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Abstract

In this paper, we consider the elongated triangular tiling of the plane
((3%, 4%) Archimedean tiling) and compute the probability that a

random circle or a random segment intersects a side of the lattice.
1. Introduction

An Archimedean tessellation (semi-regular or uniform tessellation) is a
tessellation of the plane made from more than one type of regular polygon so
that the same polygons surround each vertex; we can list the types of
polygons as they come together at the vertex [10]. The elongated triangular
tiling is a tiling such that three triangles and two squares come together in

any vertex so it can be called a (33, 42) Archimedean tiling (see Figure

1(a)). Many authors studied Buffon type problems for different lattices of
figures or tilings and different test bodies: see for example [1-9, 13-15].
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(a) Elongated triangular tiling (b) The fundamental cell T,

Figure 1. The tiling R.

We will study Buffon type problems for the elongated triangular tiling
and two special test bodies: a circle of constant radius and a line segment of
length I.

Let E, be the Euclidean plane and let R be the elongated triangular
tiling of E, given in Figure 1(a). We denote by T, the fundamental tile (or
cell) of R (see Figure 1(b)) and by T,, one of congruent copies of Ty such
that:

@) U, T = E2.
() Int(T) N Int(T;) = F, Vi, je Nand i # |,

() T, =vn(Tg), Vn e N, where y, are the elements of a discrete

subgroup of the group of motions in E, that leaves invariant the tiling R.

The body Ty can be expressed as the union of a square of side a and two
equilateral triangles of the same side a.
Let us denote by K a convex body (which means here a compact convex

set) which we shall call test body. A general problem of Buffon type can be
stated as follows: “Which is the probability px z that the random convex
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body K, or more precisely, a random congruent copy of K, meets some of the
boundary points of at least one of the domains T, ?”.

We will study also the problem of the independence of the two events
“The body K meets some of the boundary points of the triangles of the tile
R” and “The body K meets some of the boundary points of the squares of
the tiling R”.

If we denote by M the set of all test bodies K whose centroid is in the

interior of Ty and by N the set of all test bodies K that are completely

contained in the triangle ABC or in the triangle DEF or in the square ACDF,
we have

_ )

pK,R =1 H(M), (1)

where p is the Lebesgue measure in the plane E,.

2. The Test Body is a Circle

Let us suppose that the test body K is a circle of diameter D. Easy
geometrical considerations will lead us to distinguish between the cases D <

a a . . ) .
—,—<D<a and D> a. Itis obvious that if D > a, then the circle
V343
always meets the boundary of one of the bodies T,, so we have to study the
other two cases.

Proposition 1. The probability that the circle K of diameter D intersects
the tiling R is given by

D[10a - (2 + 3vV3) D] if D<->
| eevmar = @
PK.R =1 342 4 42D - 2D2 it 2 <D<a
(2++3)a? v |

Proof. We compute the measures p(M) and p(A) with help of the
elementary kinematic measure dK =dx A dy A d$ of E, (see [11, 12]),
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where x and y are the coordinates of the center of K (or the components of a
translation), and ¢ is the angle of rotation. We have

)= [l oty s areally) = nal{ 1 |

Let Ny be the set of circles of diameter D that are contained in the
triangle ABC and A\, be the set of circles of diameter D that are contained
in the square ACDF. From (1) we obtain

Ly 2V + () ;
Pk, R = : 3)
ma|l+—
2
E E
pA € " N\» F D
F b1
I } F D
1 ! Lo
! | AF —or
IR o
A c A C
ooy
\\B/y/
B B
() The case D < 2 (b) The case a 2 <p«< a
V3 V3~

Figure 2. The case K = circle.

From Figure 2(a) it is easy to see that (A1) is m times the area of the

triangle A’B’C’ whose sides are parallel to the sides of the triangle ABC at
distance D/2 from them (A’ is the center of a disk interior to the triangle

ABC and tangent to the sides AB and AC and so on). Since the side of the
triangle is a — D+/3, we have:
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W) =3 (a - J3D)2

In the same way we obtain that

W(N5) = n(a— D)%

Then we have for the case D < 2

NG

D[10a — (2 + 3v3)D]
(2 ++/3)a?

Pk, R =

Let 2 < D < a (see Figure 2(b)). If the center of the circle K is in the

NE]

triangle ABC, then the circle always intersects one of the sides of the triangle
so that

a7 - g2

If the center of the circle is in the square ACDF, then the circle does not
intersect the side of the square if its center is in the square A”C”D”F”; since
the side of this square is a — D, we have

(N ) = n(a - DY,
and so in this case

V3a? + 4aD - 2D?
(2 ++/3)a? .

Pk, R =

Let us consider now the problem of the independence of the two events
I1 = “The body K meets some of the boundary points of the triangles of the

tile R” and 1, = “The body K meets some of the boundary points of the

squares of the tile R”.
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In the same way as above we compute the measure of the circles K
whose center is in Ty and intersect or a triangle or a square of R (or both).

Proposition 2. The events 1; and I, are dependent for any D € [0, a].

E

B

(@) (b)
Figure 3

Proof. We have to consider three cases:

(i) Let D < a/«/§. The circle K intersects the boundary of a triangle of
the tiling if its center is in the gray region in Figure 3(a) whose area is

2{ﬁ(a2 ~(a- Dx/§)2)+laD} —4ap- 33 p?
4 2 2
so that
o(l;) = 330 - 3V3D?
! a’(2 +/3) '

The circle K intersects the boundary of a square of the tiling if its center is in
the gray region in Figure 3(b) whose area is
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-2
-~ 2
a2—(a—D)2+2 J3 2+D =3aD - D?

2 43
so that
_ 2D(3a- D)
Pllz) = a(2++3)

In the same way we obtain:

p(laN1y) = ﬁ-

In order to evaluate the independence of the two events |; and I, we have

to study the equation:

p(1L N 12) = p(l) p(l2),

2(+/3 + 2)a® = D(3a - D)(8a — 3v3D). (4)

Let D=a-t be,with 0<t< 1/\/§: the equation (4) is satisfied if in such

interval there exists a zero of the function
f(t) = 3v3t3 - (9v3 + 8)t? + 24t — 243 — 4.
Since for 0 <t <1/+/3 the derivative f'(t) is positive, we have f(t)<

f(1/4/3) = 3V3 —% < 0 the equation (4) does not have solution and the

events I, and I, are dependent.

(i) Let now a/+/3 < D < a+/3/2. In this case if the circle K has the

center in the triangle, then it always intersects the triangle, moreover it
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intersects the triangle if its center is in the square at distance less than D/2

from the upper or lower side, so:

ol )_af+2D
Y a2+43)

The probability that the circle intersects the square and the circle intersects
both the triangle and the square is the same as in case (i) and so

2D(3a - D)

plp) = ——="

a%(2 ++/3)

and
4D
p(l3 N1y) = m-

As above we study the equation:

p(1L N 12) = p(ly) p(lo),

(3a— D)(2D + av/3) = 2a%(2 + v/3)
2-3
2

who has the solutions D =a and D = a that are both outside the

interval [a/+/3, av/3/2] and so also in this case the events are dependent.

(iif) Finally we consider the case a\/§/2 < D < a. In this case if the

center of the circle K is in the triangle, then the circle always intersects both a
triangle and a square. Moreover it intersects the triangle if its center is in the
square at distance less than D/2 from the upper or lower side; since in this

case the circle intersects also the square, we have

av3 +2D
p(l1) = p(ly N1y) = a2+ 33

and the events are obviously dependent, since p(l,) < 1.
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3. The Test Body is a Line Segment

Let us consider now the case K is a line segment of length I. Also in this

ax/_ a«/_

case easy geometrical considerations give us four cases: | < —— 5 <

l<a, a<l<av2 and | >av2. In the last case the segment always
intersects the boundary of one of the bodies T,, so we have to study the

other cases. We have

Proposition 3. The probability that the line segment K of length |
intersects the tiling R is given by

I[60a — (15 + 27+/3)1] 1 < av3
3n(2 ++/3)a’ 2
60al — 27av 412 —3a% —151% — 2/3nl?
+6(3a% + 21° W3 arccos 22 av3 \/—
2l a
PK,R = if <D<a (5
3(2 + +/3)na’

432 —8a«/|2 —a% 4212

+~/3ra? +8a? arccos(a/l)

if a<D<av2.
(2 +v/3)na?

Proof. (i) Let us consider the case | < #. We compute first the

measure p(ANp) of the set Ay of all line segments of length | contained in

the triangle DEF. For a fixed angle ¢ < {0, %{ we denote by (see Figure

4(2))
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Figure 4. The case K = line segment.

- F’ the midpoint (in DEF) of the line segment of length | with one
endpoint in F that makes an angle ¢ with FD.

- D’ the midpoint of the line segment of length | with endpoints on DF
and DE that makes an angle ¢ with FD.

- E’ the midpoint of the line segment of length | with endpoints on EF
and DE that makes an angle ¢ with the direction of FD.

We compute

area(D’E’F’) = ?[a - %sin(én - q)ﬂz

and, by symmetry, we obtain

w(N7) = 3.[:/3area(D’ E'F’)d¢ = j:ﬁg[ jlgsin( - ¢)T do

33ra? - 36al + (9 + 2+/31)12
= B : (6)
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In the same way, if y e [0, r [ then we obtain for the set A, of the line

2
segments contained in the square ACDF

area(A’'C’D’F’) = (a—Isiny)(a—1cosy)
and so, by symmetry, we have
/2 /2 .
uw(N,) = ZJO area(A'C’D’ F’)dy = Io (a—1lcosy)(a—Isiny)dy

- na® — dal + 12

and so
w(N) = [ Jna _10al + @ +%j|2
Hence we have if | < T\/_
ok % = I[60a — (15+2nf)|] @

3n(2 + v/3)a?

(ii) Let now # < | < a. With reference to Figure 4(b) it is easy to
see that the line segment can be contained in the triangle EFD only if the

angle ¢ [0, n/3[ between the line segment and the side FD satisfies

Os¢<%—arcc03% or 6+arccos\/_ <<

So the measure of the line segments completely contained in the triangle
EFD is, by symmetry,

RIS s I I W B

9a(3v41% —3a% — 41) + 3v3ra® + (9 + 2v/3n)I1?

— 6+/3(3a% + 21%)arccos ——
12

a3
2
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The measure of the line segment completely contained in the square ACDF is
the same as in the case above:

w(N ) = ma’ — 4al +12.

Hence we have if # <l<a

60al — 27aV4l% — 3a2 — 1512 — 2/3nl?

+6(3a% + 2123 arccos%
3(2 + v/3)ma®

(8)

Pk, R =

(iii) Let now a < | < av/2. With reference to Figure 4(c) it is easy to see
that if the centroid of the line segment is in the triangle EFD the line segment
always meets one of the side of the triangle and can be contained in the
square ACDF only if the angle ¢ € [0, n/2[ between the line segment and

the side AC satisfies arccosii << % - arccosli.
So the measure of the line segments completely contained in the square
ACDEF is given by:

w(N,) = 2_[ 2T (a—1lcos¢)(a—1Isin¢)dd

arccos(a/l)
= 4aV1? —a® — 12 + (n — 2)a® - 4a® arccos(a/l).
Hence we have if a < | < av2

(42 — 8aV1? — a® + 21 + /3na® + 8a? arccos(a/l))
(2 +/3)ma® '

9)

Pk, R

Let us consider now the problem of the independence of the two events
I1 = “The body K meets some of the boundary points of the triangles of the

tile R” and 1, = “The body K meets some of the boundary points of the
squares of the tile R”.
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In the same way as above we compute the measure of the line segments

K whose center is in Ty and intersect or a triangle or a square of R (or
both).

Proposition 4. The events 1; and 1, are independent only for | = ta,
where t ~ 0.958473 is the unique solution of equation (12) in the interval

agsl<a.

(a) (b)
Figure 5
Proof. Using the same notation of Proposition 3, let us note that if the

centroid of the line segment is in a triangle, then the segment intersects the
triangle if the centroid is not in the region Ay and, analogously, it intersects

a square if the centroid is in the square and not in the region A\ ,. Moreover

it intersects a square if the centroid is in a triangle at a distance less than

> Sin ¢ from the side of a square and it intersects a triangle if its centroid is
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in a square at a distance less than IEsin ¢ from the upper or the lower side of
a square.

Finally we remember that p(l; N 15) = p(ly)+ p(l5)— p(l; U I,) and
p(l; U 1,) is the probability we found in Proposition 3.

Then we have to consider four cases: 0 <1 < ax/§/2; a\/§/2 <l <a;

a<l<av2:l>av2
HLetO<I< ax/§/2. In this case the measure of the line segments with

centroid in a square that intersect a triangle is ZIJ%I sin ¢dd = 2al and this

is also the measure of the line segments with centroid in a triangle that
intersects a square.

So we obtain:
o(l;) = I(48a — 1(9 + 2v/3n))
. 3(2 + v3)a’n
_ 2(6a-1)I
Pllz) = (2 ++/3)a’n
and

8l
p(lyN1p) = (2+«/§)an.

In order to evaluate the independence of the events I, and 1, we have to

study the equation:

p(11) p(l2) = p(Iy N 1),

I(6a — 1)(48a — (9 + 2/3m)l) = 127a>(2 + V/3). (10)
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Let D =a-t be, with 0 <t <1/+/3: the equation (10) is satisfied if in

such interval there exists a zero of the function
f(t) =t(6 —t)(48 — (9 + 2/3n)t) — 127(2 + /3).

Since in the interval [0, +/3/2] the function f((t) is increasing, we obtain

f(t) < f(¥/3/2) < 0 and so the events |, and I, are dependent.

(if) Let now a\/§/2 <I < a. In this case the only difference with the

previous one is that now a line segment with center in a triangle intersect
L av3 o a3
always a square if sin¢ > ETH and, if sin¢ < T then the area of the

region in which the center have to be for the line segment intersects a square
is, as before, al sin ¢ so:

6+/3(3a2 + 2I2)arccos¥ —3a(9V41% - 3a% —16l)

p(I ): —(9+2\/§TC)|2
' 3a%n(2 + V/3) ’
- 12al — 2av41? — 3a% — 21? + 24/3a° arccos#
p(l2) =
’ 2’52+ V3)
and
8l — 2V412 —3a? + 2+/3a arccos%
p(lyN1y) =

na(+/3 + 2)

In order to evaluate the independence of the events I, and 1, we have to

solve the equation

p(lp) p(12) = p(l N 1),
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[— 3a(-161 + 9y—3a’ + 41?)

—12(9 + 2+/3n) + 6+/3(3a% + 2I )arccos(gaJ]

x(6al —1%2 — ay-3a% + 41% +/3a? arccos{ﬁaJJ
=302+ x/§)a3n[ —y-3a% + 4% + J3a arccos[\/jaD (11)

By setting as above | =t - a, we obtain

(—48 +(9 + 24/3n)t? + 27-3 + 4t? — 643(3 + 2t%) arccosziﬂ
x (—6t +1% + -3+ 4t° — J3arccos —j
> V3
=3(2 +/3)n| 4t — -3 + 4t +x/§arccosz—t . (12)

With a computer simulation (for example using a mathematical software
like Maxima or Mathematica) it is possible to see that the above equation has

a unique solution in the interval ag <1l < agivenby | ~ 0.958473a.

(iii) Let now a < | < a+2. In this case a line segment with the centroid

a
in a square intersects always a triangle if sin ¢ > — and, if sin¢ < — I then

the area of the region in which the center has to be for the line segment to
intersect a square is, as before, al sin ¢ so:

a
4l — 412 — a2 + Ran + 4aarccosT

1) =
p(ly) 2am + v/3an
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Z[Za2 +2al +12 —4a\/l2 _a? —a\/4l2 _ 332

I 2l
(2 +/3)a’n

+ 4a2 arccos 2 + /3a2 arccos @]
p(ly) =

and

p(lL N 13)

8l - 4\/I2 _a? - 2\/4I2 —3a% + 4a arccoslE + 24/3a arccos%
B 2am + v/3an '

Also in this case in order to solve the equation p(ly)p(l5)— p(lyN15)
=0 we use a computer simulation and we find that in the interval under
consideration we have p(l;)p(l>) > p(l;N1,) and so the events 1, and

I, are dependent in this case.

(iv) Finally let us consider | > a+v2. As above we find:

a
4l — 4V1% — a2 4+ 3an + 4aarccos =

I
1) =
p( 1) 2am + v/3an
2 2 a
2(2 1“—-a“ -2l +ar - 2a arccosl—)
-1-— ,
(2 ++3)an
4l — 24412 — 332 + 2an + 2V3a arccos%
1,) =
p( 2) 2arn + +/3an
2 2 a
2(2 1“ —a“ -2l + an — 2a arccos I_j
= 1—

(2 ++/3)an

and
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2(2 12_-a2 —2l+an-2a arccosi)
=1-2

Salvatore Vassallo

p(ly N 13)

2(4I - 2\/I2 —_a? - \/4I2 ~3a% 1+ 2a arccos.ii + +/3aarccos %}

(2++3)an

(2 ++/3)an

Since (1- oc)2 —(1-2a) > 0, we obtain also in this case p(ly)p(l,) >

p(l; N 15) and the events 17 and 1, are dependent.
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