and ( )Gβ  be the independent number and vertex covering 

number, respectively. The strong product 21 GG  of graphs of 1G  

and 2G  has vertex set ( ) ( ) ( )2121 GVGVGGV ×=  and edge set 

( ) ( ) ( ) [{ ( )121221121 GEuuvuvuGGE ∈|=  and ( )] ∪221 GEvv ∈  

( )[ ] ( )[ ]}.andand 2112122121 vvGEuuGEvvuu =∈∈= ∪  In this 

paper, we determine generalization of independent number and vertex 
covering number on strong product of complete bipartite graphs and 
any simple graph. 

1. Introduction 

In this paper, graphs must be simple graphs which can be the trivial 
graph. Let 1G  and 2G  be graphs. The strong product of graphs 1G  and ,2G  
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denoted by ,21 GG  is the graph with ( ) ( ) ( )2121 GVGVGGV ×=  and 

( ) ( ) ( ){ [ ( )121221121 GEuuvuvuGGE ∈|=  and ( )] [ 21221 uuGEvv =∈ ∪  

and ( )] ( )[ ]}.and 21121221 vvGEuuGEvv =∈∈ ∪  There are some properties 

about strong product of graphs. We recall these here. 

Proposition 1. Let ( ) ( )( ).,21 HEHVGGH ==  Then 

  (i) ( ) ( ) ( ) ,21 GVGVHV =  

 (ii) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,2 122121 GEGVGEGVGEGEHE ++=  

(iii) for every ( ) ( ),, HVvu ∈  

( )( ) ( ) ( ) ( ) ( ).,
2121

vdudvdudvud GGGGH ++=  

Theorem 2. Let 1G  and 2G  be connected g graphs. Then the graph 

21 GGH =  is connected if and only if 1G  or 2G  contains an odd cycle. 

Next, we give the definitions about some graph parameters. A subset U 
of the vertex set ( )GV  of G is said to be an independent set of G if the 

induced subgraph [ ]UG  is a trivial graph. An independent set of G with 

maximum number of vertices is called a maximum independent set of G. The 
number of vertices of a maximum independent set of G is called the 
independent number of G, denoted by ( ).Gα  

A vertex of graph G is said to cover the edges incident with it, and a 
vertex cover of a graph G is a set of vertices covering all the edges of G. The 
minimum cardinality of a vertex cover of a graph G is called the vertex 
covering number of G, denoted by ( ).Gβ  

By definitions, it is clear that ( ) { }nmK nm ,max, =α  and ( ) =β nmK ,  

{ }.,min nm  

Next, we get that general form for graph of strong product of nmK ,  and 

a simple graph. 



Independent and Vertex Covering Number on Strong Product ... 43 

Proposition 3. Let G be a connected graph of order p, ( ) =GV  

{ }pjv j ...,,2,1=  and ( ) { },...,,2,1, nmiuKV inm +==  the graph of 

∪ ∪ ∪ ∪∪∪
m

i

nm

i
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j

nm

mj
jiijiinm HHSRHGK

1 1 1 1
,, ,;

=

+

= =

+

+=

=≅  

where ( ) ,, jiji WWHV ∪=  {( ) ( ) ( )},,...,,,, 21 piiii vuvuvuW ⋅=  =jW  

{( ) ( ) ( )};,...,,,,, 21 pjjj vuvuvu  ji <  and ( ) {( ) ( ) vwwuvuHE jiji ,,, =  

( )}.GE∈  ( ) ii WRV =  and ( ) {( ) ( ) ( )}.,, GEvwwuvuRE iii ∈=  ( )jSV  

{( ) ( ) ( )}jnmjj vuvuvu ,...,,,,, 21 +=  and ( ) {( ) ( ) ∈= uwvwvuSE jjj ,,  

( )}., nmKE  

Moreover, if G has no odd cycle, then each jiH ,  has exactly two 

connected components isomorphic to G. 

 

Figure 1. The graph of .3,2 GK  

2. Vertex Covering Number of the Graph of GK nm,  

We now state proposition and prove lemma before stating our main 
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results. We begin this section by giving Lemma 4 which shows character of 
vertex covering set. 

Lemma 4. Let 

∪ ∪ ∪ ∪∪∪
m

i

nm

i
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nm

mj
jiijiinm HHSRHGK
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,, .;

=

+

= =

+

+=

=≅  

Then ( ) ( ) ( )GRH iji β=β=β 22,  and ( ) .1=β jS  

Proof. Suppose G has no odd cycle, by Proposition 3, we have that jiH ,  

each contains 2 components isomorphic to G. So ( ) ( ).2, GH ji γ=γ  

If G has odd cycle, for each ,, jiH  let { ∗∗∗ = eeE  be one edge on each 

odd cycles of },G  {( ) ( ) }∗∗
+

∗ ∈=−= ExyeyuxuHH iijiji ,, 1,,  and let 

VD be a minimum dominating set of G. We get ( )∗∗ ≅ EGH ji 2,  then 

( ) ( )

[ ( ) ]

( )

( )
⎪
⎪
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⎩

⎪
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β

=
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∈=+β

=β=β
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.otherwise,2
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notor  x with verte
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 then , if,2

2,

G

yd

VDz

yVDy

VDxxyeEG

EGH

G

ji  

When we add ∗e  comeback, in the case ( ) ( ) ∗∗ +β=β EGEG  be not 

impossible because the end vertices of edge ∗e  are in dominating set of 

,∗EG  so ( ) ( ) .,,
∗∗ −β=β EHH jiji  

Hence ( ) ( ) ( )iji RGH β=β=β 22,  ( ).since GRi ≅  From ,nj KS ≅  we 

get ( ) ( ) .1=β=β nj KS  ~ 

Next, we establish Theorem 5 for a minimum vertex covering number of 
., GK nm  
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Theorem 5. Let G be connected graph order m. Then 

( )
( )

( )⎩
⎨
⎧

>+β

<+β
=≥β

.;

,;
,

nmnpGm

nmmpGn
TGK nm  

Proof. Let 

( ) { } ( ) { },...,,2,1,...,,2,1, pjvGVnmiuKV jinm ==+==  

{( ) ( ) } nmipjGKVvuW nmjii +==∈= ...,,2,1,...,,2,1, ,  

and since ( ) { }.,max, nmK nm =β  Let the minimum vertex covering set of 

GK nm ,,  be 

{ }

{ }⎩
⎨
⎧

>

<
=

+++ ,;...,,,

,;...,,,

21

21
1 nmuuu

nmuuu
VD

nmmm

m  

{ } ,...,,, 2212 kvvvVD =  respectively. 

For ,1H  by Lemma 4 we have ( ) ( ),2,1 GH j β=β  ...,,2,1 ++= mmj  

.nm +  From every ;, ,1,1 kj HH  ,kj ≠  nmmmk +++= ...,,2,1  have 

( )Gβ  common vertices in their vertex covering set which is in .1W  So the 

vertex covering set of 1H  be in ∪∪
nm

mj
jWW

+

+= 1
1 .  

Similarly, for the vertex covering t set of mHHH ...,,, 32  have ( )Gβ  

common vertices in their vertex covering set which is in ,...,,, 32 mWWW  

respectively. But the independent set of mm WHWHWH −−− ...,,, 3322  

are subset of the independent set of ,1H  then vertex covering set of ∪m
i iH1=  

is ∪ ∪nm
i

nm
i ii WA+

=
+
=⊂1 1 ,  where ( ){ }., 2VDvvuA kkii ∈=  

For each ,iR  it is clear that vertex covering set of ∪ nm
i iR+
=1  is ∪ nm

i iA+
=1 .  
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And for ,, mmj KS ≅  we have vertex covering set of ∪
2VDv aa

S∈  is in 

∪ nm
i iA+
=1 .  But for ,, 2VDvS bb ∉  we have vertex covering set of ∪

2VDv bb
S∉  

is ∪ ∪
2 2

,VDv VDv bbb b
SB∉ ∉⊂  where ( ){ }., 1VDuvuB ibib ∈=  

Therefore, 

( )
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.;

,;
, nmnpGm
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On the other hand, we get another vertex covering set of GK nm,  is 

,MK ∪  

⎪⎩

⎪
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  and  ( ){ },, 2VDvWvuM kk ∈∈=  

then { }nmpK ,min=  and ( ) { }[ ] ( ).,min GnmnmM β−+=  

Hence 
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Figure 2. The region of W, S where .nm >  

Suppose that ( ) ,, TGK nm <β  then there exists at least one edge in W 

(or S) is not incident with vertices in W (or S), ( ){ }2, VDvvuW kk ∈=  and 

( ){ }., 1VDuvuS hh ∈=  It is not true. 

Hence 

 ( )
( )

( )⎩
⎨
⎧

>+β

<+β
=β

.;

,;
,

nmnpGm

nmmpGn
GK nm  ~ 

3. Independent Number of the Graph of GK nm,  

We begin this section by giving Lemma 6 that shows a relation of 
independent number and vertex covering number. 

Lemma 6 [2]. Let G be a simple graph with order n. Then ( ) +α G  

( ) .nG =β  

Next, we establish Theorem 7 for independent number of ., GK nm  
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Theorem 7. Let G be connected graph order p. Then 

( )
( )

( )⎩
⎨
⎧

>+β

<+β
=α

.;

,;
,

nmnpGm

nmmpGn
GK nm  

Proof. In case ,nm <  by Theorem 5 and Lemma 6, we can also show 
that 

( ) ( ) nmGnmGK nm =β+α ,,  

( ) ( ) nmGKGnpm nm =β+α+ ,  

( ) ( )GnpmnmGK nm α−−=β ,  

 ( ) ( ).Gnmpn α−−=  

Similarly, in case ,nm >  we get 

 ( ) ( ) ( )., GmnpmGK nm α−−=β  ~ 
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