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Abstract

In this paper, we discuss the oscillation criteria for third order
nonlinear delay difference equation of the form

A(an(A(bn(AXn)a))ﬁ) +0hf(X—:) =0, neNy.

An example is given to illustrate the main result.
1. Introduction

In this paper, we are concerned with the oscillation of third order
nonlinear delay difference equation of the form

A(an (A (A%)* D) + an f (%q_¢) =0, n e N, (L.1)

where A is the forward difference operator defined by AXx, = X1 — X, and
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Ng ={ng, ng +1 ng + 2, ...} and ng is a nonnegative integer subject to the
following conditions:

(Cy) {an}, {by} and {q,} are positive real sequences;
(C,) a and B are ratios of odd positive integers;
(C3) 1 is a nonnegative integer;

(C4) f :R — R is continuous functions such that uf (u) > 0 for u = 0
and —f(-uv) > f(uv) > f(u)f(v) for uv > 0.

By a solution of equation (1.1), we mean a real sequence {x,} and
satisfying equation (1.1) for all n € N. We consider only that solution {x, }
of equation (1.1) which satisfies sup{ x,|:n> N} >0 for all ne Ng. A

solution of equation (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative and nonoscillatory otherwise.

In recent years, there is a great interest in studying the oscillatory
behavior of third order nonlinear delay difference equations, see for example
[1-5, 7-9, 11, 12] and the references cited therein. Motivated by this
observation, in this paper, we obtain some sufficient conditions for the
oscillation of all solutions of equation (1.1).

In Section 2, we establish some sufficient conditions for the oscillation of
all solutions of equation (1.1) and an example is given to illustrate the main
result. The result established in this paper is discrete analogue of that in [6].

2. Main Results

In this section, we establish some new oscillation theorem for equation
(1.1). Throughout this paper, we use the following notation without further
mention:

n-1
8n,no = Zbgl/av

S=Np
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oy = Zn:as‘l/ﬁ

S:no
and
_ n
5= > bs¥P.
S=n0

We begin with the following lemma:
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Lemma 2.1. Assume that for all sufficiently large N; € N, there is a

N > N; suchthat n—t > N; for n> N and

(Hy) either

s=ng %s
or
© n 1/p
> a VP > a f V%) (85 e n)| =
n=N s=N
(H») either
I
s:nobs
or

TB Yo

i by Ve ias‘l/ﬁ[iqtf(&_»

n=nNg S=Ng t:SO

= 00

2.1)

(2.2)

(2.3)

(2.4)

hold. Let {x,} be an eventually positive solution of equation (1.1). Then one

of the following two cases holds:
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(i) Ax, >0, A(b,(Axy)*) >0 forall n > N;
(ii) Ax, <0, A(by(Ax,)*) >0 forall n> N.
Proof. Let {x,,} be a positive solution, from equation (1.1), we have
Ay (A(by (A%))*)P) = = F (Xn_) < O for n > ny.

Consequently, (A(bn(Axn)o‘))B is strictly decreasing and then Ax, and

A(b,, (Axn)*) are eventually of one sign. We claim that A(b,(Ax,)%) > 0. If

not, then we have two cases:
Case (i). There exists ny > m, sufficiently large such that
Axp > 0, and A(bp(Axp)*) < 0 for n > nj.

Case (ii). There exists n, > mq, sufficiently large such that
Axp < 0, and A(bp(Axy)*) < 0 for n > nj.

For Case (i), we have by, (Ax,)* is strictly decreasing and there exists a

negative constant M such that
an(A(by (AXy)*))P <M forall n > n,
or
MYB
VB’

n

A(bp (Axy)*) <

Summing from n, to n —1, we get

1

n-1
by (A%y)* < by, (A%, )* + MYP ZaW'
S

S=Ny

Letting n — oo and using (2.1) then b, (Ax,)* — —oo, which contradicts
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that Ax, > 0. Hence (2.2) is satisfied, we have

n-1
Xn — Xn3 = ZAXS
S=nN3

n-1
= > b ((axg) oy

S=N3

n-1
> (b (A% )™)Y Zbgl/“ forall n > ng

S=N3

and hence

n-1
X, = (b (Axy)* o st‘l/“ forall n > ng

S=ng
> (bn(Axn)O‘)l/O‘ESnln3 forall n > ns.
There exists a ng > ng with n —t > ng for all n > ny such that
Xn_g = (bn_T(Axn_T)“)l/O‘Sn_Tl ng forall n > ny.
From equation (1.1),

02 A(an(Ayn)P) + an F (V%) £ (Bn_q,n,) forall n > ny,
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(2.5)

where y,, = by (Ax,)®. Itisclear that y, > 0 and Ay, < 0. It follows that

A(an(Ayn)B) < 0 for n > ny4.
Summing from n —1 to ng, we get

an(8n P — an, (4yy, )’ <0

or

_an(Ayn)B 2 _an4(Ayn4)B
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or
4
forall n > ny.

Summing the last inequality from n to o, we obtain

w /B
al® (ays,)

_[yoo - yn] 2 _Z

S=n a%/B
or
Yn 2 _a:\/f (AYp, )Z as_]/B
S=n
hence
Yn 2 _a:]/f (Ayn, )8n
or

Yn = k18, forall n > ng,

where k; = —ai/f(Aym) > 0. There exists a n5 > ng with n —t > ny for all
n > ng such that
Yn—r = k16—, forall n > ng.

Summing (2.5) from ng to n —1 and using the above inequality, we get

n-1

> s T (%) T (8ns,ng ) < Bng AV )P — anA(yy )P

S=Ng
or

n-1
> a5 F (k81 ) £ (8, ng) < ~2nA(Yn ).

S=Ng
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Now using condition (C4), we have

zqsuk]/“)f(s ) F(Bnc,ny) < ~2nA(yp)°

S=Ng

or

o P
[f(k A NRIE )f(smna)] < ~Alyy)

S=Ng

Summing the above inequality from ng to oo, we get

yp
(F (kg™ )]/BZ [thf(at S «.—g)} S Yng <©

s= n5as t=s;
which contradicts the condition (2.2).

For Case (ii), we have
by (A% )* < by, (A%, )* = ¢ <0

or
Ve
bl

n

A, <

Summing the last inequality from n, to n —1, we get

n-1
Xn < X, + Y Zbg]/“.
S=Ny
Letting n — oo, then (2.3) yields x,, — —oo. This contradicts that x, > 0.
Otherwise, if (2.4) is satisfied. One can choose n3 > ny with n— 1 > n, for

all n > n3 such that

n-1
~(bn (A% )* Y bV

S=Ng
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or
n-t-1
Xn_t = ~(bn_o(Axp_o )W Y bg¥e
S=n3
hence

Xp_r > ko8p_, for n > ng,
where Ky = —(b,_(AXy_ ) W Then equation (1.1) and (C,) yield

A(an (A(by (A%)*)P) = =G f (q_c)
< _qnf(k2gn—r)
< —qn f(kp) F(Bp)
or
Alan (A(by (A%)*)F) < Gy LF (3,
where L = —f(ky), summing the above inequality from n3 to n —1, we get
n-1 3
an (A (Ax))M)P < L Z ds f(Ss—)
S=Ng
or
_ 1/p
VB | & 1 _
A(bn (Axn )a) < aw{ Z Os f (as—r) :
n [ s=n3

Summing the last inequality from n3 to n —1, we have

n-1 s—1 B yp
bn (A%, < LYVP ZaaVB[thf(st_f)]

S=N3 t:S3
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or

_ _ ypYe
Ll/OCB n-1 ~ s-1 .
AXy < Ja Zan]/B thf(St—r) :
bn S=N3 t=S3
Again summing the last inequality from n3 to n —1, we have

n-1 s—1 t—1 B 1B Yo
o < Lo S za;w{zqmsj_f)]
t:S3

S=N3 j:t3

From condition (2.4), we get X, — —oo as n — oo which contradicts that x,,

is a positive solution of (1.1). Then we have A(b,(Ax,)%) > 0 for n > n; and

of one sign thus either Ax, > 0 or Ax,, < 0. The proof is now complete. [

Lemma 2.2. Assume that (H;) and (H,) hold. Let {x,} be an eventually
positive solution of equation (1.1) for all n € Ny and suppose that Case (ii)
of Lemma 2.1 holds. If

w VBT
] = o0, (2.6)

> ¥ ZaEVB(th
n=ng s=n t=s

then lim,_,, x, = 0.

Proof. Let {X,} be a positive solution of equation (1.1). Then there exists
¢ >0 such that lim,_,, X, = ¢. Assume ¢ > 0, then we have X,_. > ¢ for

n > ny > ni. Summing equation (1.1) from n to «, we have

an (A(by (A%)™))P = Z O F(Xs—1) 2 f(Xn_o) Z Os
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or

VB 0 VB
Ay () = (1) [Z qu .

Summing the last inequality from n to oo, we have

0 0 VB
b (A%n)® > (f(f))”ﬁzag“/ﬁ[z qt}

t=s

or

8

o[ oo yp e
A%, 2—(f(€1)/)j i Zagj/ﬁ[zqt}

bn S=n t=s

Again summing the last inequality from n, to o, we get

- » . VBT
Xn, = (T8 ptle Za;”/ﬁ[tht] .
=S

n=n, s=n
This contradicts to the condition (2.6). The proof is complete. O

Theorem 2.1. Let (H;) and (H,) hold and there exists an integer o

such that
c>T 2.7

If both first order delay equations
n—t-1 s Yo
Ayy + o FGEBYE] Y 0¥ S a P |20 @)
S=Ny t:n2
and

s+o -y Yo
} =0 (29)

n+c
Ay + (f (Xns 20—V P ¥ Za;VB{Z O
S=n t=s

are oscillatory, then equation (1.1) is oscillatory.
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Proof. Assume that equation (1.1) has a nonoscillatory solution. Without
loss of generality, there is a m > ng sufficiently large such that x, > 0 and

Xp—r > 0 forall n > n;. From equation (1.1), we have
A(an (A(by (A%, )*)P) = =0 F(Xy_) < 0 forall n > ny.

Thus, a,A(b,(Ax,)*) is strictly decreasing, then A(b,(Ax,)%) and Ax,, are
eventually of one sign. Then from Lemma 2.1, we have the following cases
for sufficiently large n, > m:

(i) Axy >0, A(by(Ax,)*) >0,
(ii) Ax, <0, A(b,(Ax,)%) > 0.

Case (i). Let a,(A(by (AX,)*))P = y,,. Then we have
R L
ADn (A%)*) = ]/B
Summing the last inequality from n, to n —1, we have

n-1 n-1
by (Ax%)* = br, (AXp, )% + Z as_l/B y%/B 2 y%/B Z asTl/B

S=Ny S=Ny
or
n—1 Yo
Ax,qzy]/o‘B 1 (Z:a_]/B .
S=Np

Summing the last inequality from n, to n —1, we get

n—1 s—1 Yo
Xn, + Z yg/aﬁbs_]/a{ Z at_]/BJ

S=nNyp t:n2

\2

Xn

v

s-1 Yo
y]/Otl3 Zb UQ(Za—VBJ _

S=Ny tn2



252 R. Arul and K. Alagesan

There exists n3 > n, such that n —t > ng forall n > n3. Then
=1 s-1 Yo
Z by Za_l/B forall n > ns.
S=Ny t= Ny
This and equation (1.1), (C4) yield for all n > ng,
n—t—1 s—1 Yo
AYn = Unf (o) = an FOVHP) £ Y ¥ S a P ||
S=Ny t=n2
Summing the last inequality from n to o, we get
s—1-1 -1 Yo
Yo > quf(ywﬁ)f oo >ah |
t=ny j=ny

The function y,, is strictly decreasing, and by Theorem 6.19.3 [1], there

exists a positive solution of equation (2.8) which tends to zero this contradicts
that equation (2.8) is oscillatory.

Case (ii). Summing equation (1.1) from nto n + c, we have

n+oc

an (A(by (Axy)* ))B 2 Z Os f(Xs—r)
or

A () = ( f(Xnso aj {Zq]

Summing the above inequality from n to n + o, we obtain

() Z(f( T)] (ZQJ

S=n
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or

n+oc S+o B
) s (f(xm 5)i Za (ZQ}

or

(x n+c S+o ]/B 1/
—AXy > (f(xn+21c;at)) Zas_l/ﬁ(zqt} .
by s=n t=s

Summing the last inequality from n to <, we get

t+o yp Yo
Xn 2 (f(Xny20- r))l/aﬁzb Yo Zat VB(ZQJJ :

t=
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Since by Lemmas 2.1 and 2.2, there exists a positive solution of equation
(2.9) which tends to zero this contradicts that equation (2.9) is oscillatory.

The proof is complete.

O

Theorem 2.2. Let (Hq), (H,) and (2.6) hold. Assume that the first order

delay equation (2.8) is oscillatory, then every solution {x,} of equation (1.1)

is either oscillatory or tends to zero as n — .

Proof. The proof follows from Case (i) of Theorem 2.1 and Lemma 2.2

and hence the details are omitted. O
We conclude this paper with the following example.
Example 2.1. Consider the difference equations
1 N1
A[n(A(n—z (Axp )]/SD J o %n-2 = 0, nx>1 (2.10)
Here f(u)=u, qnzl, a, =n, bnzi, T =2, a =2 and B=3.
n n? 3
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[} 1 (o] 6 - o
Further anln% = o0, anln = oo, It is easy to see that condition (2.6)
holds. Further equation (2.8) reduces to

1n—3 6 S 1 3
Ay, +ﬁ;n {;ﬁ} Yo o = 0. (2.11)

Then by Theorem 7.5.1 [10], equation (2.11) is oscillatory, since

n-1 s—1 t 3

o 1 2)\3
nI|_r>noolm‘ :Z_Z ;te ;F :oo>(§) .

n|lF—

S=n

Hence by Theorem 2.2, every nonoscillatory solution of equation (2.10)
tends to zeroas n — oo.
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