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Abstract 

The author presents sufficient conditions for the existence of 
nonoscillatory solutions for the equation 

( )( ) ( ) ( ) .0,, =−+−ΔΔ −−− mnnknnnn xngxnfxcxa  

An example is given to illustrate the main results. 

1. Introduction 

In this paper, we consider the nonlinear neutral delay difference equation 
of the form 

( )( ) ( ) ( ) ( ),,0,, 0nnxngxnfxcxa mnnknnnn N∈=−+−ΔΔ −−−  (1.1) 

where ( ) { },...,1, 000 += nnnN  0n  is a nonnegative integer, { }na  is a 
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positive real sequence such that ∑∞
= ∞=

0
,1

nn na  { }nc  is a real sequence, 

( ) RRN →×0:, ngf  are continuous and nondecreasing in the second 

variable and ( ) ,0, >unuf  ( ) 0, >unug  for ,0≠u  and ,k   and m are 

nonnegative integers. 

Let { }.,,max mk=θ  By a solution of equation (1.1), we mean a real 

sequence { }nx  which is defined for θ−≥ 0nn  and satisfies equation (1.1) 

for all ( ).0nn N∈  A solution of equation (1.1) is said to be oscillatory if it        

is neither eventually positive nor eventually negative, and nonoscillatory 
otherwise. 

The oscillatory and nonoscillatory behavior of solutions of particular 
form of equation (1.1) has been investigated by several authors, see [1]. In 
fact, most of the results established for equation (1.1) for the case either 

0≡nc  or ( ) 0, ≡unf  or ( ) .0, ≡ung  Very few results are available in the 

literature dealing with oscillatory properties of solutions of neutral difference 
equations with positive and negative coefficients, see for example [2, 3, 4, 5] 
and the references cited therein. 

Motivated by the above observation in this paper we establish some 
sufficient conditions for the existence of nonoscillatory solutions of equation 
(1.1). The results obtained in this paper generalize those obtained in [5]. 

2. Main Results 

In this section, we establish sufficient conditions for the existence of 
nonoscillatory solution of equation (1.1) subject to the following condition: 

(H) f and g satisfy the Lipschitz condition of the form 

( ) ( ) vupvnfunf n −≤− ,,  

( ) ( ) [ ],,,,,, bavuvuqvngung n ∈−≤−  

where { }np  and { }nq  are nonnegative real sequences for all ( )0nn N∈  and 
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∑∞
= ∞<

0
,nn nn pA  and ∑∞

= ∞<
0

,nn nnqA  where ∑ −
== 1

0
,1n

ns s
n aA  and 

( ) ∑ −
== 1 .1, s

nj jansA  

We begin with the following theorem. 

Theorem 2.1. With respect to the difference equation (1.1), assume 
condition (H) holds. If one of the following conditions holds: 

  (i) ;10 <≤≤ ccn  

 (ii) ;1 ∞<≤≤< dcc n  

(iii) ;01 <≤−<− ncc  

(iv) .1−<−≤≤−<∞− dcc n  

Then equation (1.1) has a bounded nonoscillatory solution. 

Proof. The proof of the theorem will be divided into four cases, 
depending on the four different conditions of { }.nc  

Case 1. .10 <≤≤ ccn  Let B be the set of all bounded real sequences 

{ } ( )0, nnxx n N∈=  with the supnorm .sup
0 nnn xx ≥=  Set 

( ){ },,: 021 nnMxMBxS n N∈≤≤∈=  

where 1M  and 2M  are positive constants, and ( ) .,1 221 bMMcM ≤−<  It 

is clear that S is a bounded, closed and convex subset of B. Choose α, 
0>M  such that ( ) ,1 21 McM −<α<  and 

 ( ) .1,,3
1min

2
2

2
1

⎭
⎬
⎫

⎩
⎨
⎧ α−−−α−= M

Mc
M

McM  (2.1) 

Choose ( )0nN N∈  sufficiently large so that 

 ∑ ∑
∞

=

∞

=
≤≤

Nn Nn
nnnn MqAMpA .,  (2.2) 
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Define a mapping BST →:  as follows: 

( ) ( ) ( ) ( ) ( )[ ]

( ) ( )⎪
⎪

⎩

⎪
⎪

⎨

⎧

<≤

≥−+

+α

= ∑∞

= −−

−

.,

,,,,,

0 NnnNTx

NnxsfxsgnsA

xc

nTx
ns sns

knn

 

Clearly, Tx is continuous. For every Sx ∈  and ( ),Nn N∈  we have, in view 

of (2.1) and (2.2), 

( ) ( ) ,12 MMMnTx ≥−α≥  

and 

( ) ( ) .222 MMMcMnTx ≤++α≤  

Thus .STS ⊂  For any Syx ∈,  and ,Nn ≥  we have 

( ) ( ) ( ) ( ) ( ) ( ) yxqnsApnsAcnTynTx
ns ns

ss −
⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
++≤− ∑ ∑

∞

=

∞

=
,,  

( ) .2 yxMc −+≤  

Hence ( ) .2 yxMcTyTx −+≤−  In view of ,2
1

3
1 ccM −<−≤  we 

have ,120 <+< Mc  which implies that T is a contraction mapping. By 
Banach contraction mapping principle, there exists a unique ,Sx ∈  such that 

.xTx =  It is easy to see that { }nx  is a bounded positive solution of equation 

(1.1). 

Case 2. .1 ∞<≤≤< dcc n  Let B be the set of all bounded real 

sequences defined for all ( )0nn N∈  with the supnorm. Set 

( ){ },,: 043 nnMxMBxS n N∈≤≤∈=  

where 3M  and 4M  are positive constants, and ( ) ( ) ,11 43 McMd −<−  

.4 bM =  
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Define a mapping BST →:  as follows: 

( ) ( )

( )

( ) ( )[ ]

( ) ( )⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

<≤

≥−

+++
α

= −−

∞

+=++

+

+
∑

.,

,,,,

,1

0 NnnNTx

Nnxsgxsf

knsA
cc

x
c

nTx mss

knsknkn

kn

kn

 

The remaining part of the proof is similar to that of Case 1 and hence the 
details are omitted. 

Case 3. .01 ≤≤−<− ncc  Let B be the set of all bounded real sequences 

defined for all ( )0nn N∈  with the supnorm. Set 

( ){ },,: 021 nnDxDBxS n N∈≤≤∈=  

where 1D  and 2D  are positive constants, and ( ) .,1 221 bDDcD ≤−<  

Define a mapping BST →:  as follows: 

( ) ( )

( )

( ) ( )[ ]

( ) ( )⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

<≤

≥−

++

= −−

∞

=− ∑

.,

,,,,

,

0 NnnNTx

Nnxsfxsg

nsAxcc

nTx sms

nsknn

 

The remaining part of the proof is similar to that of Case 1 and hence the 
details are omitted. 

Case 4. .1−<−≤≤−<∞− dcc n  Let B be the set of all bounded real 

sequences defined for all ( )0nn N∈  with the supnorm. Set 

( ){ },,: 043 nnDxDBxS n N∈≤≤∈=  

where 3D  and 4D  are positive constants, and ,34 Dc
dcDd

cd ⎟
⎠
⎞⎜

⎝
⎛ −>⎟

⎠
⎞⎜

⎝
⎛ −  

.4 bD ≤  
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Define a mapping BST →:  as follows: 

( ) ( )

( )

( ) ( )[ ]

( ) ( )⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

<≤

≥−

+++
α−

= −−

∞

+=++

+

+
∑

.,

,,,,

,1

0 NnnNTx

Nnxsgxsf

knsA
cc

x
c

nTx mss

knsknkn

kn

kn

 

The rest of the proof is similar to Case 1 and hence the details are omitted. 
The proof of the theorem is complete. ~ 

We conclude this paper with the following example. 

Example 2.1. Consider the difference equation 

( )
( )

( ) ( ) ( ) ( )32132
16

1
1

3

3
2

3

1
2

+++−

−
+⎟

⎠
⎞⎜

⎝
⎛

+
−Δ −

−
nnnn

xnxnx n
nn  

( )
( ) ( ) ( ) ( )

.3,0
32132

26 23
323

23
≥=

+++−

−− − nx
nnnnn

n
n  (2.3) 

It is easy to see that all conditions of Case 1 of Theorem 2.1 are satisfied. 
Therefore equation (2.3) has bounded nonoscillatory solution. In fact, { }nx  

⎭⎬
⎫

⎩⎨
⎧

+
−= 1

12 n  is one such solution of equation (2.3). 

Remark 2.1. Similar to Example 2.1, one can construct examples for the 
other cases and the details are left to the reader. 
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