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Abstract

The problem of estimating the mean function of a compound cyclic
Poisson process is considered. An estimator of this mean function is
constructed and investigated. We do not assume any parametric form
for the intensity function except that it is periodic. Moreover, we
consider the case when only a single realization of the Poisson process
is observed in a bounded interval. Asymptotic bias and variance of the
proposed estimator are computed, when the size of the interval
indefinitely expands.

1. Introduction

We consider a non-homogeneous Poisson process N on [0, o) with

(unknown) locally integrable intensity function A. The intensity function A is
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assumed to be periodic with (known) period t > 0. We do not assume any

(parametric) form of A except that it is periodic, that is, the equality
M(s + k) = A(s) (1.1)

holds for all s €[0, o) and all k € Z, with Z denotes the set of integers.

This condition of intensity function is also considered in [2] and [3].

Let {Y(t), t > 0} be a process with

N(t)
Y() = DX, (1.2)
i=1

where {Xj, i >1} is a sequence of independent and identically distributed

random variables with mean p and variance 62, which is also independent
of the process {N(t), t > 0}. The process {Y(t), t > 0} is called a compound

cyclic Poisson process. The model presented in (1.2) is a generalization of
the (well known) compound Poisson process, which assume that
{N(t), t > 0} is a homogeneous Poisson process. We refer to [1], [4], [5] and

[6] for some applications of compound Poisson process.
Suppose that, for some ® € Q, a single realization N(®) of the cyclic
Poisson process {N(t), t > 0} defined on a probability space (Q, F, P)

with intensity function A is observed, though only within a bounded interval

[0, n]. Furthermore, suppose that for each data point in the observed
realization N(w)([0, n], say i-th data point, i =1, 2, .., N([0, n]), its

corresponding random variable X; is also observed.

The mean function (expected value) of Y(t), denoted by w(t), is given
by

w(t) = EIN(DIE[X ] = Al

t
with A(t) = fok(s)ds. Lett, =t-— L%J 1, where for any real number X, | X |
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denotes the largest integer less than or equal to X, and let also ki ; = L%J

Then, for any given real number t > 0, we can write t = kt,rT +t,, with
0<t <t Let 0= %ng(s)ds, that is the global intensity of the cyclic
Poisson process {N(t), t > 0}. We assume that
0> 0. (1.3)
Then, for any given t > 0, we have
A(t) = ke 70 + A(ty),
which implies
w(t) = (ke 10 + A(ty))p.
In [7], an estimator for the mean function w(t) of the process

{Y(t),t >0} using the observed realization was constructed and this

estimator has been proved to be weakly and strongly consistent. Our goal in
this paper is to compute asymptotic bias and variance of a (slightly) modified

estimator for the mean function y(t) of the process {Y (t), t > 0}.

The rest of this paper is organized as follows. The estimator and main
results are presented in Section 2, in Section 3 we present two technical
lemmas, which are needed in the proofs of our theorems, and proofs of the

main results are given in Section 4.

2. The Estimator and Results

Let ky ;= L%J An estimator of the mean function wy(t) using the

available data set at hand is given by

¥n(t) = (ke 105 + Ap(ty)itn, 2.1)
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where
Kp,—1
0, = kn?rf l;) N([kz, kt + 1)),
kn,—1
Anlty) = knl,r kz—;) N([ke, ke +t,])
and

with the understanding that i, = 0 when N([0, n]) = 0. Thus, y,(t) =0
when N([0, n]) = 0. Note that, since in this paper we want to have more
precise results compared to the ones in [7], our estimators én and f\n(tr) of
respectively 0 and A(t,) in this paper have to be slightly modified from the
ones in [7].

Our main results are presented in the following two theorems. The first
theorem is about asymptotic approximation to the bias of \,(t) and the

second theorem is about asymptotic approximation to the variance of (t).

Theorem 1 (Asymptotic approximation to the bias). Suppose that the
intensity function A satisfies (1.1) and is locally integrable. If, in addition,
Y(t) satisfies condition (1.2), then

Ein(0) = w(t) - L8 + oe™) @)
€

as n — oo,

Theorem 2 (Asymptotic approximation to the variance). Suppose that
the intensity function A satisfies (1.1) and is locally integrable. If, in addition,
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Y (t) satisfies condition (1.2), then

var({yr,(t)) = “Tzr(ktﬁer + Aty ) (1+ 2k 1))

2
o 2 1
+ E(kt,re‘f + A(tr )) + O(n—zj (23)
as N — oo,

We note that, since the bias of \,(t) is of smaller order than o(n2),

then the asymptotic approximation to the MSE (mean-squared-error) of

Wn(t) is also given by the r.h.s. of (2.3). Hence, the rate of decrease of
MSE({/(t)) is of order O(n"") as n — .

3. Some Technical Lemmas

In this section, we present two lemmas which are needed in the proofs of
our theorems.

Lemma 1. Suppose that the intensity function A satisfies (1.1) and is
locally integrable, then

0
Kp, <7 '

E(6,) = 6 and Var(,) =

Hence, 6,, is unbiased estimator of 6 and Var(6,,) is of order O(n™!) as

n — oo.

Proof. The expected value of én can be computed as follows:

R ST
E@©,) = > f o Ms)s
k=0 "7

kn,rT

k<1

_ knl 3 %jgx(s)ds -0,

ST k=0
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The variance of én can be computed as follows:

Kn, <1
Var(d,) =k2;2 3" Var(N([k, ke + )
T k=0

n,t

Kn. -1
| :
== Z E(N([kr, kt + 1))
U k=0

n5

|
: k+1
= 21 5 J.( )Tx(s)ds
kn,‘CT k=0 ke
6
N

This completes the proof of Lemma 1.

Lemma 2. Suppose that the intensity function A satisfies (1.1) and is
locally integrable, then

EA,(t,) = A(t,) and Var(A,(t, )) = ’;(tf).

s

Hence, Ap(t,) is unbiased estimator of A(t,) and Var(A,(t,)) is of order

o) as n - .

Proof. The expected value of An (t;) can be computed as follows:

Kn. -1
n 1 ’ kt+t,
E(An(tr) = 1 — kzo [, " Ms)s

X kne=1

r
= J A(s)ds
Kn. ¢ kz_:‘) 0

>

= Alt}).
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The variance of An (t;) can be computed as follows:
var(A,(t)) = ZVar(N ([kz, ke +t,]))
kn T k=0
Kn, <~

ZE(N(kr kt +1,.])

nr

kt+ty
k2 ZI A(s)ds
n,t k=0

Altr)

Kn, <

This completes the proof of Lemma 2.
4. Proofs of Theorems 1 and 2

Proof of Theorem 1. The expected value of \,(t) can be computed as

follows:

E(n(t) = E(E(pn (B)IN([0. n])

0

= D E@@n®)IN(0, n]) = m)P(N([0, n]) = m)

m=0

0

Z(kt TEQ, + EAL (L, ))E[ ixi]P(N([O, n]) = m)
i=1

m=1

0

Z(kt <10 + Aty ))uP(N([0, n]) = m)

m=1

= (ki 0 + Aty)u Y P(N([0, n]) = m)
m=1
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= y(t)(1 - P(N([0, n]) = 0))

= y(t)(1-e 2, (4.1)
A simple calculation shows that

An) = jonx(s)ds — on +O(1) 4.2)

as N — oo, Substituting the r.h.s. of (4.2) into the r.h.s. of (4.1), we then
obtain the r.h.s. of (2.2). This completes the proof of Theorem 1.

Proof of Theorem 2. To prove Theorem 2, first we compute E(\Tf%(t))

as follows:

E(§a (1) = E(E(q(®)IN(0, n]))

E(G7(DIN([0, n)) = m)P(N([0, n]) = m)

M s

0

3
Il

M8

m 2
E(ke, <00 + An(t;))? E[%Z xiJ P(N([0, n]) = m). (4.3)
i=l1

1

3
Il

Since {Xj, i >1} is a sequence of independent and identically distributed

. . . 2 . .
random variables with mean p and variance ¢“, a simple calculation shows

that

m 2
1 2 02
The other expectation on the r.h.s. of (4.3) can be computed as follows:

E(kt,rtén + An(tr ))2 = ktz,rTzE(én)2 + E(An(tr ))2 + 2kt,rTE(én;\n(tr )

(4.5)
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Now note that, by Lemma 1 we have

A2 a2 0
E(6n)" =067 + - (4.6)
and by Lemma 2 we see that
- At
E(Rntr))? = A2(t,) + 200 @)

kn,r

To compute E(0,A[(t,)) we argue as follows. Let

kn -1
A 1 <
AS(t,) = P kZa N([kt + t,, kt + 1]).

Then 6,, can be written as
A 1, - «
O = ;(An(tr) + A (t)-

Note also that Ap(t, ) and AS,(t, ) are independent. Then, a simple calculation

shows that

E(BnAn(ty)) = At,)0 + ’k\n(trt). (4.8)

Substituting (4.6), (4.7) and (4.8) into the r.h.s. of (4.5), we then have

E(kt,rfén + An(tr ))2
1
= (kg ¢70 + Alty)* + W(kgﬂe + Aty ) (1+ 2k ). (4.9)
,T
Substituting (4.4) and (4.9) into the r.h.s. of (4.3), we then obtain

B0 = (50 AP+ 0200+ A0+ 20,0

-3 P(N([o, n]) = m)
m=1
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+ ((kt’rre AP + (k04 At )(1+ 2kt,r))]02
> P(N(o, n) = m). (4.10)
m=1

The first term on the r.h.s. of (4.10) is equal to
2
wl(t)+ k“—(kt%ﬁe + At ) (1 + 2k o) + O ™) (4.11)
n,t

as N — oo, while its second term can be simplified as

((kt,rte FAE)) + L (kZot0+ Aty (1 + 2ktﬂ)))c2(5_n + o(_ZD

n,t

2
= 2 (ke 10 + Aty ))? o(i) 4.12
o (.70 + )" + O (4.12)

as N — oo. A simple argument shows that

1 T 1
kn - = H + O(n—zj (413)

5

as N — oo. Substituting (4.11), (4.12) and (4.13) into the r.h.s. of (4.10), then

we have

(W) = w>(t) + “Tzf(kétre +A(te)(1+ 2k )

2
o 2 1
o (ke, 710 + A(ty )" + O(—nzj (4.14)

as N — o, By (4.14) and (2.2) we obtain (2.3). This completes the proof of
Theorem 2.
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