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Abstract 

Let ( )Gα′  and ( )Gβ′  be the matching number and edge covering 

number, respectively. The tensor product 21 GG ⊗  of graphs 1G  and 

2G  has vertex set ( ) ( ) ( )2121 GVGVGGV ×=⊗  and edge set 

( ) ( ) ( ) ( ) ( ){ }.and 221121221121 GEvvGEuuvuvuGGE ∈∈|=⊗  In this 

paper, we determined generalization of matching and edge covering 
number on tensor product of wheel and any simple graph. 

1. Introduction 

In this paper, graphs must be simple graphs which can be trivial graph. 
Let 1G  and 2G  be graphs. The tensor product of graphs 1G  and ,2G  denoted 

by ,21 GG ⊗  is the graph that ( ) ( ) ( )2121 GVGVGGV ×=⊗  and ( )21 GGE ⊗  

( ) ( ) ( ) ( ){ }.and 2211212211 GEvvGEuuvuvu ∈∈|=  

Next, we give the definitions about some graph parameters. A subset of 
the edge set E of G is said to be matching or an independent edge set of G, if 
no two distinct edges in M have a common vertex. A matching M is 
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maximum matching in G if there is no matching M ′  of G with .MM >′  

The cardinality of maximum matching of G is called the matching number of 
G, denoted by ( ).Gα′  

An edge of graph G is said to cover the two vertices incident with it, and 
an edge cover of a graph G is a set of edges covering all the vertices of G. 
The minimum cardinality of an edge cover of a graph G is called the edge 
covering number of G, denoted by ( ).Gβ′  

By definitions of matching number, edge covering number, clearly that 

( ) ⎥⎦
⎥

⎢⎣
⎢=α′ 2

nWn  and ( ) .2 ⎥⎥
⎤

⎢⎢
⎡=β′ nWn  

In [2], there are some properties about tensor product of graph. We recall 
here. 

Proposition 1. Let ( ) ( )( ).,21 HEHVGGH =⊗=  Then 

  (i) ( )( ) ( )( ) ( )( ),21 GVnGVnHVn =  

 (ii) ( )( ) ( )( ) ( )( ),2 21 GEnGEnHEn =  

(iii) for every ( ) ( ) ( )( ) ( ) ( ).,,,
21

vdudvudHVvu GGH =∈  

Note that for any graph G, we have .1221 GGGG ⊗≅⊗  

Theorem 2. Let 1G  and 2G  be connected graphs. Then the graph =H  

21 GG ⊗  is connected if and only if 1G  or 2G  contains an odd cycle. 

Theorem 3. Let 1G  and 2G  be connected graphs with no odd cycle. 

Then 21 GG ⊗  has exactly two connected components. 

Next, we get that general form of graph of tensor Product of nW  and a 

simple graph. 

Proposition 4. Let G be a connected graph of order m. Then the graph 
of GWn ⊗  is 
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( ) ,
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211∪ ∪ ∪∪
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=
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where ( ) ,jiij SSHV ∪=  ( ) ( ) ( ){ }miiiSi ,...,,2,,1,=  and ( ) =ijHE  

( ) ( ) ( ){ }.,, GEuvvjui ∈  Moreover, if G has no odd cycle then each ijH  

has exactly two connected components isomorphic to G. 

Example. 

 

Figure 1. The graph of .5 GW ⊗  

2. Matching Number of the Graph of GWn ⊗  

We begin this section by giving the definition and theorem for 
alternating path and augmenting path, Lemma 7 that shows character of 
matching for each .ijH  

Definition 5. Given a matching M, an M-alternating path is a path that 
alternates between edges in M and edges not in M. An M-alternating odd path 
whose endpoints are unsaturated by M is an M-augmenting path. 

Theorem 6. A matching M in a graph G is a maximum matching in G if 
and only if G has no M-augmenting path. 

Next, we give Lemma 7 which shows the character of matching for each 
.ijH  
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Lemma 7. Let ( )∪ ∪ ∪∪
n

j

n

i
niijn HHHGW

2

1

2
211 .

=

−

=
+=⊗  For each ,ijH  

then ( ) ( ).2 GHij α′=α′  

Proof. Suppose G has no odd cycle, by Proposition 4 we get .2GHij =  

So ( ) ( ).2 GHij α′=α′  If G has odd cycle, for each ,ijH  vertex ( ) ii Svu ∈,  

and ( ) jj Svu ∈,  have ( )( ) (( )) ( ).,, vdvudvud GjHiH ii
==  Let { ii eeE =∗  

is any one edge in each odd cycle iC  in G, }lEli ≤= ∗;...,,2,1  and let 

M be the maximum matching of G. 

Now consider the tensor product ( )∪ ∪ ∪∪
n

j

n

i
nniij WHHH

2

1

2
211

=

−

=

∗∗
+

∗ ⊗=  

( ).∗− EG  We get ( ),2 ∗∗ −= EGHij  then 

( ) ( )
[ ( ) ] { }

( )⎪⎩

⎪
⎨
⎧

α′

∈=−α′
=−α′=α′ ∗∗

.otherwise,2

,if,2
2

G

MeeEEG
EGHij  

Adding edges in ∗E  with ( ),∗−⊗ EGWn  we get ( ) ( ) .EHH ii +α′=α′  

Hence ( ) ( ).2 GHij α′=α′  ~ 

Next, we establish Theorem 8 for a matching number of .GWn ⊗  

Theorem 8. Let G be connected graph of order m. Then 

( )
( )

( )⎩
⎨
⎧

+α′

α′
=⊗α′

,,

,,

2 oddisnifMGn

evenisnifGn
GWn  

where a matching { uuvM =2  is not matched in maximum matching 2M  in 

G and ( )}.uNv G∈  

Proof. Let ( ) { },...,,2,1, niuWV in ==  ( ) { },...,,2,1, mjvGV j ==  

{( ) ( ) } ....,,2,1,...,,2,1, nimjGWVvuS njii ==⊗∈=  
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From ( ) ⎥⎦
⎥

⎢⎣
⎢=α′ 2

nWn  and let ( ) .kG =α′  Assume that the maximum 

matching of nW  and G be 

{ }

{ }⎪⎩

⎪
⎨
⎧

=
−

−−

oddisif,...,,,3

even,isif,...,,,

1542

12321
1

nuuuuuu

nuuuuuu
M

nnn

nnn
 

and { },12...,,3,112 −== + kjvvM jj  respectively. 

By Lemma 7, we have ( ) ( ).2 GHij α′=α′  Since GWn ⊗  is 

( )∪∪ ∪∪
1

2
21

2
1 .

−

=
+

=

n

i
nii

n

j
j HHH  

We get the matching of GWn ⊗  to be 

{ ( ) ( )}

{ ( ) ( ) }⎪⎩

⎪
⎨
⎧

=
−

−−

odd,isif,

even,isif,

214523

12231

nMMMM

nMMM
M

nn

nnn

∪∪…∪∪

∪…∪∪
 

where ( ) {( )( ) }2,,, MvvvuvuMHEM babjaiijijij ∈=⊂  and { uuvM =2  

is not matched in maximum matching in G and ( )}.uNv G∈  

Hence 

( )
( )

( )⎪⎩

⎪
⎨
⎧

+α′

α′
≥⊗α′

odd.isif,

even,isif,

2 nMGn

nGn
GWn  
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Figure 2. The matching M where n is odd. 

Suppose that ( ) ( ),GnGWn α′>⊗α′  where n is even, then there exists a 

matching ∗M  is an augmenting path. That is not true because each edges in 
GWn ⊗  either is in M, or adjacent to an edge of M. In the case n is odd, we 

have the same. 

Hence 

 ( )
( )

( )⎩
⎨
⎧

+α′

α′
=⊗α′

odd.isif,

even,isif,

2 nMGn

nGn
GWn  ~ 

3. Edge Covering Number of the Graph of GWn ⊗  

We begin this section by giving Lemma 9 that shows a relation of 
matching number and edge covering number. 

Lemma 9 [1]. Let G be a simple graph with order n. Then ( ) +α′ G  

( ) .nG =β′  
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Next, we establish Theorem 10 for a minimum edge covering number of 
.GWn ⊗  

Theorem 10. Let G be connected graph of order m. Then 

( )
( )

( )⎪⎩

⎪
⎨
⎧

−β′

β′
=⊗β′

,,

,,

2 oddisnifMGn

evenisnifGn
GWn  

where a matching { uuvM =2  is not matched in maximum matching 2M  in 

G and ( )}.uNv G∈  

Proof. Let n be even, by Theorem 8 and Lemma 9, we can also show that 

( ) ( ) mnGWGW nn =⊗β+⊗α  

( ) ( ) mnGWGn n =⊗β+α  

( ) ( )GnmnGWn α−=⊗β  

( )( )Gmn α−=  

( ).Gnβ=  

Let n be odd. Then we have 

( ) ( ) mnGWGW nn =⊗β+⊗α  

( ) ( ) mnGWMGn n =⊗β++α 2  

( ) ( ) 2MGnmnGWn −α−=⊗β  

( )( ) 2MGmn −α−=  

( ) .2MGn −β=  ~ 
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