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Abstract 

An ultrametric space is a metric space whose distance function 
satisfies the strong triangle inequality. In an ultrametric space, many 
curious properties are valid. For example, every triangle is an isosceles 
with the unequal side (if any) being shortest. In this paper, we observe 
that many of the unusual properties in an ultrametric space are actually 
equivalent to the strong triangle inequality. On the other hand, a 
simple example shows that some properties valid in an ultrametric 
space, such as every open ball is closed, do not imply the strong 
triangle inequality. 

1. Introduction 

Let ( )dM ,  be a metric space. That is, M is a set equipped with a 

distance function 0: ≥→× RMMd  satisfying the following properties: 

for all ,,, Mzyx ∈  

(a) ( ) ;0, ≥yxd  equality holds if and only if ,yx =  
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(b) ( ) ( ),,, xydyxd =  and 

(c) the triangle inequality: ( ) ( ) ( ).,,, zydyxdzxd +≤  

Here, 0≥R  is the set of all non-negative real numbers. An ultrametric 

space is a metric space ( )dM ,  in which the distance function d satisfies the 

strong triangle inequality: for all ,,, Mzyx ∈  

( ) ( ) ( ){ }.,,,max, zydyxdzxd ≤  

For example, the field of p-adic numbers is a well-known ultrametric space. 

In an ultrametric space, many curious properties are valid (see [1, 2]). 
For example, every triangle is an isosceles with the unequal side (if any) 
being shortest. More precisely, for all ,,, Mzyx ∈  the largest and the 

second largest of the three numbers ( ) ( ),,,, zydyxd  and ( )zxd ,  are equal. 

Also, every point in a ball is a center of the ball, and given any two balls, 
either they are disjoint or one of them is contained in the other. It is 
interesting to recognize that those properties are equivalent to the strong 
triangle inequality. The proofs of equivalences, which will be given in 
Section 2, are very simple. Those properties are slight reformulations of the 
strong triangle inequality. 

On the other hand, the phrase “with the unequal side (if any) being 
shortest” in “every triangle is an isosceles with the unequal side (if any) 
being shortest” is essential. The property “every triangle is an isosceles” 
alone does not imply the strong triangle inequality, as a simple example in 
Section 3 shows. The same example also shows that some properties valid in 
an ultrametric space, such as every open ball is closed, do not imply the 
strong triangle inequality. 

2. Equivalent Properties 

Let ( )dM ,  be a metric space. For Ma ∈  and ,0≥∈ Rr  the open ball 

of radius r and center a is a set ( ) ( ){ },,:: rxadMxaB r <∈=<  and the 
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closed ball of radius r and center a is a set ( ) ( ){ }.,:: rxadMxaB r ≤∈=≤  

We have the following equivalences. 

Proposition. Let ( )dM ,  be a metric space. Then the following 

properties are equivalent: 

(1) ( )dM ,  satisfies the strong triangle inequality. That is, ( )dM ,  is an 

ultrametric space. 

(2) Every triangle is an isosceles with the unequal side (if any) being 
shortest. That is, for all ,,, Mzyx ∈  the largest and the second largest of 

the three numbers ( ) ( ),,,, zydyxd  and ( )zxd ,  are equal. 

(3) For any pair of open balls 1B  and ,2B  if ,21 ∅≠BB ∩  then 

21 BB ⊆  or .12 BB ⊆  

(4) For any pair of closed balls 1B  and ,2B  if ,21 ∅≠BB ∩  then 

21 BB ⊆  or .12 BB ⊆  

(5) Every point in an open ball is a center of the ball. That is, for all 
Myx ∈,  and ,0≥∈ Rr  if ( ),xBy r<∈  then ( ) ( ).yBxB rr << =  

(6) Every point in a closed ball is a center of the ball. That is, for all 
Myx ∈,  and ,0≥∈ Rr  if ( ),xBy r≤∈  then ( ) ( ).yBxB rr ≤≤ =  

Proof. It is well known that (1) implies the rest. See [1, 2]. 

(2) implies (1). Suppose that ( ) ( ){ } ( )zxdzydyxd ,,,,max <  for some 

.,, Mzyx ∈  Then, the largest and the second largest of the three numbers 

( ) ( ),,,, zydyxd  and ( )zxd ,  cannot be equal. 

(3) implies (1). Suppose that ( ) ( ){ } ( )zxdzydyxd ,,,,max <  for some 

.,, Mzyx ∈  Let ( )., zxdr =  Then, ( )xB r<  and ( )zB r<  are not disjoint 

because y is in both sets. Thus, we have ( ) ( )zBxB rr << ⊆  or ( ) ⊆< zB r  

( ).xB r<  In either case, we have ( ) ., rzxd <  This is a contradiction because 

( )., zxdr =  
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(4) implies (1). Let ( ) ( ){ }.,,,max zydyxdr =  Then, ( )xB r≤  and ( )zB r≤  

are not disjoint because y is in both sets. Thus, we have ( ) ( )zBxB rr ≤≤ ⊆  or 

( ) ( ).xBzB rr ≤≤ ⊆  In either case, we have ( ) ., rzxd ≤  Hence, ( ) ≤zxd ,  

( ) ( ){ }.,,,max zydyxd  

(5) implies (1). Suppose that ( ) ( ){ } ( )zxdzydyxd ,,,,max <  for some 

.,, Mzyx ∈  Let ( )., zxdr =  Then, ( ) ( )yBxB rr << =  because ( ) ryxd <,  

and hence ( ).xBy r<∈  Then, ( )xBz r<∈  because ( ).yBz r<∈  That is, 

( ) ., rzxd <  This is a contradiction because ( )., zxdr =  

(6) implies (1). Let ( ) ( ){ }.,,,max zydyxdr =  Then, ( ) ( )yBxB rr ≤≤ =  

because ( ) ryxd ≤,  and hence ( ).xBy r≤∈  Then, ( )xBz r≤∈  because ∈z  

( ).yB r≤  That is, ( ) ., rzxd ≤  Hence, ( ) ( ) ( ){ }.,,,max, zydyxdzxd ≤  ~ 

Note that the triangle inequality (c) in the defining conditions of a metric 
space stated in Section 1 is not used in the above proof. That is, the above 
proposition is valid for any ( )dM ,  that satisfies (a) and (b) in the defining 

conditions of a metric space. 

3. Non-equivalent Properties 

In Section 2, we saw that the strong triangle inequality is equivalent to 
the property that every triangle is an isosceles with the unequal side (if any) 
being shortest. The phrase “with the unequal side (if any) being shortest” is 
essential. That is, the following property (7) alone does not imply the strong 
triangle inequality, as a simple example below shows. 

(7) Every triangle is an isosceles. That is, for all ,,, Mzyx ∈  at least 

two of the three numbers ( ) ( ),,,, zydyxd  and ( )zxd ,  are equal. 

Example. Consider the metric space ( ),, dC  where C  is the set of 

complex numbers and d is the metric defined by the absolute value function 

on .C  Let M be the subset { },,1,0 i  where .1−=i  Consider the metric 
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subspace ( )., dM  It satisfies the property (7). But, it does not satisfy the 

strong triangle inequality, because ( ) ( ){ } ( ).,1,0,0,1max ididd <  

Moreover, in an ultrametric space, the following properties are valid: 

(8) Every open ball is closed. 

(9) Every closed ball is open. 

However, the property (8) or (9) does not imply the strong triangle 
inequality, because in the above example, the topology on M is discrete and 
hence ( )dM ,  satisfies the properties (8) and (9). 
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