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Abstract

It is known that every maximal ideal in a commutative ring with
identity is prime; this result is also valid for any commutative ordered
semigroup with identity and for any commutative semigroup with
identity as well. In this paper, we show that every maximal a-ideal in
a commutative, positive ordered semigroup is prime.

1. Preliminaries

Algebraic properties of ordered semigroups have been studied, for an
example, the homomorphism theorems for ordered groupoids and ordered
semigroups have been considered by Kehayopulu et al. [7] after considering
the ideals in ordered groupoids. Relations between maximal ideals and prime
ideals in any ring have been widely studied by many authors; one of the
important results is that every maximal ideal in any commutative ring with
identity is prime [3, p. 128]. Schwarz [10] showed that this result is also valid
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for any commutative semigroup with identity. Recently, Kehayopulu et al.
[6] proved that the result holds for any commutative ordered semigroup with
identity as well.

In [9], the authors introduced and studied o-ideals and generalized
o-ideals in semigroups; the results obtained generalized the results on
(m, n)-ideals introduced and described by Lajos [8] and on bi-ideals.

In this paper, we consider a-ideals in any ordered semigroup. We prove
that, in a commutative positive ordered semigroup with identity, every
maximal o-ideal is prime.

If X is any nonempty set, then the free monoid over an alphabet X will be
denoted by X ™.

Let (S, -) be any semigroup. If A and B are nonempty subsets of S, then
we write AB for the set of all elements ab of S with a € A and b € B. The

set of all subsets of S will be denoted by P(S). For any o € {0,1}", a
mapping f(f : P(S) — P(S) is defined by:
(i) f(f‘(A) = @ if o is the empty word;

(i) fO(A) = AAy - A, if o= agap -0y, @ € {0, 1}, where
A, if aj = 1
A = _
S, if aj = 0.
Hereafter, we let
A = {0, 1" \{1}".

If a € A (hence a is not the empty word) such that o = aqap -+ aup,

where o € {0, 1}, then the length of a, denoted by I(a), is defined to be n.

Lemma 1.1 [2, 9]. Let (S, -) be any semigroup. If A and B are nonempty
subsets of Sand a, B € A, then the following conditions hold:
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1) AcB= fS(A) < f2(B);

(2) fop(A) = T3 (A) TP (A);

(3) Afg (A) < T3 (A), Te (A)AC T (A);

(4) T (A (A) < £ (A);

(5) fo (AU 13 (A) < T3 (A)

(6) f(f(AU A2U...UAU f(f(A)) c f(f(A) for any positive integer k.

A semigroup (S, -) together with a partial order < that is compatible with
the semigroup operation, meaning that for x, y, z € S,

X<y=x<zy, xz<yz,

is called an ordered semigroup [1].

By a subsemigroup of an ordered semigroup (S, -, <), we mean a
nonempty subset A of S such that AAc A, i.e., that xy e A for all
X, yeA

Let (S, -, <) be an ordered semigroup. If A is a nonempty subset of S,

then we write

(A]={x e S|x < a for some a € A}.

For any nonempty subsets A and B of S, we have (1) A < B implies
(Al < (B], (2) (A](B] = (AB] and (3) ((A]] = (A].

Lemma 1.2 [13]. Let (S, <) be an ordered semigroup. If A is a
nonempty subset of Sand o € A, then

e (AD < (g ()]
Let (S, -, <) be an ordered semigroup. A subsemigroup A of S is called

an a-ideal of S if the following conditions hold:
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M) fo(A) e A
(ii) (A]= A, ie.,if xe Aand y € S suchthat y < x, then y € A

This concept was defined in [13] to be a generalization of bi-ideals in
ordered semigroups. This is because if o =101, then A is a bi-ideal [5] of S.

Let (S, <) be an ordered semigroup. It was proved in [13] that the

principal o-ideal generated by a nonempty subset A of S is of the form
(A)g = (AU A?U--UA@TY £3(A)) 1)

Theorem 1.3. Let (S, -, <) be any ordered semigroup. If A is a nonempty

subset of S and o = 1B for some B e A, then (> (A)] is an o-ideal of S.

Proof. Let A be a nonempty subset of S. By Lemma 1.1, we have
(fe (AI(f3 (A < (15 (A) £ (A < (1 (A)]
Thus, (f(f (A)] is a subsemigroup of S. We will show that

f5 ((f5 (A)]) < (f5 (A

By Lemma 1.2, it suffices to show that

fs (S (A) < fo (A). )

We assert this condition by induction on the length of a. Clearly, if
I(a) =1, then (2) holds. Assume that I(c.) > 1 and (2) holds for any y with

I(y) = I(a) - 1. Since o =18 with B € A and Lemma 1.1, we have
fo (fa (A) = £° (15 (A) 1’ (f (A)
= T (A) g (AT (A))

c fg (AT (A)
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2 (A) 5 (A) T (A)

f°(A) st (A)

fo(A).

Finally, since (( f(f(A)]] = (f(f(A)], SO (f(f(A)] is an o-ideal of S. This

completes the proof.
2. Main Results

Let (S, -, <) be any ordered semigroup, and let a. € A. An a-ideal A of
S is said to be prime if forall x, ye S, xy € A implies xe A or y e A
An a-ideal A of S is said to be maximal if for any a-ideal Bof S, Ac B < S

implies A=B or B=S.

An ordered semigroup (S, -, <) is said to be positive [11] if for all x € S,

x < x2. The notation x < x2 stands for x < x2, but x = xZ.

We now prove the main result:

Theorem 2.1. Let (S,- <) be any commutative, positive ordered
semigroup with identity. Let o € A. If M is a maximal a-ideal of S, then M is

prime.

Proof. Let e be an identity element of S. Let r be the number of
occurrences of 1 in a. Assume that M is a maximal a-ideal of S. Since S is
commutative, it follows that

sl@-rvr = £5(m). 3)
To show that M is prime, we let X, y € M be such that xy e M and x ¢ M.

Then
McMU{xc(MU{x}), cS.
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By the maximality of M, we have S =(M U{x}),. Since S is

commutative, we have
SHOTT(M U )" = 12 (M U {x)). @
Using equations (1) and (4),
S=((MUBHUM U2 U-—UM U )@
Us" ="M U {x)']
We consider the following three cases:

Case 1. e <u for some ue M U{x}. Then y <uy. If u=x, then

y < xy € M, and hence y € M. Suppose that u € M. By (3), we get

y<uy<uly <<y esi@rmr oo,

Thus, y € M.

Case2. e<ue(MU {x})k for some positive integer 1 < k < l(a) — 1.

Then e < uju, ---uy for some uy, Us, ..., U, € M U {x}, and hence

Yy < Uglp -~ Uy Y.

If uj e M for some 1<i <k, then we proceed in the same manner as

Case 1. Suppose that u; = uy =--- = U, = x. Since S is positive, we have
y < yk s(xy)k e M.,
Then y € M.

Case3d.e<ue f(f(M U {x}). By (4), there exist &y, a, ..., 8j(q)—r € S

and zy, z,, ..., Z, € M U {x} such that

Y < 8 A (q)-1%22 " Y-
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If z; e M for some 1< i <r, then we proceed in the same manner as

Case 1. Assume that z; = zp =--- = z, = X. Since S is positive,

y <y" <agay g q)a(xy) € M.
Then y € M. This completes the proof. ]

The following generalize the concept of prime bi-ideal in any semigroup
introduced and described by Shabir and Kanwal [12]. A bi-ideal A of an
ordered semigroup (S, -, <) is said to be prime if forall x, y e A, xy € A

implies xe Aor ye A

By Theorem 2.1, if we take o to be 101, then we have the following
corollary:

Corollary 2.2. Let (S,- <) be a commutative, positive ordered

semigroup with identity. If M is a maximal bi-ideal of S, then M is prime.
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