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Abstract

In this paper, we introduce and study the notion of a new class of
functions, namely, star generalized precontinuous, star generalized
preclosed and strongly star generalized preclosed functions.

1. Introduction

Kumar [28] introduced and investigated the notion of *g -continuous

functions in topological spaces. Also, Kumar [26, 27], Rose [22] and
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Mashhour et al. [14] introduced the notion of g*p -continuous functions,
g -continuous functions, ag -continuous functions and precontinuous

functions in topological spaces. Levine [10] introduced the notion of strongly
continuous functions and studied some of their properties. The notion of
perfectly continuous functions in topological spaces was introduced in [19].
Reilly and Vamanamurthy [20] and Kumar [25] introduced the notion of
preirresolute and @ -irresolute functions. EI-Maghrabi and Al-Ahmadi [7]

had introduced star generalized preclosed sets and studied its properties using
g -open and obtained some of its properties and results.

In the present paper, we introduce and study the notion of a new class of
functions, namely, star generalized precontinuous, star generalized preclosed,
strongly star generalized precontinuous and strongly star generalized
preclosed functions and studied some of their basic properties.

2. Preliminaries

Throughout this paper, (X, t) and (Y, o) represent non-empty
topological spaces on which no separation axioms are assumed unless
otherwise mentioned. For a subset A of a space (X, t), cl(A), int(A) and

A® or X\A denoted the closure of A, the interior of A and the complement
of A in X, respectively.

Let us recall the following definitions which are useful in the sequel.

Definition 2.1. A subset A of a space (X, 1) is called:

(i) a semi-open set [11] if A < cl(int(A)) and a semi-closed set if
int(cl(A)) c A,
(i) a preopen set [14] if A cint(cl(A)) and a preclosed set if
cl(int(A)) < A,
(iii) an o-open set [18] if A c int(cl(int(A))) and an a-closed set if
cl(int(cl(A))) < A,
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(iv) a regular open set [24] if A = int(cl(A)) and a regular closed set if
cl(int(A)) = A.

The semi closure (resp. preclosure, a-closure) of a subset A of a space
(X, 1) is the intersection of all semi-closed (resp. preclosed, a-closed) sets

containing A and is denoted by scl(A) (resp. pcl(A), acl(A)).
Definition 2.2. A subset A of a topological space (X, t) is called:

(i) a generalized closed (briefly, g-closed) set [12] if cl(A)c U

whenever A < U and U isopenin (X, 1),

(i) a g -closed set [25] if cl(A)cU whenever AcU and U is
semi-open in (X, 1),
(iii) a generalized semi-preclosed (briefly, gsp-closed) set [6] if

spcl(A) < U whenever A < U and U isopenin (X, 1),

(iv) a g*-closed set [24] if cl(A) c U whenever Ac U and U is
g-openin (X, 1),

(v) a g”-preclosed (briefly, g* p -closed) [25] (or strongly generalized
preclosed (briefly, strongly gp-closed)) [4] set if pcl(A) = U whenever
A c U and U is g-openin (X, 1),

(vi) an ag -closed set [22] if acl(A) = U whenever Ac U and U is

g -openin (X, 1),

(vii) a *g-closed set [28] if cI(A)c U whenever Ac U and U is
g -openin (X, 1),

(viii) a “gp-closed set [7] if pcl(A) c U whenever Ac U and U is
g -openin (X, 1).

The complement of a g-closed (resp. § -closed, gsp-closed, g*-closed,
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g”p -closed, ag -closed, *g -closed, *gp -closed) set is called g-open (resp.
g -open, gsp-open, g~ -open, g*p -open, ag -open, “g -open, " gp -open).

The intersection (resp. the union) of all *gp -closed (resp. " gp -open) [9]
sets containing (resp. contained in) A is called the *gp -closure (resp. the

* gp -interior) of A and will be denoted by *gp-cl(A) (resp. * gp-int(A)).
Proposition 2.1 [7]. For a space (X, 1), we have:

(i) every closed (resp. g -closed, preclosed, a-closed) set is “gp -
closed,

(ii) every g™ -closed (resp. g”p -closed, o§ -closed) set is " gp -closed,
(i) every *gp -closed set is gsp-closed.
Definition 2.3. A function f : (X, 1) - (Y, o) is called:

(i) precontinuous [14] if the inverse image of each closed set of
(Y, o) is preclosed in (X, 1),

(i) a-continuous [13] if the inverse image of each closed set of (Y, o)
is a-closed in (X, 1),

(iii) g-continuous [2] if the inverse image of each closed set of (Y, o)
is g-closed in (X, 1),

(iv) ¢ -continuous [27] if the inverse image of each closed set of
(Y, o) is g -closed in (X, 1),

(v) gsp-continuous [6] if the inverse image of each closed set of
(Y, o) is gsp-closed in (X, 1),

(vi) g*-continuous [24] if the inverse image of each closed set of

(Y, o) is g -closed in (X, 1),
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(vii) g*p -continuous [26] (or strongly generalized precontinuous
(briefly, strongly gp-continuous)) [4] if the inverse image of each closed set

of (Y, o) is g™ p -closed (or strongly gp-closed) in (X, 1),
(viii) *g -continuous [28] if the inverse image of each closed set of
(Y, ) is "g-closed in (X, 1),

(ixX) ag -continuous [22] if the inverse image of each closed set of

(Y, o) is ag -closed in (X, 1),

(x) strongly continuous [10] if the inverse image of each subset of
(Y, o) isclopenin (X, 1),

(xi) perfectly continuous [19] if the inverse image of each open set of
(Y, o) isclopenin (X, 1).

Definition 2.4. A function f : (X, 1) = (Y, o) is called:

(i) preirresolute [20] if the inverse image of each preopen set of (Y, o)

is preopen in (X, 1),
(ii) @ -irresolute [25] if the inverse image of each § -closed set of

(Y, o) is g -closed in (X, 1),

(iii) g"p -irresolute [26] (or strongly generalized preirresolute (briefly,
strongly gp-irresolute)) [4] if the inverse image of each g™p-closed (or
strongly gp-closed) set of (Y, o) is g™ p -closed (or strongly gp-closed) in
(X, 7).

Definition 2.5. A function f : (X, 1) = (Y, o) is called:

(i) preclosed [14] map if the image of each closed set of (X, 1) is

preclosed set in (Y, o),
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(ii) a-closed [16] map if the image of each closed set of (X, t) is
a-closed set in (Y, ),

(iii) gsp-closed [5] map if the image of each closed set of (X, 1) is gsp-

closed setin (Y, o),

(iv) g”-closed map if the image of each closed set of (X, 1) is g"-
closed setin (Y, o),

(v) g"p-closed (or strongly generalized preclosed (briefly, strongly
gp-closed)) [4] map if the image of each closed set of (X, t) is g™ p -closed
(or strongly gp-closed) setin (Y, o),

(vi) "g-closed map if the image of each closed set of (X, 1) is g -
closed setin (Y, o),

(vii) ag -closed [22] map if the image of each closed set of (X, 1) is
ag -closed set in (Y, o).

Definition 2.6 [15]. A function f : (X, 1) = (Y, o) is called M-preclosed
if f(U) isapreclosed setin (Y, o), for each preclosed set U in (X, 1).

Theorem 2.1 [7]. If Ais an open and B is a “gp -open subset of a space

(X, 1), then AN B is *gp -open.

Definition 2.7 [7]. A subset N, of a space (X, 1) is called a “gp -

neighbourhood (briefly, * gp -nbd) of point x e X if there exists a * gp -open
set G suchthat x e G < N.

Proposition 2.2 [7]. For a space (X, t) and A c X, the following
statements hold:

(i)if Ac F, Fisa “gp-closed set, then A c “gp-cl(A) c F,

(i) if G < A Gisa “gp-open set, then G < “gp-int(A) c A
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Proposition 2.3 [7]. For a topological space (X, t) and A < X, the
following statements hold:

(i) if Ais a “gp-closed (resp. *gp-open) set, then A = *gp-cl(A)
(resp. A = "gp-int(A)),
(i) int(A) < *gp-int(A) and *gp-cl(A) c cl(A),
(iii) “gp-cl(X — A) = X — *gp-int(A),
(iv) *gp-int(X — A) = X — “gp-cl(A).
Definition 2.8 [7]. A topological space (X, 1) is called:

Q) *ng -space if every *gp -closed set is closed,

(i) *ngl/Z -space if every *gp -closed set is preclosed.

Proposition 2.4 [3, 17]. For subset A of X and subset B of Y, we have
pcl(Ax B) = pcl(A)x pcl(B) and pint(Ax B) = pint(A) x pint(B).

3. *gp -continuous Functions

In this section, we give and study the concept of a *gp -continuous

function. Also, some of their properties and relations between them and other
types of functions are presented. Further, we introduce some applications
suchas: . T -spaceand . Ty, -Spaces.

g P gp Y27P

Definition 3.1. A function f : (X, ©) — (Y, o) is called * gp -continuous

if the inverse image of each closed set of (Y, o) is “gp -closed in (X, ).
Theorem 3.1. If f : (X, t) > (Y, o) isa mapping, then:

(i) every continuous (resp. g -continuous, precontinuous, o

continuous) map is * gp -continuous,
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(i) every g”-continuous (resp. g*p -continuous, ag -continuous) map
is * gp -continuous,

(iii) every *gp -continuous map is gsp-continuous.

Proof. (i) Let f : (X, ©) = (Y, o) beacontinuous (resp. * g -continuous,
precontinuous, o-continuous) map and V be a closed set of (Y, o). Then
f_l(V) is closed (resp. g -closed, preclosed, a-closed) in (X, t), hence
by Proposition 2.1, f 1(V) isa *gp-closed in (X, t). Therefore, (X, 1) is

*gp -continuous.

(i) Let f : (X, ©) = (Y, o) be a g™ -continuous (resp. g* p -continuous,
a§ -continuous) map and V be a closed set of (Y, o). Then f (V) is g*-
closed (resp. g™ p -closed, ag -closed) in (X, t). So, by Proposition 2.1(ii),
fL(v) is *gp-closed in (X, t). Hence, (X, t) is *gp -continuous.

(iii) Let f :(X, 1) = (Y, o) be a "gp-continuous map and V be a

*

closed set of (Y, o). Then f~1(V) is *gp-closed in (X, 1), hence, by
Proposition 2.1(iii), f‘l(V) is gsp-closed in (X, ). So, (X, 1) is gsp-
continuous.

According to the above definition, we give the implications between
these functions and other types of functions by the following diagram:

continuous — g*- continuous —*g- continuous —g-continuous

a- continuous — og- continuous —*gp- continuLus — gsp- continious

l A

precontinuous —g*p- continuous

The converse of these implications need not be true in [20, 23, 25, 26]
and the following examples.
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Example 3.1. Let X =Y ={a, b,c}, t=1{X, ¢, {a}, {a,c}} and & =
{Y, o, {a}, {b}, {a, b}} be topologies on X, Y, respectively. Define a map
f:(X,71)—>(Y,o) by f(a)=a, f(b)=c and f(c)=b, thenfis “gp-
continuous but not continuous (resp. precontinuous, a-continuous), since
{a, c} is a closed set of (Y, o) and fX({a, c}) = {a, b} is not closed (resp.
preclosed, a-closed) in (X, 7).

Example 3.2. Let X ={a, b, ¢}, ©={X, o, {a}, {b, c}}. Define a map
g:(X,1) > (X, 1) by g(@="b, g(b)=a and g(c) =c, hence gis “gp-
continuous but not *g -continuous (resp. g* -continuous, og -continuous),
since {a} is a closed set of (Y, ) and f*({a}) = {b} is not *g -closed

(resp. g™ -closed, ag -closed) in (X, 1).

Example 3.3. Let X ={a, b, ¢}, ©={X, ¢, {a}}. Define a map h:
(X, 1) => (X, 1) by h(@=b, h(b)=c and h(c)=a, then h is *gp-
continuous, but not g™ p -continuous, since {b, c} is a closed set of (Y, o)
and f1({b, c}) = {a, b} isnot g*p-closed in (X, 7).

Example 3.4. Let X =Y ={a, b, ¢}, ©={X, o, {a}, {b}, {a, b}} and
o =1{Y, ¢, {a}, {b, c}} be two topologies on X, Y, respectively. Define a map
0:(X,1)>(Y,0) by 6(a)=b, 6(b)=a and 6(c) = c, hence 6 is gsp-
continuous but not *gp -continuous, since {a} is a closed set of (Y, ) and

f1({a}) = {b} is not *gp -closed in (X, 7).

Remark 3.1. The notions of *gp -continuous and § -continuous function
are independent of each other. In Example 3.1, f is *gp -continuous but not a

§ -continuous map, since {a, c} is a closed set of (Y, o) and f *({a, c}) =

{a, b} isnot g -closed in (X, 7).
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Theorem 3.2. Amap f : (X, ©) = (Y, o) is “gp -continuous if and only
if the inverse image of each open set of (Y, o) is “gp -openin (X, 1).

Theorem 3.3. Let f : (X, 1) > (Y, o) be a *gp -continuous mapping.
Then the following statements hold:

(i) foreach x € X and each nbd N of f(x) inY, there exists *gp -nbd
W of xin X such that f(W) < N,

(i) f("gp-cl(A)) c cl(f(A)) foreach A c X,
(i) *gp-cl(f X(B)) < f *(cI(B)) foreach B c Y,
(iv) if fis a bijective, then int(f(A)) < f(“gp-int(A)) for each A < X,

(v) if f is a bijective, then f_l(int(B)) - *gp-int(f_l(B)) for each
BcY.

Proof. (i) Suppose that x € X. Then f(x)eY, since N is a nbd of
f(x) in Y, there exists an open set G < Y such that f(x)e G < N.

Therefore, x € f 1(G) = f }(N). But, f is *gp -continuous, then f %(G)
is a *gp -open set of X. Thus, by Definition 2.7, f (N is *gp -nbd of x in
X. Setting W = f “1(N) this implies that f(W) < N.

(ii) For each A < X, then f(A)c Y, but f(A) < cl(f(A)) whichisa
closed set of Y. Since f is * gp -continuous, f_l(cl( f(A)))isa “gp -closed set

of X. Hence, by Proposition 2.3(i), *gp-cI(f ~L(cI(f(A))) = f ~X(cI(f(A))),
but

*gp-cl(A)  *gp-cl(f 1(f(A) < “gp-cI(f H(cI(T(A))
= £7HcI(f(A),

then f(*gp-cl(A)) < f(f 2(cl(f(A))) < cl(f(A)) foreach A < X.
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(iii) Let B Y. Since f ~1(cl(B)) is a * gp -closed set of X, by Proposition
2.2(i), 171(B) < *gp-cl(f (B)) < f}(cl(B)) foreach B Y.

(iv) For each A < X, then f(A) <Y, hence int(f(A)) is an open set
of Y. But f is *gp -continuous, then by Theorem 3.2, f X(int(f(A))) is
*gp-open set in X. Hence, by Proposition 2.3(i), f‘l(int(f(A))) =
*gp-int(f ~L(int(f (A)))) < *gp-int(f L(f(A))). Since f is bijective,
f L(int(f (A))) < *gp-int(A), hence f(f L(int(f(A)) < f(*gp-int(A)).
Therefore, int(f(A)) < f(*gp-int(A)) foreach A < X.

(v) Since Bc Y and f is a bijective *gp -continuous map, f_l(B)
< X and by (iv), we have int(f(fX(B))) < f(*gp-int(f 1(B))). Thus,
f ~L(int(B)) = *gp-int(f ~L(B)) forevery B Y.

The following examples show that the converse of the above Theorem
3.3((iv), (v)) is not true.

Example 3.5. Let X =Y ={a, b, c}, t={X, o {a}} and o=
{Y, o, {a}, {a, b}} be two topologies on X, Y, respectively. Define a map
f:(X,t)—>(Y,o) by f(a)=a, f(b)=b and f(c)=Db, hence (iv) and
(v) are achieved but f is not bijective.

Remark 3.2. The composition of two *gp -continuous mappings needs

not be *gp-continuous. Let X =Y =Z ={a, b, ¢} with topologies t =
{X, ¢ {a}, {b}, {a, b}, {a, c}}, o={Y, 0, {a}, {a c}} and n ={Z, ¢, {a b}}
on X, Y and Z, respectively. Let f : (X, t) - (Y, o) be a mapping defined
by f(a)=c, f(b)=aand f(c)=band g: (Y, o) > (Z, n) be a mapping
defined by g(a) =b, g(b) = a and g(c) = c. Then f and g are * gp -continuous

but g o f is not *gp-continuous, since {c} is a closed set of (Z, n) and

(g o f)1({c}) = {a} is not *gp -closed in (X, ).
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Theorem 3.4. If f :(X,1)—(Y,o) is a “gp-continuous and g :
(Y, o) > (Z, n) is a continuous map, then their composition g o f : (X, 1)

— (Z,m) is " gp -continuous.

Proof. Let G be a closed set of (Z,n). Then g~%(G) is closed in
(Y, ). But f is *gp-continuous, hence (go f)1(G)= f(g7i(@)) is

*gp -closed in (X, t). Therefore, g o f is *gp -continuous.

Proposition 3.1. The product of two *gp -open sets of spaces is a *gp -
open set in the product space.

Proof. Let A and B be two *gp -open sets of spaces (X, 1) and (Y, o),
respectively. Also, let W = AxB < X xY and F cW be a § -closed set
in X xY. Then there exist two § -closed sets F < A and F, < B, such
that F; < p-int(A) and F, < p-int(B). Therefore, F; x F, < Ax B and by
Proposition 2.4, F x F, < p-int(A) x p-int(B) = p-int(Ax B). So, Ax B is

*gp-openin X xY.

Theorem 3.5. Let f;: X; = Y; be “gp-continuous maps for each
ie{l,2} and let f:X;x Xy —>Y;xYy be defined by f((x, Xp)) =

(f(x), f(xy)). Thenfis *gp -continuous.

Proof. Let V; and V5 be two open sets in Y; and Y,, respectively. Since
f: X; - Y; are *gp -continuous maps for each i e {1, 2}, f{%(V;) and
fz_l(Vz) are “gp-open sets in X; and X,, respectively, hence by
Proposition 3.1, f;2(Vy)x f;1(V,) is *gp-open in Xy x X,. Therefore, f

is “gp -continuous.

Theorem 3.6. Let f : (X, 1) = (Y, o) be a *gp -continuous map. Then
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the following hold:

(i) fis continuous if (X, 1) is *ng -space,
(ii) f is precontinuous if (X, 1) is *ngl/Z -space.

Proof. (i) Let V be a closed set of (Y, o) and f : (X, 1) > (Y, c) bea
* gp -continuous map. Then f X(V) is *gp -closed in (X, t). But (X, 1) is

*ng -space, hence f_l(V) is closed in (X, ). Therefore, f is continuous.

(ii) Let V be a closed set of (Y, o) and f : (X, t) > (Y, o) bea “gp-
continuous map. Then f~1(V) is *gp-closed in (X, 1). But (X, 1) is

*ngj/Z -space, hence f ~2(V) is preclosed in (X, t). So, f is precontinuous.

Theorem 3.7. Let f : (X, t) = (Y, o) be preirresolute and g : (Y, &)
—(Z,m) be “gp-continuous maps. Then go f :(X,1)—>(Z,n) is

precontinuous if (Y, o) isa *ng1/2 -space.

Proof. Let V be a closed set of (Z, n) and g be a * gp -continuous map.

Then g~3(V) is *gp-closed in (Y, o). But (Y, o) isa *ngj/z-space, then

gY(V) is preclosed in (Y, o). Since f is preirresolute, hence f 1(g~1(V))

is preclosed in (X, t). Therefore, (go f) (V) is preclosed in (X, 1).
Hence, g o f is precontinuous.

4. *gp -closed and * gp -open Mappings

This section is devoted to introduce and study the concepts of “gp -

closed and *gp -open mappings. Also, some of their characterizations are
studied.
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Definition 4.1. A mapping f : (X, ©) = (Y, o) is said to be “gp-
closed (resp. “gp-open) if the image of each closed (resp. open) set of
(X, 1) is “gp -closed (resp. “gp -open) in (Y, o).

Theorem 4.1. If f : (X, t) > (Y, o) is a mapping, then:

(i) every closed (resp. a “g -closed, a preclosed, an a-closed) map is

*gp -closed,

(ii) every g”-closed (resp. a g*p -closed (or strongly gp-closed), an
ag -closed) map is *gp -closed,

(i) every *gp -closed map is gsp-closed.

Proof. (i) Let f : (X, 1) —> (Y, o) be a closed (resp. a *g -closed, a
preclosed, an a-closed) map and V be a closed set of (X, t). Then f(V) is
closed (resp. *g -closed, preclosed, a-closed) in (Y, o), hence f(V) is a
*gp -closed set of (Y, o). Therefore, fis *gp -closed.

(i) Let f:(X,1)—>(Y,o) bea g*-closed (resp. a g*p -closed (or
strongly gp-closed), an ag -closed) map and V be a closed set of (X, 1).
Hence, f(V) is g”-closed (resp. g”p -closed (or strongly gp-closed), og -
closed) in (Y, o), then f(V) is a “gp-closed set of (Y, o). So, fis “gp-
closed.

(iii) Let f : (X, 1) > (Y, o) bea *gp -closed map and V be a closed set
of (X, 7). Then (V) is “gp -closed in (Y, o). Hence, f(V) is a gsp-closed
set of (Y, o). Therefore, f is gsp-closed.

By the following diagram, we give the implications between the concepts

of *gp -closed and other types of mappings:
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closed — g*-closed —*g-closed

a—cloled — ag-closed —r*gp-clo£d—> gsp-closed

P

preclosed —g*p-closed (or strongly gp-closed)

The converse of these implications need not to be true in [5, 25] and by
the following examples.

Example 4.1. Let X =Y ={a,b,c}, t={X, o {a},{b,c}}, o=
{Y, ¢, {b}} be two topologies on X, Y, respectively, and f : (X, 1) - (Y, o)
be a mapping which is defined by f(a)=c, f(b)=a and f(c)=b. Then
f is “gp-closed but not closed (resp. preclosed, a-closed, g*-closed,
9" p -closed (or strongly gp-closed)). Since {b, ¢} is a closed set of X and
f({b, c}) = {a, b} is *gp-closed but not closed (resp. preclosed, a-closed,
g” -closed, g™ p -closed (or strongly gp-closed)) in Y.

Example 4.2. Let X =Y ={a, b, c}, t={X, ¢, {b, c}}, o ={Y, o, {a},
{a c}} be two topologies on X, Y, respectively, and g : (X, 1) - (Y, o) bea
mapping which is defined by g(a) =c, g(b)=a and g(c) =b. Then g is
*gp -closed but not *g -closed, since {a} is a closed set of X and f({a})
= {c} is "gp -closed but not *g -closed in Y. Further, the map g in Example

*

3.2, which is defined by g(a)=b, g(b)=a and g(c)=c is ~gp-closed

but not a.g -closed, since {a} is a closed set of X and g({a}) = {b} is "gp-

closed but not g -closed in Y.

Example 4.3. Let X =Y ={a, b, ¢, d} with two topologies t = {X, o,

{a, bj, {c, d}}, o =1Y, ¢ {a}, {c}, {d}, {a ¢}, {a, d}, {c, d}, {a, ¢, d}} and
a mapping h: (X, t) - (Y, o) which is defined by h(a)=a, h(b)=c,
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h(c)=d and h(d)=b. Then h is gsp-closed but not *gp -closed, since
{a, b} is a closed set of X and f({a, b}) = {a, ¢} is gsp-closed but not *gp -
closedin.

Remark 4.1. The notions of *gp -closed and *gp -continuous maps are

independent of each other. This is shown by the following examples.

Example 4.4. Let X =Y ={a, b, ¢} with two topologies t = {X, ¢, {a}},
c={Y, o {a}, {b, c}}. Then a mapping f :(X, t) > (Y, 5) which is

defined by f(a)=a, f(b)=b and f(c)=c is “gp-closed but not “gp -

continuous, since {a} is a closed set of Y and f *({a}) = {a} is not *gp-
closed in X.

Example 4.5. Let X =Y ={a, b, ¢} with two topologies t = {X, ¢,
{a}, {b}, {a, b}, {a, c}}, o ={Y, o, {a, b}}. Hence a mapping g : (X, 1) >
(Y, o) which is defined by g(a)=a, g(b)=b and g(c)=c is “gp-
continuous but not *gp-closed, since {a, ¢} is a closed set of X and

f({a, c}) = {a, b} isnot *gp -closed in Y.

Theorem 4.2. A bijective mapping f : (X, ©) = (Y, o) isa “gp -closed
(resp. *gp -open) if and only if for any subset A of (Y, o) and any open
(resp. a closed) set U of (X, t) containing f 1(A), there exists a *gp -
open (resp. a “gp-closed) subset B of (Y, c) containing A such that

f1(B) c U.

Proof. Suppose that U is an open set of X containing f_l(A). Then
X —U s closed. But fis a *gp -closed map, then f(X —U) is *gp -closed
in Y and hence B=Y - f(X —U) is “gp-open in Y. But X —-U ¢
X — f7Y(A), then AcY — f(X —U) = B. Therefore, f %(B) c U.
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Conversely, assume that F is a closed set of X. Then X — F is an open

setof Xand f (Y — f(F)) = X — F and hence by hypothesis, there exists
a " gp -open set B of Y containing Y — f(F) such that f‘l(B) c X —F this
implies that B c Y — f(F) andso B =Y — f(F) which is *gp-open in Y.

Therefore, f(F) isa “gp -closed set of Y. It follows that f is * gp -closed.

Theorem 4.3. If f : (X, t) = (Y, o) is a bijective *gp -open mapping
and A= f‘l(B), for any open subset B of Y, then the restriction fp :
(A ta) = (Y, o) is “gp -open.

Proof. Suppose that H is an open subset of A. Then there exists an open
set U of X such that H = AU and therefore by Theorem 2.1, f(H) =

fa(H)=B f(U) which is “gp-open in Y and hence fo(H) is “gp-

open.

Theorem 4.4. Let f : (X, ©) = (Y, o) be a *gp -closed mapping. Then
the following statements hold:

(i) “gp-cl(f(A)) < f(cl(A)) for every subset A c X,

(ii) if f is a bijective, then f (*gp-cI(B)) < cI(f ~X(B)) for every subset
BofY.

Proof. (i) Since A < cl(A) < X is closed and f is a *gp -closed map,
hence f(cl(A)) is a *gp-closed set of (Y, o). Therefore, “gp-cl(f(A))
*gp-cl(f (cl(A))) = f(cl(A)) forevery A c X.

(i) Since f is a *gp -closed mapping and B Y, f‘l(B) < X. Hence,
from (i), *gp-cI(f(f~1(B))) = f(cI(f %(B))) and therefore,

f("gp-cl(B)) < cl(f (B))

forevery B c Y.
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Theorem 4.5. If f:(X, 1) > (Y, o) isa “gp-open mapping, then the
following statements hold:

(i) f(int(A)) c “gp-int(f(A)) for every A c X,
i) int(f "X(B)) = f L(*gp-int(B)) for every B Y.

Proof. (i) Since int(A) = A< X is an open set of X and fisa “gp-
open map, f(int(A)) is a *gp-open set of Y and therefore f(int(A)) =
*gp-int( f (int(A))) c “gp-int(f(A)) forevery A c X.

(i) Since f is a “gp -open mapping and B c Y, f_l(B) < X. Hence,
from (i), f(int(f "1(B))) < *gp-int(B) and hence

int(f (B)) < f ~Y(*gp-int(B))

foreach B c Y.

Remark 4.2. The composition of two *gp -closed mappings need not
to be "gp-closed. Let X =Y =Z ={a, b, ¢} with the topologies t =
{X, ¢, {a}, {a, bj}, o =1{Y, ¢, {b, ¢j} and n = {Z, ¢, {a}, {a b}, {a, c}} on
X, Y and Z, respectively. Then a mapping f : (X, 1) = (Y, o) which is
defined by f(a)=c, f(b)=b, f(c)=a and g:(Y, o) > (Z, n) which
is defined by g(a) = b, g(b) = a, g(c) = ¢ are “gp-closed but g o f is not
*gp -closed, since {b, c} is a closed set of X but (g o f)({b, c}) = {a, b} is

not *gp -closed in Z.

Theorem 4.6. If f : (X, 1) > (Y, o) isaclosedmapand g : (Y, o) >
(Z,m) is a “gp-closed map, then the composition mapping g o f : (X, 1)
— (Z, m) is *gp -closed.
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Proof. Let V be a closed subset of X and f be a closed map. Then (V) is
closed in Y. But g is a *gp -closed map, then g(f(V)) is “gp-closed in Z.

Hence, g o f isa “gp -closed map.

Theorem 4.7. Let f : (X, 1) > (Y,o) and g : (Y, 5) > (Z, n) betwo
mappings. Then the following statements hold:

(i) if f is a surjective continuous map and g o f is “gp-closed (resp.
*gp -open), then g is *gp -closed (resp. ™ gp -open),
(i) if g is an injective *gp -continuous map and g o f is closed (resp.

open), then f is ™ gp -closed (resp. ™ gp -open).

Proof. (i) We prove the theorem for the case of *gp -closed map. Let
A cY be a closed set. Since f is continuous, f 1(A) < X is closed. But
go f isa “gp-closed map, hence (g o f)(f_l(A)) is “gp -closed in Z. But

f is surjective, hence g(A) is *gp -closed in Z and hence g is * gp -closed.

(if) Assume that G < X is a closed set. But g o f is a closed map, then
(go f)(G)c Z is closed. Since g is an injective *gp -continuous map,

f(G) is "gp-closed in Y. Hence, fis *gp -closed.

Theorem 4.8. Let f : (X, 1) = (Y, o) be a bijective mapping. Then the
following statements are equivalent:

(i) fis " gp -open,
(i) fis *gp -closed,
(i) f71:(Y, o) > (X, 1) is *gp -continuous.

Definition 4.2. A mapping f : (X, 1) = (Y, o) is called strongly *gp -
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closed (resp. strongly *gp -open) if the image of every “gp -closed (resp.

*gp -open) set of (X, 1) is “gp -closed (resp. * gp -open) in (Y, o).

Proposition 4.1. Every strongly *gp-closed map is *gp -closed. In
Remark 4.2, a mapping g : (Y, ) = (Z, n) is “gp -closed but not strongly
*gp -closed, since {b} is a *gp-closed set of Y, but g({b}) = {a} is not
*gp -closed in Z.

Theorem 4.9. A bijective map f : (X, t) = (Y, o) is strongly *gp-
closed if and only if for every subset B of Y and for each *gp -open set U of
X containing f 1(B), there exists a *gp -open set V of (Y, o) such that
BcV and f1(Vv)cuU.

Proof. Suppose that U is a *gp -open set in X containing f‘l(B). Then
X —U is *gp-closed in X. But f is strongly “gp -closed, then f(X —U) is
“gp-closed in Y and hence V =Y — f(X —U) is “gp-open in Y. Since
X-UcX-f1B), BcY-f(X-U)=V. Therefore, f (V) c U.

Conversely, assume that F is a “gp -closed set of X. Then X —F is
*gp -open and f_l(Y - f(F)) < X —F and hence by hypothesis there
exists a “gp-open set VV of Y containing Y — f(F) such that f (V) c
X — F this implies that V <Y — f(F) and so V =Y — f(F) which is
*gp-open in Y. Therefore, f(F) is a *gp-closed set of Y. Hence, f is
strongly *gp -closed.

Theorem 4.10. If f :(X, 1) —> (Y, o) is a bijective strongly *gp -
closed mapping, then the following statements hold:

@i f _1(*gp-cI(B)) c p-cl(f _1(8)) for every subset B of Y,
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(i) *gp-cl(f(A)) < f(p-cl(A)) for every subset A of X.

Proof. (i) Let B = Y. Then f1(B) < X. But fY(B) < p-cI(f ~%(B))
and p-cl(f 1(B)) is a *gp-closed set of (X, 1), hence by hypothesis
f(p-cl(fY(B)) is *gp-closed in (Y, ). Since B < f(p-cl(f (B)),
*gp-cl(B) < *gp-cl(f (p-cl(f 1(B)))) = f(p-cI(f L(B))). Therefore,

t~(*gp-cl(B)) = p-cl(f ~L(B)).

(ii) Since f is a bijective strongly *gp-closed mapping and A < X,
f(A) < Y. Hence, by using (i), f2(*gp-cl(f(A))) < p-cI(f L(f(A))) and
hence *gp-cl(f(A)) < f(p-cl(A)).

Theorem 4.11. If f : (X, t) —> (Y, o) is astrongly *gp -open mapping,
then the following statements hold:

(i) for each x € X and each “gp -open set U of X containing x, then

there exists a *gp -open set W of Y containing f(x) such that f(U) cW,
(i) p-int(f X(B)) = f }(*gp-int(B)) for every subset B of Y,
(iii) f(p-int(A)) < “gp-int(f(A)) for every subset A of X.

Proof. (i) Let U be a * gp -open set of X containing x. Since f is a strongly
*gp -open map, f(U) is a “gp-open set of Y containing f(x). Put f(U)
=W, therefore, Wis “gp-openinYand f(x)eW. Then f(U)cW.

(i) Let B < Y. Then fY(B) < X. But p-int(f %(B)) c f %(B) and
p-int(f_l(B)) is a “gp-open set of (X, 1), hence, by hypothesis
f (p-int(f ~X(B))) is *gp-open in Y. Also, f(p-int(f 1(B))) = B, then
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f (p-int(f ~Y(B))) = *gp-int( f(p-int(f 1(B)))) = *gp-int(B).  Therefore,
p-int(f (B)) = £ ~Y(*gp-int(B)) for every subset B of Y.

(iii) Since f is a strongly *gp -closed mapping and Ac X, f(A)cY
and by using (i), p-int(f L(f(A))) < f~2(*gp-int(f(A))) and hence
f(p-int(A)) = “gp-int(f (A)).

Theorem 4.12. Let f : (X, t) > (Y, o) be § -irresolute and M-preclosed

map. Then f is strongly *gp -closed.

Proof. Let A be a “gp -closed set of (X, t) and U be a § -open set of
(Y, o) such that f(A)cU. Then Ac f~1(U). But fis a § -irresolute
map, then f~1(U) isa § -open set of (X, t). Since Aisa *gp -closed set of

(X, 1), pcl(A) = f1(U) and hence f(A)c f(p-cl(A))c f(f1(U)) cU.
But f is an M-preclosed map and p-cl(A) is a preclosed set of (X, t), then
f(p-cl(A)) is preclosed in (Y, o) and hence p-cl(f(A)) < p-cl(f(p-cl(A)))
= f(p-cl(A)) < U. This shows that f(A) is “gp-closed in (Y, o). Hence,

f is strongly *gp -closed.

Proposition 4.2. The composition of two strongly *gp -closed (resp.

strongly *gp -open) maps is strongly *gp -closed (resp. strongly *gp -open).

Proof. Let f : (X, 1) > (Y, c)and g : (Y, ) = (Z, n) be two strongly
*gp -closed (resp. strongly *gp -open) maps and F be a *gp -closed (resp.
*gp -open) set of (X, t). Then f(F) is *gp-closed (resp. “gp -open) in
(Y, o). But g is a strongly * gp -closed (resp. strongly * gp -open) map, hence
g(f(F)) is *gp-closed (resp. “gp -open) in (Z, n), thatis, (g o f)(F) is
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*gp -closed (resp. “gp -open) in (Z, n). Therefore, g o f is strongly “gp -
closed (resp. strongly *gp -open).

Theorem 4.13. The following hold for the mappings f : (X, 1) >
(Y,o)and g : (Y, 6) > (Z, n):

(i) go f is a strongly “gp-closed (resp. strongly *gp -open) map if

both f and g are strongly * gp -closed (resp. strongly *gp -open),

(i) gof isa *gp-closed (resp. *gp-open) map if f is “gp -closed
(resp. “gp -open) and g is strongly * gp -closed (resp. strongly *gp -open),

(iii) g is a *gp-closed (resp. *gp-open) map if f is a surjective “gp -
continuous and g o f is a strongly *gp -closed (resp. strongly *gp -open)
mapping,

(iv) gof is a *gp-closed map if f is a closed map and g is § -

irresolute and M-preclosed map,

(v) gof isa “gp-closed if f is a closed and g is a strongly *gp -
closed map.

Proof. (i) Let V be a “gp -closed (resp. *gp -open) set of X. Then f(V)
is *gp-closed (resp. *gp-open) in Y. But g is strongly *gp -closed (resp.
strongly *gp -open), then g(f(V)) isa *gp -closed (resp. *gp -open) set of
Z.Hence g o f isstrongly *gp -closed (resp. strongly *gp -open).

(i) Let V be a closed (resp. open) set of X and f be a *gp -closed map.
Then (V) is *gp-closed (resp. “gp-open) in Y. But g is a strongly “gp -
closed (resp. strongly *gp -open) map, then g(f(V)) is *gp -closed (resp.

*gp -open) in Z. Hence g o f is “gp -closed (resp. *gp -open).
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(iii) Let V be a closed (resp. open) set of Y and f be a " gp -continuous
map. Then f‘l(V) isa “gp-closed (resp. *gp -open) set of X. But g o f is
strongly * gp -closed (resp. strongly *gp -open), then g o f(f ~1(V)) is *gp -
closed (resp. *gp -open) in Z. Hence g(f(f‘l(V ) =9g(V) isa “gp -closed
(resp. *gp -open) in Z. Therefore, g is *gp -closed (resp. ™ gp -open).

(iv) Let V be a closed set of X and f be a closed map. Then f(V) is a
closed set of Y and hence f(V) is “gp-closed in Y. Then, by Theorem 4.12,
g is a strongly *gp -closed map. Then g(f(V)) is a “gp-closed set of Z.
Hence g o f is “gp-closed (resp. *gp -open).

(v) Let V be a closed set of X and f be a closed map. Then f (V) is closed

in Y and hence f(V) is *gp-closed in Y. But g is a strongly *gp -closed
map, then g(f(V)) isa "gp -closed set of Z. Hence, g o f is *gp -closed.

Conclusion

Maps have always been of tremendous importance in all branches of
mathematics and the whole science. On the other hand, topology plays a
significant role in quantum physics, high energy and superstring theory [8,

9]. Thus, we have obtained a new class of mappings called * gp -continuous

which may have possible application in quantum physics, high energy and
superstring theory.
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