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Abstract

The notion of int-soft filters of a Cl-algebra is introduced, and related
properties are investigated. Characterization of an int-soft filter is
discussed, and conditions for a soft set to be an int-soft filter are
provided. New int-soft filter from old one is established.

1. Introduction

In 1966, Imai and Iséki [2] and Iséki [3] introduced two classes of
abstract algebras: BCK-algebras and BCl-algebras. It is known that the class
of BCK-algebras is a proper subclass of the class of BCl-algebras. As a
generalization of a BCK-algebra, Kim and Kim [5] introduced the notion of a
BE-algebra, and investigated several properties. In [1], Ahn and So
introduced the notion of ideals in BE-algebras. They gave several
descriptions of ideals in BE-algebras. The notion of Cl-algebras is introduced
by Meng [6] as a generalization of BE-algebras. Filter theory and properties
in Cl-algebras are studied by Kim [4], Meng [7] and Piekart and Walendziak

[9]. Molodtsov [8] introduced the concept of soft set as a new mathematical
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tool for dealing with uncertainties that is free from the difficulties that have
troubled the usual theoretical approaches. Molodtsov pointed out several
directions for the applications of soft sets.

In this paper, we introduce the notion of int-soft filter of a Cl-algebra,
and investigate their properties. We consider characterization of an int-soft
filter, and provide conditions for a soft set to be an int-soft filter. We make a
new int-soft filter from old one.

2. Preliminaries

An algebra (X; *, 1) of type (2, 0) is called a Cl-algebra if it satisfies
the following properties:

(Cl1) x*x =1,

(Cl2) 1* x = x,

(CI3) x*(y*z)=y*(x*2),
forall x, y, z € X.

Let (X; % 1) be a Cl-algebra. Then a subset F of X is called a filter (see
[5]) of X if

(F1) 1e F;
(F2) (vx, ye X)(x*y,xe F => yeF).

A soft set theory is introduced by Molodtsov [8]. In what follows, let U
be an initial universe set and X be a set of parameters. Let £2(U) denote the

power setof Uand A, B, C, ... < X.

A soft set (see [8]) # of X over U is defined to be the set of ordered
pairs

P o= {(x, fa(x)):xe X, fa(x) e 2U)},

where fp @ X — 2(U) suchthat fo(x) =3 if x e X\A
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For a soft set % of X over U and a subset y of U, the y-inclusive set of
H, denoted by iy (fy; v), is defined to be the set
ix (fx:v)=1{xe Xy = fx (X)}.
3. Int-soft Filters

In what follows, we take a Cl-algebra X, as a set of parameters unless
otherwise specified.
Definition 3.1. A soft set % of X over U is called an int-soft filter of X
if it satisfies:
(vx e X)(fx (1) 2 fx (x), (3.1)
(Vx, y e X)(fx (x*y)N fx () = Fx (). (3.2)

Example 3.2. Let E = X be the set of parameters, where X = {1, a, b, ¢}
is a Cl-algebra with the following Cayley table:

O T Q9 | %
T e
I T S N I D)
o L - Tl|T
o o olo

Let A be a soft set of X over U defined as follows:

Y1 if xe{l, a, b},
fxy : X > 2U), xb ! _ { }
Yo, If X=c,
where y; and y, are subsets of U with y; 2 v,. Itis easy to check that %
is an int-soft filter of X.

Proposition 3.3. Every int-soft filter # of X over U satisfies:

(D) (vx, ye X)(xxy=1= fxy(x) < fx(y)),
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(2) (Va, b, x e X)(a*(b*x)=1= fx(x) 2 fx(a)N fx (b)),
(3) (V% y, e X)(fx (x*x2) 2 fx (x* (y * 2)) N fx (¥)),
@) (vx, y € X)(fx (x) = fx ((x*y)*y)),
(5) (vx, a, b e X)(fx((@a*(b*x)*x) 2 fx(a)N fx (b))
Proof. (1) Assume that x * y =1 forall X, y € X. Then
fx (X) = fx N fx () = Fx (x* y)N fx (x) = Tx(y)
forall x, y € X by using (3.1) and (3.2).

(2) Let a, b, x € X be such that a * (b * x) = 1. Using (3.1) and (3.2),

we have
fx (x) 2 fx(b*x)N fx (b)

o fx(@ax(b*x)N fx(a)N fx(b)

fy )N fx (@) N fy (b)
fx (@)N fx (b).
(3) Using (3.2) and (CI3), we have
fx (x*z) 2 fx (y *(x*2)) N fx (y) = fx (x*=(y*2)) N fx (y)

forall x, y, z € X.

(4) If we take y = (x * y) * y in (3.2), then
Fx (= y) = y) 2 fx (= ((xx y) = y)) N fx (x)
= (= y) = (= y) N fx ()
= fx@N fx ()= fx (%)

by using (CI3), (CI1) and (3.1).
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(5) Using (3) and (4), we have
fx ((a* (b*x))*x) 2 fx((ax(bxx))*(b*x))N fx(b)
= fx(a)N fx(b)
forall a, b, x € X. O

As a generalization of Proposition 3.3(2), we have the following result.

Proposition 3.4. If a soft set A of X over U is an int-soft filter of X,
then

ai*x=1:>fx(x);nfx(ai) (3.3)
i=1 i=1

s

forall x, &, ..., a5 € X, where

[ o x = an * @na * (@ 0
i=1

Proof. The proof is by induction on n. Let % be an int-soft filter of X

over U. By (1) and (2) of Proposition 3.3, we know that the condition (3.3) is
valid for n =1, 2. Assume that % satisfies the condition (3.3) for n =k,

that is,

=~

k
Hai *X=1= fx(x);ﬂ fx (a)
i=1 i=1
forall x, &, ..., ax € X. Suppose that H:‘:llai *x =1 forall x, ay, ..., a,
ak41 € X. Then
k+1

fx (8 * x) 2 ﬂ fx (&)
i—2

Since % is an int-soft filter of X, it follows from (3.2) that
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k+1 k+1
fx (X) = fx(a *x)N fx(a) 2 [ﬂ fx (a )] N fx (@) =) fx (@)
i=2 i=1

This completes the proof. O
We provide conditions for a soft set to be an int-soft filter.

Theorem 3.5. If a soft set % of X over U satisfies two conditions (3.1)

and Proposition 3.3(2), then % is an int-soft filter of X.

Proof. Since x *((x*y)*y)=1 forall x, y e X (see [6, Proposition
3.2]), it follows from (3.1) and Proposition 3.3(2) that fy (y) 2 fx (x*y)
N fx (x) forall x, y e X. Hence % is an int-soft filter of X. O

Theorem 3.6. If a soft set % of X over U satisfies two conditions (3.1)

and Proposition 3.3(3), then % is an int-soft filter of X.
Proof. If we take x =1 in Proposition 3.3(3) and use (C12), then
fx(2) = fx(@*2) 2 fx @*(y*2))N fx (y) = fx(y*2) N fx (y)
forall y, z € X. Therefore, % is an int-soft filter of X. O

Theorem 3.7. If a soft set A of X over U satisfies the condition

Proposition 3.3(5) and
(v, y & X)(Fx (¥ # %) 2 fx (x)), (3.4)
then % is an int-soft filter of X.
Proof. Using (CI1), (CI2) and Proposition 3.3(5), we have
fx (y) = fx(@*y)
= fx (x = y) = (x*y)) *y)

2 fx (x*y)N fx (x)
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forall x, y € X. If we take y = x in (3.4), then fy (1) = fyx (x*X) 2 fyx (X)
forall x e X. Therefore, % is an int-soft filter of X. O

Theorem 3.8. A soft set A of X over U is an int-soft filter of X if and
only if the y-inclusive set iy (fy; v) is a filter of X for all y € 22(U) with
ix (fx;v)= .

The filter iy (fy; v) in Theorem 3.8 is called the inclusive filter of X.

Proof. Assume that % is an int-soft filter of X. Let x, y € X and
ye PU) be such that x *y e iy (fx;y) and x eiyx(fy;v). Then y <
fx (x) and y < fy (x*y). It follows from (3.1) and (3.2) that y < fyx (X)
c fy@) and y < fx(x*y)N fyx (x) < fx(y) forall x, y e X. Hence 1 ¢
ix (fx;y)and y eiy(fy; v). Thus, ix (fy; v) isafilter of X.

Conversely, suppose that iy (fy; y) is a filter of X for all y € 2(U)
with iy (fx; y) # &. Forany x € X, let fy(x) =y. Then x eix (fx; v).
Since iy (fy; y) is a filter of X, we have 1 e iy (fy;y) and so fy (x)=
y < fx(@). Forany x, y € X, let fx(x*Yy)=vy.y and fx(x) = yy. Take
Y= Vxey Nx. Then x*y eix(fx;y) and x eix (fx;y) which imply
that y e ix (fyx; y). Hence

fx (Y) 27 = vxay Nyx = Fx (xxy)N fx ().
Thus, % is an int-soft filter of X. O
We make a new int-soft filter from old one.
Theorem 3.9. Let % be a soft set of X over U and define a soft set &'

of X over U by

f; x_)g(u), H{fx(X), if XEix(fX;’}/),

3, otherwise,
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where y is any subset of U and o is a subset of U satisfying o C

ﬂ fy (x). If & is an int-soft filter of X, then so is % .
xeiy (fx;7)

Proof. Assume that % is an int-soft filter of X. Then iy (fx; v)(# 9)
is a filter of X for all y < U by Theorem 3.8. Hence 1 € iy (fx; v), and so
fx@) = fx (@) 2 fx(x) 2 fx(x) forall xe X. Let x, ye X. If x*xye
ix (fx;y)and x eiyx(fx;y), then y e ix(fy; v). Hence

fx(¥) = fx(y) 2 fx(x*y)N fx (x) = fx (xxy)N Fx ().

If x*y giyx(fx;y)or xeiy(fy;y), then fx(x*y)=35 or fx(x)=3a.
Thus

fx(y) 28 = fx(x=y)N fx(x).
Therefore, %Z‘ is an int-soft filter of X. O

References

[1] S.S. Ahnand K. S. So, On ideals and upper sets in BE-algerbas, Sci. Math. Jpn.
68 (2008), 279-285.

[2] Y. Imai and K Iséki, On axiom systems of propositional calculi XIV, Proc. Japan
Academy 42 (1966), 19-22.

[3] K. Iséki, An algebra related with a propositional calculus, Proc. Japan Academy
42 (1966), 26-29.

[4] K. H.Kim, A note on Cl-algebras, Int. Math. Forum 6(1) (2011), 1-5.

[5] H.S.Kimand Y. H. Kim, On BE-algebras, Sci. Math. Jpn. 66(1) (2007), 113-116.
[6] B.L.Meng, Cl-algebras, Sci. Math. Jpn. 71(1) (2010), 11-17.

[7]1 B.L.Meng, Closed filters in Cl-algebras, Sci. Math. Jpn. 71(3) (2010), 367-372.

[8] D. Molodtsov, Soft set theory - first results, Comput. Math. Appl. 37 (1999),
19-31.

[9] B. Piekart and A. Walendziak, On filters and upper sets in Cl-algebras, Algebra
Discrete Math. 11(1) (2011), 109-115.



