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Abstract 

The notion of int-soft filters of a CI-algebra is introduced, and related 
properties are investigated. Characterization of an int-soft filter is 
discussed, and conditions for a soft set to be an int-soft filter are 
provided. New int-soft filter from old one is established. 

1. Introduction 

In 1966, Imai and Iséki [2] and Iséki [3] introduced two classes of 
abstract algebras: BCK-algebras and BCI-algebras. It is known that the class 
of BCK-algebras is a proper subclass of the class of BCI-algebras. As a 
generalization of a BCK-algebra, Kim and Kim [5] introduced the notion of a 
BE-algebra, and investigated several properties. In [1], Ahn and So 
introduced the notion of ideals in BE-algebras. They gave several 
descriptions of ideals in BE-algebras. The notion of CI-algebras is introduced 
by Meng [6] as a generalization of BE-algebras. Filter theory and properties 
in CI-algebras are studied by Kim [4], Meng [7] and Piekart and Walendziak 
[9]. Molodtsov [8] introduced the concept of soft set as a new mathematical 
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tool for dealing with uncertainties that is free from the difficulties that have 
troubled the usual theoretical approaches. Molodtsov pointed out several 
directions for the applications of soft sets. 

In this paper, we introduce the notion of int-soft filter of a CI-algebra, 
and investigate their properties. We consider characterization of an int-soft 
filter, and provide conditions for a soft set to be an int-soft filter. We make a 
new int-soft filter from old one. 

2. Preliminaries 

An algebra ( )1,; ∗X  of type ( )0,2  is called a CI-algebra if it satisfies 

the following properties: 

(CI1) ,1=∗ xx  

(CI2) ,1 xx =∗  

(CI3) ( ) ( ),zxyzyx ∗∗=∗∗  

for all .,, Xzyx ∈  

Let ( )1,; ∗X  be a CI-algebra. Then a subset F of X is called a filter (see 

[5]) of X if 

(F1) ;1 F∈  

(F2) ( ) ( ).,, FyFxyxXyx ∈⇒∈∗∈∀  

A soft set theory is introduced by Molodtsov [8]. In what follows, let U 
be an initial universe set and X be a set of parameters. Let ( )UP  denote the 

power set of U and ....,,, XCBA ⊆  

A soft set (see [8]) AF  of X over U is defined to be the set of ordered 

pairs 

( )( ) ( ) ( ){ },,:,: UxfXxxfx AAA PF ∈∈=  

where ( )UXfA P→:  such that ( ) ∅=xfA  if .\ AXx ∈  
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For a soft set XF  of X over U and a subset γ of U, the γ-inclusive set of 

,XF  denoted by ( ),; γXX fi  is defined to be the set 

( ) ( ){ }.:; xfXxfi XXX ⊆γ|∈=γ  

3. Int-soft Filters 

In what follows, we take a CI-algebra X, as a set of parameters unless 
otherwise specified. 

Definition 3.1. A soft set XF  of X over U is called an int-soft filter of X 

if it satisfies: 

( ) ( ) ( )( ),1 xffXx XX ⊇∈∀  (3.1) 

( ) ( ) ( ) ( )( )., yfxfyxfXyx XXX ⊆∗∈∀ ∩  (3.2) 

Example 3.2. Let XE =  be the set of parameters, where { }cbaX ,,,1=  

is a CI-algebra with the following Cayley table: 

1
111
111

11
1

cccc
cb
ca
cba
cba∗

 

Let XF  be a soft set of X over U defined as follows: 

( )
{ }

⎩
⎨
⎧

=γ

∈γ
→

,if,

,,,1if,
,:

2

1

cx

bax
xUXf X P  

where 1γ  and 2γ  are subsets of U with .21 γγ ⊋  It is easy to check that XF  

is an int-soft filter of X. 

Proposition 3.3. Every int-soft filter XF  of X over U satisfies: 

(1) ( ) ( ) ( )( ),1, yfxfyxXyx XX ⊆⇒=∗∈∀  
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(2) ( ) ( ) ( ) ( ) ( )( ),1,, bfafxfxbaXxba XXX ∩⊇⇒=∗∗∈∀  

(3) ( ) ( ) ( )( ) ( )( ),,, yfzyxfzxfXzyx XXX ∩∗∗⊇∗∈∀  

(4) ( ) ( ) ( )( )( ),, yyxfxfXyx XX ∗∗⊆∈∀  

(5) ( ) ( )( )( ) ( ) ( )( ).,, bfafxxbafXbax XXX ∩⊇∗∗∗∈∀  

Proof. (1) Assume that 1=∗ yx  for all ., Xyx ∈  Then 

( ) ( ) ( ) ( ) ( ) ( )yfxfyxfxffxf XXXXXX ⊆∗== ∩∩1  

for all Xyx ∈,  by using (3.1) and (3.2). 

(2) Let Xxba ∈,,  be such that ( ) .1=∗∗ xba  Using (3.1) and (3.2), 

we have 

( ) ( ) ( )bfxbfxf XXX ∩∗⊇  

( )( ) ( ) ( )bfafxbaf XXX ∩∩∗∗⊇  

( ) ( ) ( )bfaff XXX ∩∩1=  

( ) ( ).bfaf XX ∩=  

(3) Using (3.2) and (CI3), we have 

( ) ( )( ) ( ) ( )( ) ( )yfzyxfyfzxyfzxf XXXXX ∩∩ ∗∗=∗∗⊇∗  

for all .,, Xzyx ∈  

(4) If we take ( ) yyxy ∗∗=  in (3.2), then 

( )( ) ( )( )( ) ( )xfyyxxfyyxf XXX ∩∗∗∗⊇∗∗  

( ) ( )( ) ( )xfyxyxf XX ∩∗∗∗=  

( ) ( ) ( )xfxff XXX == ∩1  

by using (CI3), (CI1) and (3.1). 
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(5) Using (3) and (4), we have 

( )( )( ) ( )( ) ( )( ) ( )bfxbxbafxxbaf XXX ∩∗∗∗∗⊇∗∗∗  

( ) ( )bfaf XX ∩⊇  

for all .,, Xxba ∈  ~ 

As a generalization of Proposition 3.3(2), we have the following result. 

Proposition 3.4. If a soft set XF  of X over U is an int-soft filter of X, 

then 

 ( ) ( )∏
= =

⊇⇒=∗
n

i

n

i
iXXi afxfxa

1 1
1 ∩  (3.3) 

for all ,...,,, 1 Xaax n ∈  where 

( )( )( )∏
=

− ∗∗∗=∗
n

i
nni xaaaxa

1
11 .  

Proof. The proof is by induction on n. Let XF  be an int-soft filter of X 

over U. By (1) and (2) of Proposition 3.3, we know that the condition (3.3) is 
valid for .2,1=n  Assume that XF  satisfies the condition (3.3) for ,kn =  

that is, 

( ) ( )∏
= =

⊇⇒=∗
k

i

k

i
iXXi afxfxa

1 1
1 ∩  

for all ....,,, 1 Xaax k ∈  Suppose that ∏ +
= =∗1

1 1k
i i xa  for all ,...,,, 1 kaax  

.1 Xak ∈+  Then 

( ) ( )∩
1

2
1 .

+

=
⊇∗

k

i
iXX afxaf  

Since XF  is an int-soft filter of X, it follows from (3.2) that 
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( ) ( ) ( ) ( ) ( ) ( )∩∩ ∩∩
1

1
1

1

2
11 .

+

=

+

=
=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⊇∗⊇

k

i
iXX

k

i
iXXXX afafafafxafxf  

This completes the proof. ~ 

We provide conditions for a soft set to be an int-soft filter. 

Theorem 3.5. If a soft set XF  of X over U satisfies two conditions (3.1) 

and Proposition 3.3(2), then XF  is an int-soft filter of X. 

Proof. Since ( )( ) 1=∗∗∗ yyxx  for all Xyx ∈,  (see [6, Proposition 

3.2]), it follows from (3.1) and Proposition 3.3(2) that ( ) ( )yxfyf XX ∗⊇  

( )xf X∩  for all ., Xyx ∈  Hence XF  is an int-soft filter of X. ~ 

Theorem 3.6. If a soft set XF  of X over U satisfies two conditions (3.1) 

and Proposition 3.3(3), then XF  is an int-soft filter of X. 

Proof. If we take 1=x  in Proposition 3.3(3) and use (CI2), then 

( ) ( ) ( )( ) ( ) ( ) ( )yfzyfyfzyfzfzf XXXXXX ∩∩ ∗=∗∗⊇∗= 11  

for all ., Xzy ∈  Therefore, XF  is an int-soft filter of X. ~ 

Theorem 3.7. If a soft set XF  of X over U satisfies the condition 

Proposition 3.3(5) and 

 ( ) ( ) ( )( ),, xfxyfXyx XX ⊇∗∈∀  (3.4) 

then XF  is an int-soft filter of X. 

Proof. Using (CI1), (CI2) and Proposition 3.3(5), we have 

( ) ( )yfyf XX ∗= 1  

( ) ( )( )( )yyxyxf X ∗∗∗∗=  

( ) ( )xfyxf XX ∩∗⊇  
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for all ., Xyx ∈  If we take xy =  in (3.4), then ( ) ( ) ( )xfxxff XXX ⊇∗=1  

for all .Xx ∈  Therefore, XF  is an int-soft filter of X. ~ 

Theorem 3.8. A soft set XF  of X over U is an int-soft filter of X if and 

only if the γ-inclusive set ( )γ;XX fi  is a filter of X for all ( )UP∈γ  with 

( ) .; ∅≠γXX fi  

The filter ( )γ;XX fi  in Theorem 3.8 is called the inclusive filter of X. 

Proof. Assume that XF  is an int-soft filter of X. Let Xyx ∈,  and 

( )UP∈γ  be such that ( )γ∈∗ ;XX fiyx  and ( ).; γ∈ XX fix  Then ⊆γ  

( )xf X  and ( ).yxf X ∗⊆γ  It follows from (3.1) and (3.2) that ( )xf X⊆γ  

( )1Xf⊆  and ( ) ( ) ( )yfxfyxf XXX ⊆∗⊆γ ∩  for all ., Xyx ∈  Hence ∈1  

( )γ;XX fi  and ( ).; γ∈ XX fiy  Thus, ( )γ;XX fi  is a filter of X. 

Conversely, suppose that ( )γ;XX fi  is a filter of X for all ( )UP∈γ  

with ( ) .; ∅≠γXX fi  For any ,Xx ∈  let ( ) .γ=xfX  Then ( ).; γ∈ XX fix  

Since ( )γ;XX fi  is a filter of X, we have ( )γ∈ ;1 XX fi  and so ( ) =xf X  

( ).1Xf⊆γ  For any ,, Xyx ∈  let ( ) yxX yxf ∗γ=∗  and ( ) .xX xf γ=  Take 

.xyx γγ=γ ∗ ∩  Then ( )γ∈∗ ;XX fiyx  and ( )γ∈ ;XX fix  which imply 

that ( ).; γ∈ XX fiy  Hence 

( ) ( ) ( ).xfyxfyf XXxyxX ∩∩ ∗=γγ=γ⊇ ∗  

Thus, XF  is an int-soft filter of X. ~ 

We make a new int-soft filter from old one. 

Theorem 3.9. Let XF  be a soft set of X over U and define a soft set ∗
XF  

of X over U by 

( )
( ) ( )

⎩
⎨
⎧

δ

γ∈
→∗

,,

,;,
,:

otherwise

fixifxf
xUXf XXX

X P  
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where γ is any subset of U and δ is a subset of U satisfying ⊊δ  

( )
( )
∩

γ∉ ;
.

XX fix
X xf  If XF  is an int-soft filter of X, then so is .∗XF  

Proof. Assume that XF  is an int-soft filter of X. Then ( ) ( )∅≠γ;XX fi  

is a filter of X for all U⊆γ  by Theorem 3.8. Hence ( ),;1 γ∈ XX fi  and so 

( ) ( ) ( ) ( )xfxfff XXXX
∗∗ ⊇⊇= 11  for all .Xx ∈  Let ., Xyx ∈  If ∈∗ yx  

( )γ;XX fi  and ( ),; γ∈ XX fix  then ( ).; γ∈ XX fiy  Hence 

( ) ( ) ( ) ( ) ( ) ( ).xfyxfxfyxfyfyf XXXXXX
∗∗∗ ∗=∗⊇= ∩∩  

If ( )γ∉∗ ;XX fiyx  or ( ),; γ∉ XX fix  then ( ) δ=∗∗ yxfX  or ( ) .δ=∗ xf X  

Thus 

( ) ( ) ( ).xfyxfyf XXX
∗∗∗ ∗=δ⊇ ∩  

Therefore, ∗
XF  is an int-soft filter of X. ~ 

References 

 [1] S. S. Ahn and K. S. So, On ideals and upper sets in BE-algerbas, Sci. Math. Jpn. 
68 (2008), 279-285. 

 [2] Y. Imai and K Iséki, On axiom systems of propositional calculi XIV, Proc. Japan 
Academy 42 (1966), 19-22. 

 [3] K. Iséki, An algebra related with a propositional calculus, Proc. Japan Academy 
42 (1966), 26-29. 

 [4] K. H. Kim, A note on CI-algebras, Int. Math. Forum 6(1) (2011), 1-5. 

 [5] H. S. Kim and Y. H. Kim, On BE-algebras, Sci. Math. Jpn. 66(1) (2007), 113-116. 

 [6] B. L. Meng, CI-algebras, Sci. Math. Jpn. 71(1) (2010), 11-17. 

 [7] B. L. Meng, Closed filters in CI-algebras, Sci. Math. Jpn. 71(3) (2010), 367-372.  

 [8] D. Molodtsov, Soft set theory - first results, Comput. Math. Appl. 37 (1999),           
19-31. 

 [9] B. Piekart and A. Walendziak, On filters and upper sets in CI-algebras, Algebra 
Discrete Math. 11(1) (2011), 109-115. 


