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Abstract 

In this paper, we introduce and study the notion of a new class of 
functions, namely, star generalized precontinuous, star generalized 
preclosed and strongly star generalized preclosed functions. 

1. Introduction 

Kumar [28] introduced and investigated the notion of g∗ -continuous 

functions in topological spaces. Also, Kumar [26, 27], Rose [22] and 
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Mashhour et al. [14] introduced the notion of pg∗ -continuous functions,         

ĝ -continuous functions, ĝα -continuous functions and precontinuous 

functions in topological spaces. Levine [10] introduced the notion of strongly 
continuous functions and studied some of their properties. The notion of 
perfectly continuous functions in topological spaces was introduced in [19]. 
Reilly and Vamanamurthy [20] and Kumar [25] introduced the notion of 
preirresolute and ĝ -irresolute functions. El-Maghrabi and Al-Ahmadi [7] 

had introduced star generalized preclosed sets and studied its properties using 
ĝ -open and obtained some of its properties and results. 

In the present paper, we introduce and study the notion of a new class of 
functions, namely, star generalized precontinuous, star generalized preclosed, 
strongly star generalized precontinuous and strongly star generalized 
preclosed functions and studied some of their basic properties. 

2. Preliminaries 

Throughout this paper, ( )τ,X  and ( )σ,Y  represent non-empty 

topological spaces on which no separation axioms are assumed unless 
otherwise mentioned. For a subset A of a space ( ),, τX  ( ),Acl  ( )Aint  and 

cA  or AX \  denoted the closure of A, the interior of A and the complement 

of A in X, respectively. 

Let us recall the following definitions which are useful in the sequel. 

Definition 2.1. A subset A of a space ( )τ,X  is called: 

 (i) a semi-open set [11] if ( )( )AintclA ⊆  and a semi-closed set if 

( )( ) ,AAclint ⊆  

 (ii) a preopen set [14] if ( )( )AclintA ⊆  and a preclosed set if 

( )( ) ,AAintcl ⊆  

 (iii) an α-open set [18] if ( )( )( )AintclintA ⊆  and an α-closed set if 

( )( )( ) ,AAclintcl ⊆  
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 (iv) a regular open set [24] if ( )( )AclintA =  and a regular closed set if 

( )( ) .AAintcl =  

The semi closure (resp. preclosure, α-closure) of a subset A of a space 
( )τ,X  is the intersection of all semi-closed (resp. preclosed, α-closed) sets 

containing A and is denoted by ( )Ascl  (resp. ( ),Apcl  ( )).Aclα  

Definition 2.2. A subset A of a topological space ( )τ,X  is called: 

 (i) a generalized closed (briefly, g-closed) set [12] if ( ) UAcl ⊆  

whenever UA ⊆  and U is open in ( ),, τX  

 (ii) a ĝ -closed set [25] if ( ) UAcl ⊆  whenever UA ⊆  and U is 

semi-open in ( ),, τX  

 (iii) a generalized semi-preclosed (briefly, gsp-closed) set [6] if 
( ) UAspcl ⊆  whenever UA ⊆  and U is open in ( ),, τX  

 (iv) a ∗g -closed set [24] if ( ) UAcl ⊆  whenever UA ⊆  and U is          

g-open in ( ),, τX  

 (v) a ∗g -preclosed (briefly, pg∗ -closed) [25] (or strongly generalized 

preclosed (briefly, strongly gp-closed)) [4] set if ( ) UApcl ⊆  whenever 

UA ⊆  and U is g-open in ( ),, τX  

 (vi) an ĝα -closed set [22] if ( ) UAcl ⊆α  whenever UA ⊆  and U is 

ĝ -open in ( ),, τX  

 (vii) a g∗ -closed set [28] if ( ) UAcl ⊆  whenever UA ⊆  and U is        

ĝ -open in ( ),, τX  

 (viii) a gp∗ -closed set [7] if ( ) UApcl ⊆  whenever UA ⊆  and U is 

ĝ -open in ( )., τX  

The complement of a g-closed (resp. ĝ -closed, gsp-closed, ∗g -closed, 
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pg∗ -closed, ĝα -closed, g∗ -closed, gp∗ -closed) set is called g-open (resp. 

ĝ -open, gsp-open, ∗g -open, pg∗ -open, ĝα -open, g∗ -open, gp∗ -open). 

The intersection (resp. the union) of all gp∗ -closed (resp. gp∗ -open) [9] 

sets containing (resp. contained in) A is called the gp∗ -closure (resp. the 

gp∗ -interior) of A and will be denoted by ( )Aclgp-∗  (resp. ( )).- Aintgp∗  

Proposition 2.1 [7]. For a space ( ),, τX  we have: 

 (i) every closed (resp. g∗ -closed, preclosed, α-closed) set is gp∗ - 

closed, 

 (ii) every ∗g -closed (resp. pg∗ -closed, ĝα -closed) set is gp∗ -closed, 

 (iii) every gp∗ -closed set is gsp-closed. 

Definition 2.3. A function ( ) ( )σ→τ ,,: YXf  is called: 

 (i) precontinuous [14] if the inverse image of each closed set of 
( )σ,Y  is preclosed in ( ),, τX  

 (ii) α-continuous [13] if the inverse image of each closed set of ( )σ,Y  

is α-closed in ( ),, τX  

 (iii) g-continuous [2] if the inverse image of each closed set of ( )σ,Y  

is g-closed in ( ),, τX  

 (iv) ĝ -continuous [27] if the inverse image of each closed set of 

( )σ,Y  is ĝ -closed in ( ),, τX  

 (v) gsp-continuous [6] if the inverse image of each closed set of 
( )σ,Y  is gsp-closed in ( ),, τX  

 (vi) ∗g -continuous [24] if the inverse image of each closed set of 

( )σ,Y  is ∗g -closed in ( ),, τX  
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 (vii) pg∗ -continuous [26] (or strongly generalized precontinuous 

(briefly, strongly gp-continuous)) [4] if the inverse image of each closed set 

of ( )σ,Y  is pg∗ -closed (or strongly gp-closed) in ( ),, τX  

 (viii) g∗ -continuous [28] if the inverse image of each closed set of 

( )σ,Y  is g∗ -closed in ( ),, τX  

 (ix) ĝα -continuous [22] if the inverse image of each closed set of 

( )σ,Y  is ĝα -closed in ( ),, τX  

 (x) strongly continuous [10] if the inverse image of each subset of 
( )σ,Y  is clopen in ( ),, τX  

 (xi) perfectly continuous [19] if the inverse image of each open set of 
( )σ,Y  is clopen in ( )., τX  

Definition 2.4. A function ( ) ( )σ→τ ,,: YXf  is called: 

 (i) preirresolute [20] if the inverse image of each preopen set of ( )σ,Y  

is preopen in ( ),, τX  

 (ii) ĝ -irresolute [25] if the inverse image of each ĝ -closed set of 

( )σ,Y  is ĝ -closed in ( ),, τX  

 (iii) pg∗ -irresolute [26] (or strongly generalized preirresolute (briefly, 

strongly gp-irresolute)) [4] if the inverse image of each pg∗ -closed (or 

strongly gp-closed) set of ( )σ,Y  is pg∗ -closed (or strongly gp-closed) in 

( )., τX  

Definition 2.5. A function ( ) ( )σ→τ ,,: YXf  is called: 

 (i) preclosed [14] map if the image of each closed set of ( )τ,X  is 

preclosed set in ( ),, σY  
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 (ii) α-closed [16] map if the image of each closed set of ( )τ,X  is          

α-closed set in ( ),, σY  

 (iii) gsp-closed [5] map if the image of each closed set of ( )τ,X  is gsp-

closed set in ( ),, σY  

 (iv) ∗g -closed map if the image of each closed set of ( )τ,X  is ∗g -

closed set in ( ),, σY  

 (v) pg∗ -closed (or strongly generalized preclosed (briefly, strongly 

gp-closed)) [4] map if the image of each closed set of ( )τ,X  is pg∗ -closed 

(or strongly gp-closed) set in ( ),, σY  

 (vi) g∗ -closed map if the image of each closed set of ( )τ,X  is g∗ -

closed set in ( ),, σY  

 (vii) ĝα -closed [22] map if the image of each closed set of ( )τ,X  is 

ĝα -closed set in ( )., σY  

Definition 2.6 [15]. A function ( ) ( )σ→τ ,,: YXf  is called M-preclosed 

if ( )Uf  is a preclosed set in ( ),, σY  for each preclosed set U in ( )., τX  

Theorem 2.1 [7]. If A is an open and B is a gp∗ -open subset of a space 

( ),, τX  then BA ∩  is gp∗ -open. 

Definition 2.7 [7]. A subset xN  of a space ( )τ,X  is called a gp∗ -

neighbourhood (briefly, gp∗ -nbd) of point Xx ∈  if there exists a gp∗ -open 

set G such that .NGx ⊆∈  

Proposition 2.2 [7]. For a space ( )τ,X  and ,XA ⊆  the following 

statements hold: 

 (i) if ,FA ⊆  F is a gp∗ -closed set, then ( ) ,- FAclgpA ⊆⊆ ∗  

(ii) if ,AG ⊆  G is a gp∗ -open set, then ( ) .- AAintgpG ⊆⊆ ∗  
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Proposition 2.3 [7]. For a topological space ( )τ,X  and ,XA ⊆  the 

following statements hold: 

 (i) if A is a gp∗ -closed (resp. gp∗ -open) set, then ( )AclgpA -∗=  

( .resp  ( )),- AintgpA ∗=  

 (ii) ( ) ( )AintgpAint -∗⊆  and ( ) ( ),- AclAclgp ⊆∗  

 (iii) ( ) ( ),-- AintgpXAXclgp ∗∗ −=−  

 (iv) ( ) ( ).-- AclgpXAXintgp ∗∗ −=−  

Definition 2.8 [7]. A topological space ( )τ,X  is called: 

 (i) T
gp∗ -space if every gp∗ -closed set is closed, 

(ii) 21T
gp∗ -space if every gp∗ -closed set is preclosed. 

Proposition 2.4 [3, 17]. For subset A of X and subset B of Y, we have 
( ) ( ) ( )BpclApclBApcl ×=×  and ( ) ( ) ( ).BpintApintBApint ×=×  

3. gp∗ -continuous Functions 

In this section, we give and study the concept of a gp∗ -continuous 

function. Also, some of their properties and relations between them and other 
types of functions are presented. Further, we introduce some applications 
such as: T

gp∗ -space and 21T
gp∗ -spaces. 

Definition 3.1. A function ( ) ( )σ→τ ,,: YXf  is called gp∗ -continuous 

if the inverse image of each closed set of ( )σ,Y  is gp∗ -closed in ( )., τX  

Theorem 3.1. If ( ) ( )σ→τ ,,: YXf  is a mapping, then: 

 (i) every continuous (resp. g∗ -continuous, precontinuous, α-

continuous) map is gp∗ -continuous, 
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 (ii) every ∗g -continuous (resp. pg∗ -continuous, ĝα -continuous) map 

is gp∗ -continuous, 

 (iii) every gp∗ -continuous map is gsp-continuous. 

Proof. (i) Let ( ) ( )σ→τ ,,: YXf  be a continuous (resp. g∗ -continuous, 

precontinuous, α-continuous) map and V be a closed set of ( )., σY  Then 

( )Vf 1−  is closed (resp. g∗ -closed, preclosed, α-closed) in ( ),, τX  hence 

by Proposition 2.1, ( )Vf 1−  is a gp∗ -closed in ( )., τX  Therefore, ( )τ,X  is 

gp∗  -continuous. 

 (ii) Let ( ) ( )σ→τ ,,: YXf  be a ∗g -continuous (resp. pg∗ -continuous, 

ĝα -continuous) map and V be a closed set of ( )., σY  Then ( )Vf 1−  is ∗g -

closed (resp. pg∗ -closed, ĝα -closed) in ( )., τX  So, by Proposition 2.1(ii), 

( )Vf 1−  is gp∗ -closed in ( )., τX  Hence, ( )τ,X  is gp∗ -continuous. 

(iii) Let ( ) ( )σ→τ ,,: YXf  be a gp∗ -continuous map and V be a 

closed set of ( )., σY  Then ( )Vf 1−  is gp∗ -closed in ( ),, τX  hence, by 

Proposition 2.1(iii), ( )Vf 1−  is gsp-closed in ( )., τX  So, ( )τ,X  is gsp-

continuous. 

According to the above definition, we give the implications between 
these functions and other types of functions by the following diagram: 

 

The converse of these implications need not be true in [20, 23, 25, 26] 
and the following examples. 
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Example 3.1. Let { },,, cbaYX ==  { } { }{ }caaX ,,,, ϕ=τ  and =σ  

{ } { } { }{ }babaY ,,,,, ϕ  be topologies on X, Y, respectively. Define a map 

( ) ( )σ→τ ,,: YXf  by ( ) ,aaf =  ( ) cbf =  and ( ) ,bcf =  then f is gp∗ -

continuous but not continuous (resp. precontinuous, α-continuous), since 

{ }ca,  is a closed set of ( )σ,Y  and { }( ) { }bacaf ,,1 =−  is not closed (resp. 

preclosed, α-closed) in ( )., τX  

Example 3.2. Let { },,, cbaX =  { } { }{ }.,,,, cbaX ϕ=τ  Define a map 

( ) ( )τ→τ ,,: XXg  by ( ) ( ) abgbag == ,  and ( ) ,ccg =  hence g is gp∗ -

continuous but not g∗ -continuous (resp. ∗g -continuous, ĝα -continuous), 

since { }a  is a closed set of ( )σ,Y  and { }( ) { }baf =−1  is not g∗ -closed 

(resp. ∗g -closed, ĝα -closed) in ( )., τX  

Example 3.3. Let { },,, cbaX =  { }{ }.,, aX ϕ=τ  Define a map :h  

( ) ( )τ→τ ,, XX  by ( ) ,bah =  ( ) cbh =  and ( ) ,ach =  then h is gp∗ -

continuous, but not pg∗ -continuous, since { }cb,  is a closed set of ( )σ,Y  

and { }( ) { }bacbf ,,1 =−  is not pg∗ -closed in ( )., τX  

Example 3.4. Let { },,, cbaYX ==  { } { } { }{ }babaX ,,,,, ϕ=τ  and 

{ } { }{ }cbaY ,,,, ϕ=σ  be two topologies on X, Y, respectively. Define a map 

( ) ( )σ→τθ ,,: YX  by ( ) ,ba =θ  ( ) ab =θ  and ( ) ,cc =θ  hence θ is gsp-

continuous but not gp∗ -continuous, since { }a  is a closed set of ( )σ,Y  and 

{ }( ) { }baf =−1  is not gp∗ -closed in ( )., τX  

Remark 3.1. The notions of gp∗ -continuous and ĝ -continuous function 

are independent of each other. In Example 3.1, f is gp∗ -continuous but not a 

ĝ -continuous map, since { }ca,  is a closed set of ( )σ,Y  and { }( ) =− caf ,1  

{ }ba,  is not ĝ -closed in ( )., τX  
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Theorem 3.2. A map ( ) ( )σ→τ ,,: YXf  is gp∗ -continuous if and only 

if the inverse image of each open set of ( )σ,Y  is gp∗ -open in ( )., τX  

Theorem 3.3. Let ( ) ( )σ→τ ,,: YXf  be a gp∗ -continuous mapping. 

Then the following statements hold: 

 (i) for each Xx ∈  and each nbd N of ( )xf  in Y, there exists gp∗ -nbd 

W of x in X such that ( ) ,NWf ⊆  

 (ii) ( ( )) ( )( )AfclAclgpf ⊆∗ -  for each ,XA ⊆  

 (iii) ( ( )) ( )( )BclfBfclgp 11- −−∗ ⊆  for each ,YB ⊆  

 (iv) if f is a bijective, then ( )( ) ( ( ))AintgpfAfint -∗⊆  for each ,XA ⊆  

 (v) if f is a bijective, then ( )( ) ( ( ))BfintgpBintf 11 - −∗− ⊆  for each 

.YB ⊆  

Proof. (i) Suppose that .Xx ∈  Then ( ) ,Yxf ∈  since N is a nbd of 

( )xf  in Y, there exists an open set YG ⊆  such that ( ) .NGxf ⊆∈  

Therefore, ( ) ( ).11 NfGfx −− ⊆∈  But, f is gp∗ -continuous, then ( )Gf 1−  

is a gp∗ -open set of X. Thus, by Definition 2.7, ( )Nf 1−  is gp∗ -nbd of x in 

X. Setting ( )NfW 1−=  this implies that ( ) .NWf ⊆  

 (ii) For each ,XA ⊆  then ( ) ,YAf ⊆  but ( ) ( )( )AfclAf ⊆  which is a 

closed set of Y. Since f is gp∗ -continuous, ( )( )( )Afclf 1−  is a gp∗ -closed set 

of X. Hence, by Proposition 2.3(i), ( ( )( )( )) ( )( )( ),- 11 AfclfAfclfclgp −−∗ =  

but 

( ) ( ( )( )) ( ( )( )( ))AfclfclgpAffclgpAclgp 11 --- −∗−∗∗ ⊆⊆  

 ( )( )( ),1 Afclf −=  

then ( ( )) ( ( )( )( )) ( )( )AfclAfclffAclgpf ⊆⊆ −∗ 1-  for each .XA ⊆  
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(iii) Let .YB ⊆  Since ( )( )Bclf 1−  is a gp∗ -closed set of X, by Proposition 

2.2(i), ( ) ( ( )) ( )( )BclfBfclgpBf 111 - −−∗− ⊆⊆  for each .YB ⊆  

(iv) For each ,XA ⊆  then ( ) ,YAf ⊆  hence ( )( )Afint  is an open set 

of Y. But f is gp∗ -continuous, then by Theorem 3.2, ( )( )( )Afintf 1−  is 

gp∗ -open set in X. Hence, by Proposition 2.3(i), ( )( )( ) =− Afintf 1  

( ( )( )( )) ( ( )( )).-- 11 AffintgpAfintfintgp −∗−∗ ⊆  Since f is bijective, 

( )( )( ) ( ),-1 AintgpAfintf ∗− ⊆  hence ( ( )( )( )) ( ( )).-1 AintgpfAfintff ∗− ⊆  

Therefore, ( )( ) ( ( ))AintgpfAfint -∗⊆  for each .XA ⊆  

(v) Since YB ⊆  and f is a bijective gp∗ -continuous map, ( )Bf 1−  

X⊆  and by (iv), we have ( ( ( ))) ( ( ( ))).- 11 BfintgpfBffint −∗− ⊆  Thus, 

( )( ) ( ( ))BfintgpBintf 11 - −∗− ⊆  for every .YB ⊆  

The following examples show that the converse of the above Theorem 
3.3((iv), (v)) is not true. 

Example 3.5. Let { },,, cbaYX ==  { }{ }aX ,, ϕ=τ  and =σ  

{ } { }{ }baaY ,,,, ϕ  be two topologies on X, Y, respectively. Define a map 

( ) ( )σ→τ ,,: YXf  by ( ) ( ) bbfaaf == ,  and ( ) ,bcf =  hence (iv) and 

(v) are achieved but f is not bijective. 

Remark 3.2. The composition of two gp∗ -continuous mappings needs 

not be gp∗ -continuous. Let { }cbaZYX ,,===  with topologies =τ  

{ } { } { } { }{ },,,,,,,, cababaX ϕ  { } { }{ }caaY ,,,, ϕ=σ  and { }{ }baZ ,,, ϕ=η  

on X, Y and Z, respectively. Let ( ) ( )σ→τ ,,: YXf  be a mapping defined 

by ( ) ( ) abfcaf == ,  and ( ) bcf =  and ( ) ( )η→σ ,,: ZYg  be a mapping 

defined by ( ) ,bag =  ( ) abg =  and ( ) .ccg =  Then f and g are gp∗ -continuous 

but fg  is not gp∗ -continuous, since { }c  is a closed set of ( )η,Z  and 

( ) { }( ) { }acfg =−1  is not gp∗ -closed in ( )., τX  
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Theorem 3.4. If ( ) ( )σ→τ ,,: YXf  is a gp∗ -continuous and :g  

( ) ( )η→σ ,, ZY  is a continuous map, then their composition ( )τ,: Xfg  

( )η→ ,Z  is gp∗ -continuous. 

Proof. Let G be a closed set of ( )., ηZ  Then ( )Gg 1−  is closed in 

( )., σY  But f is gp∗ -continuous, hence ( ) ( ) ( ( ))GgfGfg 111 −−− =  is 

gp∗ -closed in ( )., τX  Therefore, fg  is gp∗ -continuous. 

Proposition 3.1. The product of two gp∗ -open sets of spaces is a gp∗ -

open set in the product space. 

Proof. Let A and B be two gp∗ -open sets of spaces ( )τ,X  and ( ),, σY  

respectively. Also, let YXBAW ×⊆×=  and WF ⊆  be a ĝ -closed set 

in .YX ×  Then there exist two ĝ -closed sets AF ⊆1  and ,2 BF ⊆  such 

that ( )AintpF -1 ⊆  and ( ).-2 BintpF ⊆  Therefore, BAFF ×⊆× 21  and by 

Proposition 2.4, ( ) ( ) ( ).---21 BAintpBintpAintpFF ×=×⊆×  So, BA ×  is 

gp∗ -open in .YX ×  

Theorem 3.5. Let iii YXf →:  be gp∗ -continuous maps for each 

{ }2,1∈i  and let 2121: YYXXf ×→×  be defined by ( )( ) =21, xxf  

( ) ( )( )., 21 xfxf  Then f is gp∗ -continuous. 

Proof. Let 1V  and 2V  be two open sets in 1Y  and ,2Y  respectively. Since 

iii YXf →:  are gp∗ -continuous maps for each { },2,1∈i  ( )1
1

1 Vf −  and 

( )2
1

2 Vf −  are gp∗ -open sets in 1X  and ,2X  respectively, hence by 

Proposition 3.1, ( ) ( )2
1

21
1

1 VfVf −− ×  is gp∗ -open in .21 XX ×  Therefore, f 

is gp∗ -continuous. 

Theorem 3.6. Let ( ) ( )σ→τ ,,: YXf  be a gp∗ -continuous map. Then 
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the following hold: 

 (i) f is continuous if ( )τ,X  is T
gp∗ -space, 

(ii) f is precontinuous if ( )τ,X  is 21T
gp∗ -space. 

Proof. (i) Let V be a closed set of ( )σ,Y  and ( ) ( )σ→τ ,,: YXf  be a 

gp∗ -continuous map. Then ( )Vf 1−  is gp∗ -closed in ( )., τX  But ( )τ,X  is 

T
gp∗ -space, hence ( )Vf 1−  is closed in ( )., τX  Therefore, f is continuous. 

(ii) Let V be a closed set of ( )σ,Y  and ( ) ( )σ→τ ,,: YXf  be a gp∗ -

continuous map. Then ( )Vf 1−  is gp∗ -closed in ( )., τX  But ( )τ,X  is 

21T
gp∗ -space, hence ( )Vf 1−  is preclosed in ( )., τX  So, f is precontinuous. 

Theorem 3.7. Let ( ) ( )σ→τ ,,: YXf  be preirresolute and ( )σ,: Yg  

( )η→ ,Z  be gp∗ -continuous maps. Then ( ) ( )η→τ ,,: ZXfg  is 

precontinuous if ( )σ,Y  is a 21T
gp∗ -space. 

Proof. Let V be a closed set of ( )η,Z  and g be a gp∗ -continuous map. 

Then ( )Vg 1−  is gp∗ -closed in ( )., σY  But ( )σ,Y  is a 21T
gp∗ -space, then 

( )Vg 1−  is preclosed in ( )., σY  Since f is preirresolute, hence ( ( ))Vgf 11 −−  

is preclosed in ( )., τX  Therefore, ( ) ( )Vfg 1−  is preclosed in ( )., τX  

Hence, fg  is precontinuous. 

4. gp∗ -closed and gp∗ -open Mappings 

This section is devoted to introduce and study the concepts of gp∗ -

closed and gp∗ -open mappings. Also, some of their characterizations are 

studied. 
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Definition 4.1. A mapping ( ) ( )σ→τ ,,: YXf  is said to be gp∗ -

closed (resp. gp∗ -open) if the image of each closed (resp. open) set of 

( )τ,X  is gp∗ -closed (resp. gp∗ -open) in ( )., σY  

Theorem 4.1. If ( ) ( )σ→τ ,,: YXf  is a mapping, then: 

 (i) every closed (resp. a g∗ -closed, a preclosed, an α-closed) map is 

gp∗ -closed, 

 (ii) every ∗g -closed (resp. a pg∗ -closed (or strongly gp-closed), an 

ĝα -closed) map is gp∗ -closed, 

 (iii) every gp∗ -closed map is gsp-closed. 

Proof. (i) Let ( ) ( )σ→τ ,,: YXf  be a closed (resp. a g∗ -closed, a 

preclosed, an α-closed) map and V be a closed set of ( )., τX  Then ( )Vf  is 

closed (resp. g∗ -closed, preclosed, α-closed) in ( ),, σY  hence ( )Vf  is a 

gp∗ -closed set of ( )., σY  Therefore, f is gp∗ -closed. 

(ii) Let ( ) ( )σ→τ ,,: YXf  be a ∗g -closed (resp. a pg∗ -closed (or 

strongly gp-closed), an ĝα -closed) map and V be a closed set of ( )., τX  

Hence, ( )Vf  is ∗g -closed (resp. pg∗ -closed (or strongly gp-closed), ĝα -

closed) in ( ),, σY  then ( )Vf  is a gp∗ -closed set of ( )., σY  So, f is gp∗ -

closed. 

(iii) Let ( ) ( )σ→τ ,,: YXf  be a gp∗ -closed map and V be a closed set 

of ( )., τX  Then ( )Vf  is gp∗ -closed in ( )., σY  Hence, ( )Vf  is a gsp-closed 

set of ( )., σY  Therefore, f is gsp-closed. 

By the following diagram, we give the implications between the concepts 

of gp∗ -closed and other types of mappings: 
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The converse of these implications need not to be true in [5, 25] and by 
the following examples. 

Example 4.1. Let { },,, cbaYX ==  { } { }{ },,,,, cbaX ϕ=τ  =σ  

{ }{ }bY ,, ϕ  be two topologies on X, Y, respectively, and ( ) ( )σ→τ ,,: YXf  

be a mapping which is defined by ( ) ( ) abfcaf == ,  and ( ) .bcf =  Then            

f is gp∗ -closed but not closed (resp. preclosed, α-closed, ∗g -closed,              

pg∗ -closed (or strongly gp-closed)). Since { }cb,  is a closed set of X and 

{ }( ) { }bacbf ,, =  is gp∗ -closed but not closed (resp. preclosed, α-closed, 
∗g -closed, pg∗ -closed (or strongly gp-closed)) in Y. 

Example 4.2. Let { },,, cbaYX ==  { }{ },,,, cbX ϕ=τ  { { },,, aY ϕ=σ  

{ }}ca  be two topologies on X, Y, respectively, and ( ) ( )σ→τ ,,: YXg  be a 

mapping which is defined by ( ) ,cag =  ( ) abg =  and ( ) .bcg =  Then g is 

gp∗ -closed but not g∗ -closed, since { }a  is a closed set of X and { }( )af  

{ }c=  is gp∗ -closed but not g∗ -closed in Y. Further, the map g in Example 

3.2, which is defined by ( ) ,bag =  ( ) abg =  and ( ) ccg =  is gp∗ -closed 

but not ĝα -closed, since { }a  is a closed set of X and { }( ) { }bag =  is gp∗ -

closed but not ĝα -closed in Y. 

Example 4.3. Let { }dcbaYX ,,,==  with two topologies { ,, ϕ=τ X  

{ } { }},,,, dcba  { } { } { } { } { } { } { }{ }dcadcdacadcaY ,,,,,,,,,,,,, ϕ=σ  and 

a mapping ( ) ( )σ→τ ,,: YXh  which is defined by ( ) ,aah =  ( ) ,cbh =  
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( ) dch =  and ( ) .bdh =  Then h is gsp-closed but not gp∗ -closed, since 

{ }ba,  is a closed set of X and { }( ) { }cabaf ,, =  is gsp-closed but not gp∗ -

closed in Y. 

Remark 4.1. The notions of gp∗ -closed and gp∗ -continuous maps are 

independent of each other. This is shown by the following examples. 

Example 4.4. Let { }cbaYX ,,==  with two topologies { }{ },,, aX ϕ=τ  

{ } { }{ }.,,,, cbaY ϕ=σ  Then a mapping ( ) ( )σ→τ ,,: YXf  which is 

defined by ( ) ,aaf =  ( ) bbf =  and ( ) ccf =  is gp∗ -closed but not gp∗ -

continuous, since { }a  is a closed set of Y and { }( ) { }aaf =−1  is not gp∗ -

closed in X. 

Example 4.5. Let { }cbaYX ,,==  with two topologies { ,, ϕ=τ X  

{ } { } { } { }},,,,,, cababa  { }{ }.,,, baY ϕ=σ  Hence a mapping ( ) →τ,: Xg  

( )σ,Y  which is defined by ( ) ,aag =  ( ) bbg =  and ( ) ccg =  is gp∗ -

continuous but not gp∗ -closed, since { }ca,  is a closed set of X and 

{ }( ) { }bacaf ,, =  is not gp∗ -closed in Y. 

Theorem 4.2. A bijective mapping ( ) ( )σ→τ ,,: YXf  is a gp∗ -closed 

(resp. gp∗ -open) if and only if for any subset A of ( )σ,Y  and any open 

(resp. a closed) set U of ( )τ,X  containing ( ),1 Af −  there exists a gp∗ -

open (resp. a gp∗ -closed) subset B of ( )σ,Y  containing A such that 

( ) .1 UBf ⊆−  

Proof. Suppose that U is an open set of X containing ( ).1 Af −  Then 

UX −  is closed. But f is a gp∗ -closed map, then ( )UXf −  is gp∗ -closed 

in Y and hence ( )UXfYB −−=  is gp∗ -open in Y. But ⊆− UX  

( ),1 AfX −−  then ( ) .BUXfYA =−−⊆  Therefore, ( ) .1 UBf ⊆−  



New Notions via gp∗ -closed Sets 173 

Conversely, assume that F is a closed set of X. Then FX −  is an open 

set of X and ( )( ) FXFfYf −⊆−−1  and hence by hypothesis, there exists 

a gp∗ -open set B of Y containing ( )FfY −  such that ( ) FXBf −⊆−1  this 

implies that ( )FfYB −⊆  and so ( )FfYB −=  which is gp∗ -open in Y. 

Therefore, ( )Ff  is a gp∗ -closed set of Y. It follows that f is gp∗ -closed. 

Theorem 4.3. If ( ) ( )σ→τ ,,: YXf  is a bijective gp∗ -open mapping 

and ( ),1 BfA −=  for any open subset B of Y, then the restriction :Af  

( ) ( )σ→τ ,, YA A  is gp∗ -open. 

Proof. Suppose that H is an open subset of A. Then there exists an open 
set U of X such that UAH ∩=  and therefore by Theorem 2.1, ( ) =Hf  

( ) ( )UfBHf A ∩=  which is gp∗ -open in Y and hence ( )Hf A  is gp∗ -

open. 

Theorem 4.4. Let ( ) ( )σ→τ ,,: YXf  be a gp∗ -closed mapping. Then 

the following statements hold: 

 (i) ( )( ) ( )( )AclfAfclgp ⊆∗ -  for every subset ,XA ⊆  

(ii) if f is a bijective, then ( ( )) ( ( ))BfclBclgpf 11 - −∗− ⊆  for every subset 

B of Y. 

Proof. (i) Since ( ) XAclA ⊆⊆  is closed and f is a gp∗ -closed map, 

hence ( )( )Aclf  is a gp∗ -closed set of ( )., σY  Therefore, ( )( ) ⊆∗ Afclgp-  

( )( )( ) ( )( )AclfAclfclgp =∗ -  for every .XA ⊆  

(ii) Since f is a gp∗ -closed mapping and ,YB ⊆  ( ) .1 XBf ⊆−  Hence, 

from (i), ( ( ( ))) ( ( ( )))BfclfBffclgp 11- −−∗ ⊆  and therefore, 

( ( )) ( ( ))BfclBclgpf 11 - −∗− ⊆  

for every .YB ⊆  
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Theorem 4.5. If ( ) ( )σ→τ ,,: YXf  is a gp∗ -open mapping, then the 

following statements hold: 

 (i) ( )( ) ( )( )AfintgpAintf -∗⊆  for every ,XA ⊆  

(ii) ( ( )) ( ( ))BintgpfBfint -11 ∗−− ⊆  for every .YB ⊆  

Proof. (i) Since ( ) XAAint ⊆⊆  is an open set of X and f is a gp∗ -

open map, ( )( )Aintf  is a gp∗ -open set of Y and therefore ( )( ) =Aintf  

( ( ( ))) ( )( )AfintgpAintfintgp -- ∗∗ ⊆  for every .XA ⊆  

(ii) Since f is a gp∗ -open mapping and ,YB ⊆  ( ) .1 XBf ⊆−  Hence, 

from (i), ( ( ( ))) ( )BintgpBfintf -1 ∗− ⊆  and hence 

( ( )) ( ( ))BintgpfBfint -11 ∗−− ⊆  

for each .YB ⊆  

Remark 4.2. The composition of two gp∗ -closed mappings need not    

to be gp∗ -closed. Let { }cbaZYX ,,===  with the topologies =τ  

{ } { }{ },,,,, baaX ϕ  { }{ }cbY ,,, ϕ=σ  and { } { } { }{ }cabaaZ ,,,,, ϕ=η  on 

X, Y and Z, respectively. Then a mapping ( ) ( )σ→τ ,,: YXf  which is 

defined by ( ) ,caf =  ( ) ,bbf =  ( ) acf =  and ( ) ( )η→σ ,,: ZYg  which 

is defined by ( ) ( ) ( ) ccgabgbag === ,,  are gp∗ -closed but fg  is not 

gp∗ -closed, since { }cb,  is a closed set of X but ( ) { }( ) { }bacbfg ,, =  is 

not gp∗ -closed in Z. 

Theorem 4.6. If ( ) ( )σ→τ ,,: YXf  is a closed map and ( ) →σ,: Yg  

( )η,Z  is a gp∗ -closed map, then the composition mapping ( )τ,: Xfg  

( )η→ ,Z  is gp∗ -closed. 
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Proof. Let V be a closed subset of X and f be a closed map. Then ( )Vf  is 

closed in Y. But g is a gp∗ -closed map, then ( )( )Vfg  is gp∗ -closed in Z. 

Hence, fg  is a gp∗ -closed map. 

Theorem 4.7. Let ( ) ( )σ→τ ,,: YXf  and ( ) ( )η→σ ,,: ZYg  be two 

mappings. Then the following statements hold: 

 (i) if f is a surjective continuous map and fg  is gp∗ -closed (resp. 

gp∗ -open), then g is gp∗ -closed (resp. gp∗ -open), 

(ii) if g is an injective gp∗ -continuous map and fg  is closed (resp. 

open), then f is gp∗ -closed (resp. gp∗ -open). 

Proof. (i) We prove the theorem for the case of gp∗ -closed map. Let 

YA ⊆  be a closed set. Since f is continuous, ( ) XAf ⊆−1  is closed. But 

fg  is a gp∗ -closed map, hence ( ) ( ( ))Affg 1−  is gp∗ -closed in Z. But 

f is surjective, hence ( )Ag  is gp∗ -closed in Z and hence g is gp∗ -closed. 

(ii) Assume that XG ⊆  is a closed set. But fg  is a closed map, then 

( ) ( ) ZGfg ⊆  is closed. Since g is an injective gp∗ -continuous map, 

( )Gf  is gp∗ -closed in Y. Hence, f is gp∗ -closed. 

Theorem 4.8. Let ( ) ( )σ→τ ,,: YXf  be a bijective mapping. Then the 

following statements are equivalent: 

  (i) f is gp∗ -open, 

 (ii) f is gp∗ -closed, 

(iii) ( ) ( )τ→σ− ,,:1 XYf  is gp∗ -continuous. 

Definition 4.2. A mapping ( ) ( )σ→τ ,,: YXf  is called strongly gp∗ -
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closed (resp. strongly gp∗ -open) if the image of every gp∗ -closed (resp. 

gp∗ -open) set of ( )τ,X  is gp∗ -closed (resp. gp∗ -open) in ( )., σY  

Proposition 4.1. Every strongly gp∗ -closed map is gp∗ -closed. In 

Remark 4.2, a mapping ( ) ( )η→σ ,,: ZYg  is gp∗ -closed but not strongly 

gp∗ -closed, since { }b  is a gp∗ -closed set of Y, but { }( ) { }abg =  is not 

gp∗ -closed in Z. 

Theorem 4.9. A bijective map ( ) ( )σ→τ ,,: YXf  is strongly gp∗ -

closed if and only if for every subset B of Y and for each gp∗ -open set U of 

X containing ( ),1 Bf −  there exists a gp∗ -open set V of ( )σ,Y  such that 

VB ⊆  and ( ) .1 UVf ⊆−  

Proof. Suppose that U is a gp∗ -open set in X containing ( ).1 Bf −  Then 

UX −  is gp∗ -closed in X. But f is strongly gp∗ -closed, then ( )UXf −  is 

gp∗ -closed in Y and hence ( )UXfYV −−=  is gp∗ -open in Y. Since 

( ),1 BfXUX −−⊆−  ( ) .VUXfYB =−−⊆  Therefore, ( ) .1 UVf ⊆−  

Conversely, assume that F is a gp∗ -closed set of X. Then FX −  is 

gp∗ -open and ( )( ) FXFfYf −⊆−−1  and hence by hypothesis there 

exists a gp∗ -open set V of Y containing ( )FfY −  such that ( ) ⊆− Vf 1  

FX −  this implies that ( )FfYV −⊆  and so ( )FfYV −=  which is 

gp∗ -open in Y. Therefore, ( )Ff  is a gp∗ -closed set of Y. Hence, f is 

strongly gp∗ -closed. 

Theorem 4.10. If ( ) ( )σ→τ ,,: YXf  is a bijective strongly gp∗ -

closed mapping, then the following statements hold: 

 (i) ( ( )) ( ( ))BfclpBclgpf 11 -- −∗− ⊆  for every subset B of Y, 
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(ii) ( )( ) ( ( ))AclpfAfclgp -- ⊆∗  for every subset A of X. 

Proof. (i) Let .YB ⊆  Then ( ) .1 XBf ⊆−  But ( ) ( ( ))BfclpBf 11 - −− ⊆  

and ( ( ))Bfclp 1- −  is a gp∗ -closed set of ( ),, τX  hence by hypothesis 

( ( ( ))Bfclpf 1- −  is gp∗ -closed in ( )., σY  Since ( ( ( )),- 1 BfclpfB −⊆  

( ) ( ( ( ( )))) ( ( ( ))).---- 11 BfclpfBfclpfclgpBclgp −−∗∗ =⊆  Therefore, 

( ( )) ( ( )).-- 11 BfclpBclgpf −∗− ⊆  

(ii) Since f is a bijective strongly gp∗ -closed mapping and ,XA ⊆  

( ) .YAf ⊆  Hence, by using (i), ( ( )( )) ( ( )( ))AffclpAfclgpf 11 -- −∗− ⊆  and 

hence ( )( ) ( ( )).-- AclpfAfclgp ⊆∗  

Theorem 4.11. If ( ) ( )σ→τ ,,: YXf  is a strongly gp∗ -open mapping, 

then the following statements hold: 

  (i) for each Xx ∈  and each gp∗ -open set U of X containing x, then 

there exists a gp∗ -open set W of Y containing ( )xf  such that ( ) ,WUf ⊆  

 (ii) ( ( )) ( ( ))BintgpfBfintp -- 11 ∗−− ⊆  for every subset B of Y, 

(iii) ( ( )) ( )( )AfintgpAintpf -- ∗⊆  for every subset A of X. 

Proof. (i) Let U be a gp∗ -open set of X containing x. Since f is a strongly 

gp∗ -open map, ( )Uf  is a gp∗ -open set of Y containing ( ).xf  Put ( )Uf  

,W=  therefore, W is gp∗ -open in Y and ( ) .Wxf ∈  Then ( ) .WUf ⊆  

(ii) Let .YB ⊆  Then ( ) .1 XBf ⊆−  But ( ( )) ( )BfBfintp 11- −− ⊆  and 

( ( ))Bfintp 1- −  is a gp∗ -open set of ( ),, τX  hence, by hypothesis 

( ( ( )))Bfintpf 1- −  is gp∗ -open in Y. Also, ( ( ( ))) ,- 1 BBfintpf ⊆−  then 
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( ( ( ))) ( ( ( ( )))) ( ).---- 11 BintgpBfintpfintgpBfintpf ∗−∗− ⊆=  Therefore, 

( ( )) ( ( ))BintgpfBfintp -- 11 ∗−− =  for every subset B of Y. 

(iii) Since f is a strongly gp∗ -closed mapping and ,XA ⊆  ( ) YAf ⊆  

and by using (ii), ( ( ( ))) ( ( )( ))AfintgpfAffintp -- 11 ∗−− ⊆  and hence 

( ( )) ( )( ).-- AfintgpAintpf ∗⊆  

Theorem 4.12. Let ( ) ( )σ→τ ,,: YXf  be ĝ -irresolute and M-preclosed 

map. Then f is strongly gp∗ -closed. 

Proof. Let A be a gp∗ -closed set of ( )τ,X  and U be a ĝ -open set of 

( )σ,Y  such that ( ) .UAf ⊆  Then ( ).1 UfA −⊆  But f is a ĝ -irresolute 

map, then ( )Uf 1−  is a ĝ -open set of ( )., τX  Since A is a gp∗ -closed set of 

( ) ( ) ( )UfApclX 1,, −⊆τ  and hence ( ) ( ( )) ( ( )) .- 1 UUffAclpfAf ⊆⊆⊆ −  

But f is an M-preclosed map and ( )Aclp-  is a preclosed set of ( ),, τX  then 

( ( ))Aclpf -  is preclosed in ( )σ,Y  and hence ( )( ) ( )( )( )AclpfclpAfclp --- ⊆  

( )( ) .- UAclpf ⊆=  This shows that ( )Af  is gp∗ -closed in ( )., σY  Hence, 

f is strongly gp∗ -closed. 

Proposition 4.2. The composition of two strongly gp∗ -closed (resp. 

strongly gp∗ -open) maps is strongly gp∗ -closed (resp. strongly gp∗ -open). 

Proof. Let ( ) ( )σ→τ ,,: YXf  and ( ) ( )η→σ ,,: ZYg  be two strongly 

gp∗ -closed (resp. strongly gp∗ -open) maps and F be a gp∗ -closed (resp. 

gp∗ -open) set of ( )., τX  Then ( )Ff  is gp∗ -closed (resp. gp∗ -open) in 

( )., σY  But g is a strongly gp∗ -closed (resp. strongly gp∗ -open) map, hence 

( )( )Ffg  is gp∗ -closed (resp. gp∗ -open) in ( ),, ηZ  that is, ( ) ( )Ffg  is 
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gp∗ -closed (resp. gp∗ -open) in ( )., ηZ  Therefore, fg  is strongly gp∗ -

closed (resp. strongly gp∗ -open). 

Theorem 4.13. The following hold for the mappings ( ) →τ,: Xf  

( )σ,Y  and ( ) ( ):,,: η→σ ZYg  

   (i) fg  is a strongly gp∗ -closed (resp. strongly gp∗ -open) map if 

both f and g are strongly gp∗ -closed (resp. strongly gp∗ -open), 

 (ii) fg  is a gp∗ -closed (resp. gp∗ -open) map if f is gp∗ -closed 

(resp. gp∗ -open) and g is strongly gp∗ -closed (resp. strongly gp∗ -open), 

 (iii) g is a gp∗ -closed (resp. gp∗ -open) map if f is a surjective gp∗ -

continuous and fg  is a strongly gp∗ -closed (resp. strongly gp∗ -open) 

mapping, 

 (iv) fg  is a gp∗ -closed map if f is a closed map and g is ĝ -

irresolute and M-preclosed map, 

 (v) fg  is a gp∗ -closed if f is a closed and g is a strongly gp∗ -

closed map. 

Proof. (i) Let V be a gp∗ -closed (resp. gp∗ -open) set of X. Then ( )Vf  

is gp∗ -closed (resp. gp∗ -open) in Y. But g is strongly gp∗ -closed (resp. 

strongly gp∗ -open), then ( )( )Vfg  is a gp∗ -closed (resp. gp∗ -open) set of 

Z. Hence fg  is strongly gp∗ -closed (resp. strongly gp∗ -open). 

(ii) Let V be a closed (resp. open) set of X and f be a gp∗ -closed map. 

Then ( )Vf  is gp∗ -closed (resp. gp∗ -open) in Y. But g is a strongly gp∗ -

closed (resp. strongly gp∗ -open) map, then ( )( )Vfg  is gp∗ -closed (resp. 

gp∗ -open) in Z. Hence fg  is gp∗ -closed (resp. gp∗ -open). 
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(iii) Let V be a closed (resp. open) set of Y and f be a gp∗ -continuous 

map. Then ( )Vf 1−  is a gp∗ -closed (resp. gp∗ -open) set of X. But fg  is 

strongly gp∗ -closed (resp. strongly gp∗ -open), then ( ( ))Vffg 1−  is gp∗ -

closed (resp. gp∗ -open) in Z. Hence ( ( ( ))) ( )VgVffg =−1  is a gp∗ -closed 

(resp. gp∗ -open) in Z. Therefore, g is gp∗ -closed (resp. gp∗ -open). 

(iv) Let V be a closed set of X and f be a closed map. Then ( )Vf  is a 

closed set of Y and hence ( )Vf  is gp∗ -closed in Y. Then, by Theorem 4.12, 

g is a strongly gp∗ -closed map. Then ( )( )Vfg  is a gp∗ -closed set of Z. 

Hence fg  is gp∗ -closed (resp. gp∗ -open). 

(v) Let V be a closed set of X and f be a closed map. Then ( )Vf  is closed 

in Y and hence ( )Vf  is gp∗ -closed in Y. But g is a strongly gp∗ -closed 

map, then ( )( )Vfg  is a gp∗ -closed set of Z. Hence, fg  is gp∗ -closed. 

Conclusion 

Maps have always been of tremendous importance in all branches of 
mathematics and the whole science. On the other hand, topology plays a 
significant role in quantum physics, high energy and superstring theory [8, 

9]. Thus, we have obtained a new class of mappings called gp∗ -continuous 

which may have possible application in quantum physics, high energy and 
superstring theory. 
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