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Abstract

Let a/(G) and PB'(G) be the matching number and edge covering
number, respectively. The tensor product G; ® G, of graphs G; and
G, has vertex set V(G ® G,) =V(G;)xV(G,) and edge set
E(G; ® Gy) = {(uvy) (Uovy)| WU, € E(Gy) and vy, € E(Gy)}. Inthis

paper, we determined generalization of matching and edge covering
number on tensor product of wheel and any simple graph.

1. Introduction

In this paper, graphs must be simple graphs which can be trivial graph.
Let G; and G, be graphs. The tensor product of graphs G; and G,, denoted

by G; ® G,, is the graph that V(G; ® G,) =V (G1)xV(G,) and E(G; ® G5)

= {(upvy) (upvp)|uup € E(Gy) and vqvy € E(Gy)}

Next, we give the definitions about some graph parameters. A subset of
the edge set E of G is said to be matching or an independent edge set of G, if
no two distinct edges in M have a common vertex. A matching M is
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maximum matching in G if there is no matching M’ of G with |[M'| > | M |.
The cardinality of maximum matching of G is called the matching number of
G, denoted by o'(G).

An edge of graph G is said to cover the two vertices incident with it, and
an edge cover of a graph G is a set of edges covering all the vertices of G.
The minimum cardinality of an edge cover of a graph G is called the edge
covering number of G, denoted by B'(G).

By definitions of matching number, edge covering number, clearly that

a'(W,,) = EJ and B'(W,,) = (ﬂ

In [2], there are some properties about tensor product of graph. We recall
here.

Proposition 1. Let H = G; ® G, = (V(H), E(H)). Then
(i) n(V(H)) = n(v(G)In(V(Gyp)),

(i) n(E(H)) = 2n(E(G))n(E(Gy)),

(iii) for every (u, v) e V(H), dy ((u, v)) = dg, (u)dg, (v).

Note that for any graph G, we have G; ® G, = G, ® Gy.

Theorem 2. Let G; and G, be connected graphs. Then the graph H =

G; ® G, is connected if and only if G; or G, contains an odd cycle.

Theorem 3. Let G; and G, be connected graphs with no odd cycle.

Then G; ® G, has exactly two connected components.
Next, we get that general form of graph of tensor Product of W, and a
simple graph.

Proposition 4. Let G be a connected graph of order m. Then the graph
of W, ® G is
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n n-1
| Haj U [ Higisy U Hag,
=2 i=2

where V(H”) = Si U Sj, Si = {(I, 1), (I, 2), ey (I, m)} and E(H”) =
{(i, u)(j, v)/uv € E(G)}. Moreover, if G has no odd cycle then each Hj;

has exactly two connected components isomorphic to G.
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2 43
hN o
N 1_/’ (1,2 (1,b) (L, d)
_ 5 :
N Wy
P b
rd \
a 5 4
H Hu
<
a b 15
Hs
G
c .

(5a) (5b) (50 (5d)

Figure 1. The graph of W5 ® G.
2. Matching Number of the Graph of W,, ® G

We begin this section by giving the definition and theorem for
alternating path and augmenting path, Lemma 7 that shows character of
matching for each Hj;.

Definition 5. Given a matching M, an M-alternating path is a path that
alternates between edges in M and edges not in M. An M-alternating odd path
whose endpoints are unsaturated by M is an M-augmenting path.

Theorem 6. A matching M in a graph G is a maximum matching in G if
and only if G has no M-augmenting path.

Next, we give Lemma 7 which shows the character of matching for each



252 Chanasak Baitiang and Thanin Sitthiwirattham
n n-1
Lemma 7. Let W, ® G = [ JHyj U [JHi(.1) UHgq. For each Hy,
j=2 i=2
then a'(Hij) = 20('(6)

Proof. Suppose G has no odd cycle, by Proposition 4 we get Hj; = 2G.
So o'(Hjj) = 20/(G). If G has odd cycle, for each Hj;, vertex (uj, v) € S;
and (uj, v) € Sj have dy. ((uj, v)) = dy, ((uj, v)) = dg(v). Let E* = {ei/g
is any one edge in each odd cycle C; inG, i =1 2, ..., |;| E* | <1} and let
M be the maximum matching of G.
n n-1
Now consider the tensor product | JHqj U |JHi(isa) UH2, =W, ®
j=2 i=2
(G—-E"). Weget Hjj =2(G —E"), then
2[a'(G)-|E [, if E ={e/e e M},
o/(Hjj) = 20/(G — E") = & /
20/(G), otherwise.
Adding edges in E* with W, ® (G — E*), we get o/(H;) = o'(Hj) +| E |.
Hence o/(Hjj) = 2a/(G). O

Next, we establish Theorem 8 for a matching number of W, ® G.

Theorem 8. Let G be connected graph of order m. Then

na/(G), if nis even,

o' (W, ®G) = — . .
no'(G)+| M, |, if nis odd,

where a matching M, = {uv/u is not matched in maximum matching M, in
Gand v e Ng(u)}.

Proof. Let V(W,) ={uj,i=12, .., n}, V(G) = {vj, i=12,..,m},
Si = (U, vj) eVW, ®G)/j=12..,m}i=12.,n
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From o'(W,) = EJ and let o'(G) = k. Assume that the maximum

matching of W,, and G be

" {{ulun, UoUg, .y Un_oUn_1},  if nis even,
1

{uou,3, UgUs, ..., Un_qUp},  if nis odd
and My = {vjvj1/j =1 3, ..., 2k -1}, respectively.
By Lemma 7, we have o/(H;j) = 2a'(G). Since W, ® G is
n n-1
| JH1j U [ Higisn) U Han.
j=2 i=2
We get the matching of W, ® G to be
My UMoz U...UMn_2)(n-1)} if nis even,
M3 UMys U...UMy gy UMy}, if nis odd,
where Mj; < E(H;j), Mjj = {(uj, va)(uj, Vp)/VaVp € M5} and M, = {uv/u
is not matched in maximum matching in G and v € Ng (u)}.

Hence

na'(G), if nis even,
a'W, ®G) > _
no'(G)+| M, |, if nis odd.
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Figure 2. The matching M where n is odd.

Suppose that a'(W,, ® G) > na'(G), where n is even, then there exists a

matching M ™ is an augmenting path. That is not true because each edges in
W, ® G either is in M, or adjacent to an edge of M. In the case n is odd, we
have the same.

Hence
na'(G), if nis even,

a'W, ®G) = _ O
no'(G)+| M, |, if nis odd.

3. Edge Covering Number of the Graph of W, ® G

We begin this section by giving Lemma 9 that shows a relation of
matching number and edge covering number.

Lemma 9 [1]. Let G be a simple graph with order n. Then o/(G) +
p(G)=n.
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Next, we establish Theorem 10 for a minimum edge covering number of
W, ® G.

Theorem 10. Let G be connected graph of order m. Then

np'(G), if nis even,

pFWh ®G) ={ _
np'(G)—| M, |, if nisodd,

where a matching M, = {uv/u is not matched in maximum matching M, in
Gand v e Ng(u)}.
Proof. Let n be even, by Theorem 8 and Lemma 9, we can also show that
aW, ® G) + BW, ® G) =mn
na(G) + BW, ® G) =mn

BW, ® G) = mn —no(G)

n(m —a(G))

np(G).
Let n be odd. Then we have
a(W, ® G) + BW, ® G) = mn
na(G) +| My |+ BW, ® G) = mn
BW, ® G) =mn - na(G) —| My |
=n(m-a(G)) - | My |
=nB(G) | My |. O
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