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Abstract 

An element a of an ordered semigroup ( )≤⋅,,S  is said to be right 

simple if ( ] SaS =  (x is an element of ( ]aS  if asx ≤  for some ).Ss ∈  

The purpose of this note is to study right simple element ordered 
semigroups: ordered semigroups containing right simple elements. 

1. Preliminaries 

An element a of a semigroup S is said to be a right simple element of S if 
.SaS =  If every element of S is right simple, then S is called a right simple 

semigroup. A right simple element semigroup is defined as a semigroup S 
containing right simple elements. 

In [3], Grimble (see also in [2, p. 40, Exercise 7]; and in [9]) proved the 
following theorem. 
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Theorem 1.1. Let S be a right simple element semigroup, and let R 
denote the set of all right simple elements of S. Then the following conditions 
hold: 

 (i) R is a subsemigroup of S; 

(ii) ,\RS  if it is nonempty, is the maximum right ideal of S and is prime. 

The purpose of this note is to extend the result based on ordered 
semigroups. 

A semigroup ( )⋅,S  together with a partial order ≤ (on S) that is 

compatible with the semigroup operation, meaning that for ,,, Szyx ∈  

,, yzxzzyzxyx ≤≤⇒≤  

is called an ordered semigroup [1]. 

Let ( )≤⋅,,S   be an ordered semigroup. If A, B are nonempty subsets of 

S, we let 

{ }., ByAxxyAB ∈∈|=  

For ,Sx ∈  we write Ax and xA instead of { }xA  and { } ,Ax  respectively. A 

nonempty subset A of S is called a subsemigroup of S if .AAA ⊆  

Let ( )≤⋅,,S  be an ordered semigroup. A nonempty subset A of S is 

called a left (respectively, right) ideal [8] of S if 

 (i) ASA ⊆  (respectively, );AAS ⊆  

(ii) for Ax ∈  and xySy ≤∈ ,  implies .Ay ∈  

If A is both a left and a right ideal of S, then A is called a (two-sided) ideal of 
S. The maximum left (respectively, right, two-sided) ideal of S is defined as 
the usual way. 

A left (respectively, right, two-sided) ideal A of an ordered semigroup 
( )≤⋅,,S  is said to be prime [4] if for AxyAyx ∈∈ ,,  implies Ax ∈  or 

.Ay ∈  
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Let ( )≤⋅,,S  be an ordered semigroup. For a nonempty subset A of S, let 

( ] { }.somefor AaaxSxA ∈≤|∈=  

If ,Sa ∈  then we write { }( ]a  as ( ].a  

For nonempty subsets A, B of an ordered semigroup ( ),,, ≤⋅S  the 

following conditions hold (see [8]): 

(1) ( ];AA ⊆  

(2) ( ] ( ];BABA ⊆⇒⊆  

(3) ( ]( ] ( ];ABBA ⊆  

(4) ( ]( ]( ] ( ];ABBA =  

(5) ( ] ( ] ( ].BABA ∪∪ =  

Let ( )≤⋅,,S  be an ordered semigroup. An element a of S is said to be 

right simple if ( ] .SaS =  If every element of S is right simple, then S is called 

a right simple ordered semigroup [5]. We call S the right simple element 
ordered semigroup if S contains a right simple element. 

2. Main Results 

We begin with the following proposition considered the direct product of 
two right simple element ordered semigroups. 

Proposition 2.1. If ( )≤⋅,,S  and ( ),,T  are right simple element 

ordered semigroups, then TS ×  is a right simple element ordered semigroup. 
Moreover, if R and R′  are the sets of all right simple elements of S and T, 
respectively, then RR ′×  is the set of all right simple elements of .TS ×  

Proof. The proof is straightforward. ~ 

The next result has been done on semigroups by Grimble [3] and it is 
also appears in ([2, p. 40, Exercise 7]; and in [9]). 
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Theorem 2.2. Let ( )≤⋅,,S  be a right simple element ordered semigroup, 

and let R denote the set of all right simple elements of S. Then the following 
conditions hold: 

 (i) R is a subsemigroup of S; 

(ii) ,\RS  if it is nonempty, is the maximum right ideal of S and is prime. 

Proof. If S is right simple, then the claim is clear. We suppose that S is 
not right simple. 

(i) If ,, Rba ∈  then ( ] SaS =  and ( ] ,SbS =  and hence 

( ] ( ]( ] ( ]( ]( ] ( ].abSbSabSaaSS =⊆==  

Thus .Rab ∈  

(ii) Assume that RS \  is nonempty. Let Sx ∈  and .\RSa ∈  If ,Rax ∈  

then ( ] ( ],aSaxSS ⊆=  and so .Ra ∈  This is a contradiction. Hence ∈ax  

.\RS  Let Sx ∈  and RSa \∈  such that .ax ≤  If ,Rx ∈  then ( ]xSS =  

( ],aS⊂  and so .Ra ∈  This is a contradiction. Thus .\RSx ∈  This proves 

that RS \  is a right ideal of S. 

To show that RS \  is the maximum right ideal of S, let I be a right ideal 

of S such that ( ) .\ IRS ⊂  Then there is ( ).\\ RSIa ∈  Since ( ] ,IaSS ⊆=  

so .IS =  

It follows by (i) that RS \  is prime and the proof is complete. ~ 

The converse of Theorem 2.2 is as follows: 

Theorem 2.3. If an ordered semigroup ( )≤⋅,,S  has the unique proper 

maximal right ideal A such that ( ]bAS ≠\  for all ,\ ASb ∈  then the set of 

right simple elements of S is .\ AS  

Proof. Let R denote the set of all right simple elements of S. Since A is a 
proper right ideal of S, every elements of A is not right simple. Otherwise,       
if Aa ∈  is right simple, then ( ] .AaSS ⊆=  This is a contradiction. Thus 
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.\ ASR ⊆  Let .\ ASb ∈  We have ( ]bS  is a right ideal of S. Suppose that 

( ] .SbS ⊂  By assumption, ( ] .AbS ⊆  Thus, ( ]bA ∪  is a right ideal of S such 

that ( ],bAA ∪⊂  and thus ( ] .SbA =∪  This implies that ( ]bAS =\  which 

is a contradiction. Hence ( ] .SbS =  ~ 

Let ( )≤⋅,,S  be an ordered semigroup. For ,, Sba ∈  the Green’s relation 

R  [6] on S is defined by 

baR  if and only if ( ] ( ].aSbaSa ∪∪ =  

An element a of S is said to be right regular [7] if ( ].2Saa ∈  

Theorem 2.4. Let ( )≤⋅,,S  be a right simple element ordered semigroup. 

Then the set of right simple elements of S, denoted by R, is an R -class of S. 
Moreover, each right simple element is right regular. 

Proof. Let ., Rba ∈  Then ( ] SaS =  and ( ] .SbS =  We have ( ]aSa ∪  

( ],bSb ∪=  and hence .baR  Let Sx ∈  be such that axR  for some .R∈a  

This means that 

( ] ( ] .SaSaxSx == ∪∪  

If ,∅=N  then .Rx ∈  If ∅≠N  and ,Nx ∈  then .NS =  This is a 
contradiction. Therefore, ,Nx ∉  that is, .Rx ∈  

If ,Ra ∈  then ( ] ( ]( ] ( ],2SaaSaaSa ⊆⊆∈  and thus a is right regular.  
 ~ 
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