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Abstract

In this paper, we investigate bounds for solutions of the perturbed
nonlinear differential systems.

1. Introduction

The behavior of solutions of a perturbed system is determined in terms of
the behavior of solutions of an unperturbed system. There are three useful
methods for showing the qualitative behavior of the solutions of perturbed
nonlinear system: Lyapunov’s second method, the method of variation of
constants formula, and the use of inequalities.

Pinto [12] introduced the notion of h-stability with the intention of
investigating results about stability for a weakly stable system under some
perturbations. Using this notion, we shall give some results on the
boundedness of solutions of perturbed nonlinear systems. Gonzalez and Pinto
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[8] proved theorems which relate the asymptotic behavior and boundedness
of the solutions of nonlinear differential systems. Also, Choi and Ryu [3, 5]
investigated bounds of solutions for nonlinear perturbed systems and
nonlinear functional differential systems.

In this paper, we obtain some results on boundedness of solutions of the
nonlinear perturbed differential systems under suitable conditions on
perturbed term. To do this we need some integral inequalities.

2. Preliminaries

We consider the nonlinear nonautonomous differential system
X(t) = f(t, x(t)), x(tg) = X, (2.2)
where f € C(RT xR", R"), R* =0, ») and R" is the Euclidean n-space.
We assume that the Jacobian matrix f, = of /0x exists and is continuous on
12
R* xR" and f(t, 0)=0. For x € R", let | x| = (Z?zlx%j . For an
nx n matrix A, define the norm | A| of Aby | A| = sup y|<| Ax|.

Let X(t, tp, Xg) denote the unique solution of (2.1) with x(tg, tg, Xg)
= Xg, existing on [tg, ). Then we can consider the associated variational

systems around the zero solution of (2.1) and around x(t), respectively,
V(t) = f(t OVt V(to) = Vo 2.2)
and
Z'(t) = f(t, x(t, tg, Xg))z(t),  z(tg) = zp. (2.3)
The fundamental matrix ®(t, ty, Xg) of (2.3) is given by

0
CD(t, to, XO) = %X(t, to, XO),

and ®@(t, ty, 0) is the fundamental matrix of (2.2).
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We recall some notions of h-stability [12].

Definition 2.1. The system (2.1) (the zero solution x =0 of (2.1)) is
called an h-system if there exist a constant ¢ > 1, and a positive continuous

function h on R™ such that
| X(t)] < ¢ %o [h(t)h(te) ™
for t >ty > 0 and | X | small enough.

Definition 2.2. The system (2.1) (the zero solution x =0 of (2.1)) is
called h-stable (hS) if there exists 6 > 0 such that (2.1) is an h-system for
| Xo | < & and h is bounded.

Let M denote the set of all nx n continuous matrices A(t) defined on

R* and AN be the subset of M consisting of those nonsingular matrices
S(t) that are of class C! with the property that S(t) and S~(t) are bounded.

The notion of t,, -similarity in M was introduced by Conti [6].

Definition 2.3. A matrix A(t) € M is t, -similar to a matrix B(t) e M

if there exists an n x n matrix F(t) absolutely integrable over R™, i.e.,

J‘O | F(t)|dt < oo

such that
S(t) + S(t)B(t) — A(t)S(t) = F(t) (2.4)
for some S(t) e V.

The notion of t -similarity is an equivalence relation in the set of all

nxn continuous matrices on R™, and it preserves some stability concepts
[6].

We give some related properties that we need in the sequel.
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Lemma 2.4 [13]. The linear system
X'= A% x(to) = Xo, (2.5)

where A(t) is an nxn continuous matrix, is an h-system (respectively
h-stable) if and only if there exist ¢ >1 and a positive continuous

(respectively bounded) function h defined on R* such that
| 9(t, to)| < ch(t)h(to) ™ (2.6)
for t >ty > 0, where ¢(t, ty) is a fundamental matrix of (2.5).

We need Alekseev formula to compare between the solutions of (2.1)
and the solutions of perturbed nonlinear system

y'=f(t,y)+at,y)  ylto) = Yo, 2.7)
where g € C(R™ x R", R") and g(t, 0) = 0. Let y(t) = y(t, tg, yo) denote
the solution of (2.7) passing through the point (ty, yg) in R* x R".

The following is a generalization to nonlinear system of the variation of
constants formula due to Alekseev [1].

Lemma 2.5. If yg € R", then for all t such that x(t, ty, yp) € R",

Y o, ¥0) = (L to, Yo) [ (5, YD, v(s))ds

Theorem 2.6 [3]. If the zero solution of (2.1) is hS, then the zero solution
of (2.2) is hS.

Theorem 2.7 [4]. Suppose that f,(t, 0) is t,, -similar to f,(t, x(t, tg, Xg))
for t >ty >0 and | Xy | < & for some constant & > 0. If the solution v =0
of (2.2) is hS, then the solution z = 0 of (2.3) is hS.

Lemma 2.8 (Bihari-type inequality). Let u, A € C(R"), w e C((0, «))

and w(u) be nondecreasing in u. Suppose that, for some ¢ > 0,
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t
ut)<c+ L rMs)w(u(s))ds, t>ty>0.
0
Then
-1 t
u(t) < W W(c)+L Ms)ds|, to<t<by,
0

u ds

where W(u) = IUOWS)’ W 1(u) is the inverse of W(u) and

b = sup{t >ty 1 W(c)+ L: A(s)ds € domW _1}.

Lemma 2.9 [5]. Let u, A, A, we C(R¥), w(u) be nondecreasing in u

and %w(u) < w(%j for some v > 0. If, for some ¢ > 0,

t t s
ut) < c+ j 2 (s)u(s)ds + j xl(s){ j kz(r)w(u(t))dt}ds, t>1ty >0,
to to to
then
1 t t
ut) <w W(c)+_[ Ao(s)ds [exp I M(s)ds |, tg <t<b,
to to
where W, WL are the same functions as in Lemma 2.8 and
t
by = sup{t > g :W(c)+j Lo(s)ds € domW‘l}.
to

Lemma 210 [3]. Let U, Aq, Ag, Ao, I, we C(RT), w(u) be
nondecreasing in u, and r-submultiplicative, i.e., w(pu) < r(p)w(u) for
p > 0, u > 0. If the inequality

u(t) < u(ty) + j:o Aq(s)u(s)ds + j:o xz(s){ [ tz Xg(r)w(u(r))dr}ds,
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for t >ty > 0, holds, then

u(t) < exp{ | ; (Ay(s) + kz(s))ds}w _1[W(u(t0 )+ L: %3(7)

. exp{— L; (M(s) + kz(s))ds} r(exputz (M(s) + kz(s))dsD dr}

forany t e [to, T), where W, WL are the same functions as in Lemma 2.8,

T © (s
LO A(s)ds < LO W)
and

(1) = ks(t)eXp(— [NCOR 7»2(8))) r(exp( [NCOR x2<s>>dsjj.

3. Main Results

In this section, we investigate bounds for the nonlinear differential
systems.

Theorem 3.1. Let u, a, k, w € C(R™), w(u) be nondecreasing in u and
%w(u) < w(%j for some v > 0. Suppose that the solution x = 0 of (2.1) is

hS with a nondecreasing function h and the perturbed term g in (2.7) satisfies

|o(t, s, 2)g(t, 2)| < a(s)(| z|+ LZ k(t)w( |)drj, t>ty >0,

where Itwa(s)ds<w and thk(s)ds<w. Then any solution y(t) =
0 0

y(t, tg, Yo) of (2.7) is bounded on [ty, by) and it satisfies

| y(t)| < h(t)wW —1[W(c) + J.; k(s)ds} epr; a(s)dsj, tg <t<by,
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where W, W1 are the same functions as in Lemma 2.8 and
t
b = sup{t >ty :W(c)+ L k(s)ds e domW_l}.
0

Proof. Let x(t) = x(t, tg, yg) and y(t) = y(t, ty, Yp) be solutions of
(2.1) and (2.7), respectively. By Lemma 2.5, we obtain

YO = [x0) + [ 101t 5 (5)g(s, vs) |

<l yo InORGo) a6 [¥(5) | k(o yto) s

< o Yo [h(®)h(t) ™ + I t: a0 zgy ds

o t: a(s) tz h(t)k(r)w/(%jdrds,

since h is nondecreasing. Set u(t) = | y(t)|h(t)‘1. Then, by Lemma 2.9, we
have

|y(t)| < h(t)W —l[w(c) + Lto k(s)} epr:0 a(s)dsj, tg <t<by,

where ¢ = ¢;| Yo |h(ty) 2. Therefore, we obtain the result. O

Remark 3.2. Letting k(t) = 0 in Theorem 3.1, we obtain the same result
as that of Corollary 3.2 in [10].

Also, we examine the bounded property for the perturbed system.
t
V=1t y)+ [ ol vs)ds, yito) = Yo, (31
0

where g € C(R" xR", R") and g(t, 0) = 0.
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Theorem 3.3. Let u, a, k, r, we C(R™), w(u) be nondecreasing in u
and r-submultiplicative, i.e., w(pu) < r(p)w(u) for p >0, u > 0. Suppose
that f,(t, 0) is t,,-similar to f,(t, x(t, tg, Xg)) for t >ty > 0and | xy| < &
for some constant & > 0, the solution x = 0 of (2.1) is hS and g in (3.1)
satisfies

7 ate yioen

< a(s) 1 9) + [ e y(o e |

Then any solution y(t) = y(t, tg, Yo) of (3.1) is bounded on [ty, ) and it
satisfies

Y00 < 3o In)t0) ™ exp [ (14(5)+ 22(6))s

x W—l[W(c) + j ; i(s)ds},

where A(t) e Ly(R") is defined in Lemma 2.10, A4(t) = ga(t), A,(t) =
&l Yo [ hito) ()™, and as(t) = k(®)r(| yo [h(to)h(t)).

Proof. Let x(t) = x(t, tg, Xp) and y(t) = y(t, ty, Xp) be solutions of
(2.1) and (3.1), respectively. By Theorem 2.6, since the solution x = 0 of
(2.1) is hS, the solution v = 0 of (2.2) is hS. Therefore, by Theorem 2.7, the
solution z = 0 of (2.3) is hS. By Lemma 2.4 and Lemma 2.5, we have

t S
901 < X011 [0 s v [ ats yconee]os

< | yo [h(t)h(te) ™
 Jcinn) )| v66) |+ [ kol yto) e s

Set u(t) = | y(t)|h(t) th(ty)| yo [ Then, we obtain
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() <c+ j: cqa(s)u(s)ds
t 1 1
+jt0c1| Yo | ™*h(t)h(s) a(s)

{2 6 o It (e (o) s,
In view of Lemma 2.10, we obtain
u(t) < exp{ [ :0 (hq(s) + kz(s))ds}w —1[w ©)+ :0 i(s)ds}.

Hence, the proof is complete. O

Remark 3.4. Letting k(t) = 0 in Theorem 3.3, we obtain the same result
as that of Theorem 3.3 in [10].

We need the lemma to prove the following theorem.
Lemma 3.5. Let u, p, g, w, r e C(R"), we C((0, ©)) and w(u) be

nondecreasing in u. Suppose that for some ¢ > 0,

u(t) < c + I:O [ p(s)| tz (q(r)w(u(r)) () ; r(a)w(u(a))daj drjds,

t >t (3.2)

Then
u(t) < vv—l[vv (c) + j:o ( p(s)| tz (q(r) ()| t; r(a)da}dr} ds},

tp<t<b, (33)

u ds

-1 . .
to W(s) W (u) is the inverse of W(u) and

where W(u) = I
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b = sup{t >ty :W(c)+ I;(p(s)
x J.tz (q(r) + v(r)J.t:J r(a)da) drj ds € domwW ‘1}.

Proof. Setting

2(t) = ¢ + j [p(s)jtz (q(r)w(u(r)) +v(x) j t: r(a)w(u(a))daj drjds,

t
t
we have z(tp) = ¢ and

() = p)], a0wu(e) + o) r@wt)da o

IA

o(t) :O (q(t) () t; r(a)da} W(u(x))de

IA

[p(t)jtl(q(r)+v(r)ft:r(a)da}dr}w(z(r)), t<ty, (3.4)

since z(t) and w(u) are nondecreasing and u(t) < z(t). Therefore, by

integrating on [tg, t], the function z satisfies

z(t)<c+ I (p(s)jtz (q(r) + v(r)jtz r(a)da) drw(z(s))j ds. (3.5)

t
to
It follows from Lemma 2.8 that (3.5) yields the estimate (3.3). O
Theorem 3.6. Let u, we C(R*), w(u) be nondeacreasing in u and
%W(u) < W(%) for some v > 0. Suppose that f,(t, 0) is t,-similar to

fy(t, X(t, tg, Xg)) for t >ty >0 and | Xy | < & for some constant & > 0. If

the solution x = 0 of (2.1) is an h-system with a positive continuous function
hand g in (3.1) satisfies
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t
|9t )| < a®w( y©)) + b KW y(s))ds, t=1o, y e R
0
where a, b, k : R* — R™ is continuous with
S b(x)[ * h(r)k(r)dr |ded 3.6
JtO@Ito[ ()a(x) + (I)LO (Nk(r) rj wWs <o,  (36)

for all tg > 0, then any solution y(t) = y(t, tg, yg) of (3.1) satisfies

¥ < how w452

S
y j [h(r)a(r) +b(x) j ’ h(r)c(r)drjdrds},
to to
tg <t <by, whereW, W are the same functions as in Lemma 2.8 and

b = sup{t >ty :W(c)+ LZ%

x LZ (h(r)a(r) + b(r)jt: h(r)c(r)dr}drds e domW ‘1}.

Proof. Let x(t) = x(t, tg, Xp) and y(t) = y(t, ty, Xg) be solutions of
(2.1) and (3.1), respectively. By Theorem 2.6, since the solution x = 0 of
(2.1) is an h-system, the solution v = 0 of (2.2) is an h-system. Therefore, by
Theorem 2.7, the solution z = 0 of (2.3) is an h-system. By Lemma 2.5, we
have

YO X0+ [ (065 v6) [ o yiep]des

< cf yo In)n(to) * + [ o &2 28 (e rox ljd ds

+Jt r?((?) b(t )J h(")C(I’)W(|K8|jdrd ds.
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Setting u(t) = | y(t)|h(t)_l and using Lemma 3.5, we obtain

| y(®)] < ht)w —1[W(C) . Lto &

<[ tz [h(r)a(r) ; b(r)Jt; h(r)c(r)drjdrds},

ty <t < by, where ¢ = ¢;| yo |h(to) L. Hence, the proof is complete. O

Remark 3.7. Letting k(s) = 0 in Theorem 3.6, we obtain the same result

as that of Theorem 3.5 in [9].
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