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Abstract

Let g be a Borcherds-Kac-Moody Lie algebra, and let A be a dominant
integral weight arising from g. We also let L(A) be the irreducible
highest weight g -module with highest weight A. In this paper, we
study relationships between non-vanishing terms of the character of
L(A) parameterized by primitive weights and irreducible components
of Kostant’s homology space.

1. Introduction

Borcherds-Kac-Moody (denoted by BKM for short) Lie algebras were
first introduced and studied by Borcherds [1]. They are Lie algebras
generalizing the class of Kac-Moody Lie algebras. In the representation
theory of BKM Lie algebras, highest weight representations and their
character formulas have led to various important results and applications
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such as the proof the Moonshine theorem and the link with automorphic
forms.

Let g be a symmetrizable Kac-Moody algebra, and let  be the Cartan
subalgebra of g. We also let V be a highest weight g-module with highest

weight A e b*. Then the character ch(V) can be parameterized by primitive
weights and has the following form:

ch(V) = ! Z c(k)ex, (1.1)

1_g @ mult(a)
HaeA+ ( ) A<A, | htp 2= A+p |

where A, is the set of positive roots, mult(c) are the root multiplicities and

c()) are certain coefficients satisfying c(A) =1 (see [4, Chapter 9] for more
details). As is well-known, the primitive weights A satisfy the condition
1+pl? =|A+p[%

The concept of primitive weights is first introduced by Kac to streamline
the proof of Weyl character formula [4, 5]. In fact, the Weyl-Kac character

formula is obtained from (1.1) by expressing the summation in terms of the
elements of the Weyl group of g (see [4, Theorem 10.4]).

Formula (1.1) is also true for the more general context of BKM Lie
algebras. Thus, the primitive weights still play important roles in the
representation theory of BKM Lie algebras.

On the other hand, the primitive weights are also involved in the theory
of Lie algebra homology. In more details, let g be a symmetrizable BKM
Lie algebra, n~ be a direct sum of negative root spaces of g and L(A) be
the irreducible highest weight g-module with highest weight A. Then, as
h-modules, we have

Hy(n™, L(A)) = (_B C(n), (1.2)
Ast.(A+p|A+p)=(A+p|A+p)
where C(A) denotes the irreducible highest weight h-module with highest
weight A (see Theorem 3.1).
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Now, we observe that formula (1.1) and the decomposition (1.2) share
the same condition (A +p|A+p)=(A+p|A+p) for the weights
parameterizing their summands. This observation reflects us certain
relationships between the non-vanishing terms of (1.1) and the irreducible

components of H,(n™, L(A)).

To state our concern in more details, let us introduce the following
definition:

Definition 1.1. Let A € h* and let A be a dominant integral weight
arising from a BKM Lie algebra g. Then A is called a special primitive
weight associated L(A) if we have both ¢(A) = 0 and C(X) is an irreducible

component of Hy(n™, L(A)) for some p. Here, c(i) is the coefficient
appearing in (1.1).
Then the following question arises naturally:

Question 1.2. Let u be a given special primitive weight associated with
L(A). Then determine the degree p such that Lie algebra homology space

Hp(n™, L(A)) contains an irreducible component C(u).

In this paper, we aim to answer for Question 1.2. For this, we first study
the properties of the special primitive weights arising from the irreducible
highest weight representations of BKM Lie algebras. Among those
properties, we emphasize that our special primitive weights satisfy the
interesting property Corollary 4.4. In general, the isotropy group of a
dominant weight is generated by the fundamental reflections which it
contains (see [4, Proposition 3.12]). Thus, we may regard Corollary 4.4 as a
peculiar property of our special primitive weights. By decomposing the

primitive weights into a sum of weights obtained from A (n”) and L(A),

we can analyze the special primitive weight through the highest weight A
and imaginary simple roots. Finally, by applying our results about special
primitive weights, we calculate explicitly the weight space corresponding to
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a given special primitive weight. This yields our main results which answer
to Question 1.2 (see Theorem 4.8).

2. Preliminaries

In this section, we fix notations and review basic facts about the
representation theory of BKM Lie algebras. See [1, 4, 10, 11] for more
details.

Let A=(aj)j j<n be an nxn real matrix satisfying the following

conditions:
(1) a5 =2 or a;; <0;
(2) a5 <0 ifi=
(3) ajj = 0 implies aj; = 0;
(4) If & = 2, then aj; € Z forall j.

If a real nxn matrix A satisfies the above conditions (1), (2), (3) and
(4), then the matrix A is called a BKM matrix.

Let h be a complex vector space. Then a realization of the BKM matrix

A = (8 h<j j<n i atriple (h, I, T17) satisfying the following conditions:

(1) both IT = {0y, ..., ap} and IT" = {ay’, ..., oy } are linearly independent

subsets of §* and b, respectively;
(2) aj(oy) = g fori, j =12, ..,
(3) ajj = 0 implies aji = 0;
(4) dimc b = 2n — rank(A).

We denote by TI1™ (resp.IT™) the subset {o; e IT|aj =2} (resp.
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{aj eI|a; <0}) of Il We also write 1" (resp. 1'™) for the subset
{iella=2} (resp.{i e l|g <0}) of I =11, 2, ..., n}.

Let g(A) be a Lie algebra generated by b and 2n letters e, f
(2 < i < n) under the following relations:

(1) [h, h']=0 (h, h" € p).

2 [h, g] = aj(h)g (heh 1<i<n).

) [h, fi]=—aj(h)f; (heh 1<i<n).

@) [&, fi] = djjo’.

To define a BKM Lie algebra, let T be the largest proper ideal of g(A)
satisfying 1N h = {0}. Then g(A) = g (A)/t is called a BKM Lie algebra.

If the BKM matrix A = (&), j<n is decomposed as A = DB for a

diagonal matrix D and symmetric matrix B, then the BKM matrix A is said to
be symmetrizable. We also call the corresponding Lie algebra g(A) the
symmetrizable BKM Lie algebra.

As is well-known, there uniquely exists a non-degenerate symmetric
bilinear form (]) on g(A) if g(A) is a symmetrizable BKM Lie algebra. For

i e | with a; = 0, itis easy to check that the bilinear form (| ) satisfies

20 [2) _ 2Ma’)

= 2.1
(ot ] etj) ajj @1)
for A € b".
Throughout this paper, we fix an element p of h™ satisfying
(ploy) = {i1) 2

2

forall a; I
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We have the root space decomposition g(A) = b @(G—)aeb*_{o}gaj,

where g, = {x € g(A)|[hx] = a(h)x for all h € h}. An element o € h* — {0}
is called a root if g, # 0. We write A for the set of all roots of g(A). We
call g, the root space of a root o if o € A, and denote by mult(c) the

dimension of g,. A root o is called a positive root (resp. negative root)
if o€ | Zooa (resp. aey. Zgoaij. Let A, (resp. A_) be the set
of all positive roots (resp. all negative roots). Define a partial order < on h*
by w=<2 ifand only if A —ped.  Zsgaj Put n” =@, .\ g, and
nt =€BOL€A+ go- Then we have the triangular decomposition g(A) =
nehdnt.

The Weyl group W of a BKM Lie algebra g(A) is a subgroup of GL(h")
generated by reflections . (i € 1™), where ly; s a reflection defined as
ry; (%) = & = (0 )i (L € b). For w e W, write 1(w) for the length of w.

Henceforth, g(A) will be a symmetrizable BKM Lie algebra unless
otherwise specified. We also simply denote by g the symmetrizable BKM

Lie algebra g(A) associated to the BKM matrix A if no confusion is likely to
arise.

Let V be a representation of g. For A € h*, we set
V; ={veV|h-v=2xh)vforall h eb}.

If V, =0, then A is called a weight of the representation V and we call
V;. the weight space of weight A. We denote by P(V) the set of all weights of
the representation V. We also call the representation V the weight g-module
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if each weight space V; is finite dimensional and V admits a weight space

decomposition V = ®keP(V )Vx. When V is a weight g-module, the character

of V is defined as ch(V) = ZXGP(V)(dika)ek.

A weight g-module V is said to be integrable if the generators e; and f;

re
I

act on V locally nilpotently for all i € I'*. For a given integrable weight

g-module V and % e P(V), it is well-known that dimV, =dimV,, for

w e W and hence ch(V) is invariant under the action of the Weyl group W.

For each A € h”, recall that there exists a unique irreducible highest

weight g-module L() with highest weight A < b*.

We now set D(A) = {n e b |p < A} for A € h*. Let O be the category
of all weight g-modules V such that there exist a finite number of elements

M, - Mg € b satisfying P(V) U:;l D(%j). If V is an object of O, then

any submodule U of V and a quotient module V/U are both objects of O.

Also, direct sums and tensor products of a finite number of modules in the
category O are again in O.

For a given symmetrizable BKM Lie algebra g, we now take two pairs
of basis {Uj}y; j<gimp and {U'}<i jegimp OF b such that (u; [u') = &;. In
addition, for each o € A,, we choose bases {egj)}mgmu,t(a) of g, and
{e@&}lgigmu,t(a) of g, satisfying (e{l)[el)) = dij. We also define the

. _ dimb i mult(a) (i) A(i)
Casmir element of g as Q =2p+» .~ "u'yj + ZzaeA+ A

Then it is well-known that [g;, Q] =[f;, Q]=0 fori=12,..,n IfVisa
highest weight g-module with highest weight X, then the Casmir element Q

acts on V as a scalar operator with eigenvalue (A |A + 2p).
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Let (b, IT, IT") be a realization of the BKM matrix A = (aijj)i<j j<n-
Then we can associate the quasi-Dynkin diagram to A as follows:

(1) The quasi-Dynkin diagram has n vertices ay, ..., a,, Where I1 =
{oq, «oy Oy}

(2) If i # j and & < 0, then we connect two vertices a; and a.;.

(3) If i = j and & =0, then we do not connect two vertices «; and

Otj.

Let a =Zin:1mioci for the set of simple roots IT = {ay, ..., atn}. Then

we define the support of o to be a sub-diagram of the quasi-Dynkin diagram
which consists of the vertices o such that m; = 0 and of all edges joining
these vertices.

Lemma 2.1. If a is a root of a BKM Lie algebra g, then the support of o
is connected.

Proof. See [4, Section 5.3] or [11, Lemma 2.35]. O

The following proposition is well-known for Kac-Moody algebras.

Proposition 2.2. Let g be a symmetrizable BKM algebra, and let W be
the Weyl group of g. For w e W, let ®,, = {a € A, w o) e A} Ifw=

r

o, T, 15 @ reduced expression (ie., m = 1(w)) for {o;, ..., oj } < 11",
m

i '
then we have

(1) o, = {()Lil, I’OLi1 (Oti2 ), ey rail, e r(xim—l (OLim )}
(2) p—Wp= Zq)eq)w (I)

Proof. Notice that the Weyl group W of the BKM Lie algebra g is a
Coxeter group (see [10, Section 2.3]). Thus, the statement (1) follows from
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the general theory of Coxeter groups (see [7, Lemma 1.4.14]). In addition,
[7, Corollary 1.3.22] is applied to our case and yields that

m
A=W = kzix(ai [T

for A € b".
2(p|aj
We also obtain from (2.2) that p(a;’ ) = (ple) =1 for each o, €
k(g lag)
I1". The second result now follows from (1). O

3. Lie Algebra Homology

In this section, we review the notion of Lie algebra homology. We refer
to [6, 7] for more details.

We first take the irreducible highest weight g-module L(A). Write
A (n7) for the exterior algebra of n™. We denote by AK (n™) the space of

kth homogeneous elements in A (n™). Let us consider the chain complex

_ O 4, _ 0
> APM7)®c L(A) 5> API07)®¢ L(A) > - > L(A) > 0, (3.1)
where

Op(Xg A A Xp ®V)
= ij(—l)”j[xixj]/\ XA ARG A AR A A Xy BV

+Zi(—1)ixi A AR A ARG A A X ® (X V).

Then the homology of the chain complex (3.1) is called the Lie algebra
homology of n™ with coefficients in L(A), and we write H,(n™, L(A)) for
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this Lie algebra homology. Notice that H,(n™, L(A)) acquires an h-module

structure in a natural way.

It is easy to see that AP (n7) ®¢ L(A) € O (see the proof of Theorem
3.1 below). This implies that Hy(n™, L(A)) € O. Thus, Hy(n™, L(A)) is
decomposed into irreducible components C(n) as h-modules because

Hp(n™, L(A)) is a weight g-module. Here C(u) means the one dimensional

irreducible h-module with highest weight p € §*. By the definition of weight

g-modules, each irreducible component C(u) occurs only finitely many

times in the decomposition of Hy(n™, L(A)).

By the arguments of [8, Proposition 18] and [7, Theorem 3.2.7] for
symmetrizable Kac-Moody Lie algebras, we obtain the following theorem for
symmetrizable BKM Lie algebras.

Theorem 3.1. Let g be a symmetrizable BKM algebra, and suppose
that g has the triangular decomposition g =n~ @b ® n*. Let C(u) be an

irreducible h-module component of Hpy(n™, L(A)). Then C(u) is an

irreducible h-module component of AP (n7)®¢ L(A) and the weight p

satisfies that |+ p | = | A +p °

Proof. Put p=hH® n™ for the triangular decomposition g=n" @}

@ n"*. Then we obtain that as h-modules
C 8y (U(8) Bup) AP(a/p) B L(A)) (32)
=~ C® Un ) ®¢c AP(n7)®¢ L(A)) (3.3)

~ AP (n7)®¢ L(A). (3.4)
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From the isomorphism (3.3), we see that (U(g) ®y ) AP(g/p)) ®c L(A)
€ O, and hence the action of Casmir element Q on (U(g) ®y (p) AP(g/p))

®c L(A) is well-defined. Here, the action of Q on U(g) ®yy) AP(g/p) is
given by left multiplication only on the first factor U (g).

Let us denote by Q, the operator on (U(g) ®y p) AP(a/p)) ®¢c L(A),
that is, induced from the action of the Casmir element Q. On each
C®y (U(g) ®y(p) AP (g/p)) ®c L(A)), the operator 1® Q, is equal

to the action of the element 2p + Z?inuiui because 1® e(_i()xe((li)x = 1e(_i()x

®el)x =0 for x e (U(g) ®u(p) AP (8/p)) ®c L(A). If we combine the

h-module isomorphism (3.4) with the fact 2p + Z?lThuiui e b, then we

have an h-module map
1®Qp : AP(7)®¢ L(A) > AP(n7) ®¢ L(A).
On the other hand, by the statement (6) in the proof of [7, Theorem
3.2.7], we see that 1® Qp : AP(n7) ®¢ L(A) > AP(n7) ®¢ L(A) yields

a scalar operator (A|A +2p) on the homology H,(n", L(A)). Hence, we

get that (u|p + 2p) = (A|A + 2p) on the irreducible component C(u) of

H,(n™, L(A)) because 2p+2?:"1nhuiui yields a scalar map (u|u + 2p) on

the highest weight module C(p). The theorem now follows. O

4, Main Results

In this section, we fix the BKM Lie algebra g associated to a BKM

matrix A = (ajj )< j<n. and set

P.={Leh" |Ma)) e Zsg foralliel}
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and
Py) ={h e P [A(a) > 0forallie I},
We call an element of Ry a dominant integral weight.
Henceforth, we fix A € R).

By [11, Proposition 2.58] and [11, Proposition 2.61], every irreducible
highest weight g-module with a dominant integral highest weight is

integrable. Thus, the character ch(L(A)) is invariant under the action of the

Weyl group W.

Let us write R for HQGA (1- e_“)m“'t(“). Then formula (1.1) yields
+

that

ch(L(A)) = # 3 c(1)e™+P. 4.1)

A<A| A+p [2= A+p 2

From equation (4.1), we obtain that ePRch(L(A)) is W-skew-invariant (i.e.,
w(ePRechL(A))=(~1)'"ePRchL(A)) because we have w(ePR)=(-1)'WePR
and A e P(_,_).

Let us take a special primitive weight u associated with L(A). By the

definition of a special primitive weight, we get that
|u+p|2=|A+p|2andC(u)¢O. 4.2)

Since ePRch(L(A)) is W-skew-invariant and c(p) = 0, we obtain that for any
weW,

W +p) =2 +p (4.3)

for some % < A satisfying | A +p|? = | A +p|°.
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We now have the following proposition:

Proposition 4.1. Let p e R+ and let u be a special primitive weight
associated with L(A). Then there exists an element w € W such that
W(u+p)eP,.

Proof. Immediate from (4.3) and [11, Lemma 2.72]. O

Lemma4.2. Let L eP,. If w(),) € P, for some w e W, then w(A) = A.

Proof. Assume that w = oy~ Toi is a reduced expression of w e W,

S
where {a; , ..., o } < 1'%, Since A € P,, we have A(oj") > 0 forall i e 1.
So we get that (aj, &) > 0 for all i e 1. This implies that (w(c; ), w())) > 0
forall i e 1™. In particular, we obtain that
(W(ag ), w(n)) = 0. (4.4)
On the other hand, we notice from [7, Lemma 1.3.13] that w(a; ) < 0.

Moreover, it is easy to see from a direct computation that W(ais) is a linear

combination of {ail, ais} with integer coefficients. Thus, we should have
w(a, ) = zsjzlkjo‘i,- with k| € Zo. Hence, by the assumption w(%) P,
we have

(W(ajg ), w(n)) < 0. (4.5)

By combining (4.4) and (4.5), we obtain that (w(a;_ ), w(%)) = (i, A) = 0.

This yields that r,, (A) = 1. The lemma now follows by induction on I(w).
S

O

In the following theorem, we prove that there exists such a unique
element w € W in Proposition 4.1.
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Theorem 4.3. Let p be a special primitive weight associated with L(A).

Then there exists uniquely w e W such that w(u + p) € P,.

Proof. Suppose that wy(n+p)e P, and wy(u+p)e P, for some

wy, Wo € W. Since c(u) # 0, we obtain from the W-skew-invariance of
ePRch(L(A)) that wy(u + p) = Aq + p (resp. Wo(u + p) = A, + p) for some
M <A (resp. Ay < A). Then we have p+p = wl‘l(xl +p)= Wz_l(kz +p).
This implies that wowi (A + p) = A, + p € P,. Thus, Lemma 4.2 yields
that wow{2(Ay + p) = Ay + p because of A; +p = wy(u + p) € P,. Hence,
we have

WoW (A +p) = Ay +p =2y +p. (4.6)

On the other hand, if w(u + p)(a;’) =0 for some i e 1™ and we W,

then we have
Fo, (W(R +p)) = W(p + p) = W(p + p) (e )oij = W( +p).  (4.7)

By equation (4.3), we obtain that w(u + p) = A + p for some A < A. So, the
W-skew-invariance of ePRchL(A) and (4.7) yield that c() = —c(). This

contradicts to the fact c(u) # 0 because c(u) = (—1)'(W)c(k).

Hence, our assumption c(u) = 0 and equation (4.6) implies that

(M +p)(a))>1forall i el (4.8)
In equation (4.6), if wowi® = Mgy o oy fOF {atj,on aj, < TI', then

by the proof of Lemma 4.2, we have (o, , A1 +p) = 0. This contradicts to

(4.8).

Therefore, we should have wyw 1~ 1. The theorem now follows. O



Borcherds-Kac-Moody Lie Algebras, Special Primitive Weights ... 15

The following corollary provides an interesting property of special
primitive weights.

Corollary 4.4. Let p be a special primitive weight associated with L(A).
Let w be the element of the Weyl group W satisfying w(u + p) € P,. Then

the isotropy group Wyy,+) of the dominant weight w(u + p) is the trivial
group.
Proof. Immediate from the proof of Theorem 4.3. O

Now, we decompose a special primitive weight as a sum of weights of
the spaces AP (n7) and L(A). More explicitly, let us assume that p is a

special primitive weight associated with L(A). Then, by the definition, C(u)

is an irreducible h-module component of Hy(n™, L(A)). So, we see from

Theorem 3.1 that p is a weight of AP (n7)®¢ L(A). Thus, we can

decompose the weight u as

for v e P(AP(n7)) and 8 € P(L(A)).
The following lemma is an important ingredient in our main results.

Lemma 4.5. Suppose that A is a dominant integral weight of the BKM
Lie algebra g. Let u be a special primitive weight associated with L(A),

and let w be the unique element of W satisfying w(u+ p) € P.. (The

existence and uniqueness of the element w are guaranteed by Proposition
4.1 and Theorem 4.3.) Then we have w(p +p)—p = A — (aj + -+ ),

where {ip, ..., i} < 1™, (aj,, @) = 0 for ig = iy and (A|aj ) = 0 for all
s=1 ..k

Proof. Set A +p = w(u + p). Then we get from (4.2) and (4.3) that

IA+p[2=|A+pf?> and A+p < A+p, respectively. Thus, by applying
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: k

[11, Lemma 2.7.4] to A, we obtain that k:A—Zszlmisocis, where
i o i} < 1™, (o, o) = 0 for ig # iy, (Alay,) =0 forall s=1,...k
and m; =1 for ig satisfying (o |a ) < 0. However, we will show that

mj, = 1forall s=1 .., k.

Consider the irreducible U (g)-module L(A) with highest weight vector

v, of the highest weight A. Since we have (A|ocis) =0fors=1 ..k, we
see that fi?SvA cannot appear in L(A) for all sand mg € Z4. (Otherwise,
U(g)- fi:‘st yields a non-trivial U (g)-submodule of L(A) because (Ao, )
=0.)

Hence, A —mga_ is not a weight of L(A). Similarly, we obtain that

A —mouj — - —maj, is nota weight of L(A) (4.10)

=
for {j1, ..., ji} < {iy, ..., i} and (my, ..., m;) e leo —{(0, ..., 0)}. This is due

to the conditions (o, aj, ) = 0 for is = i and (A]a ) = 0 foralls.

In addition, both Lemma 2.1 and the condition (cj, aj, ) = 0 for is = it
yield that

any sum of roots in {a, ..., aj, } cannot be a root. (4.11)

We also recall from (4.1) that

ch(L(a)) [T @-e)m™e = > c(r)e’. (4.12)

aeA, <A, | tp |22 A+p |2

We note that c(u) = 0 because p is a special primitive weight. Thus, it

follows from A +p=w(u+p) that c(h)= (—1)'(W)c(p) #0. So, the
coefficient c(\) appears on the right hand side of (4.12). We already show
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that & is of the form A = A —mj o —---—mj o . However, on the left

k
. A—mj oLy —++-—Mj, 0L .
hand side of (4.12), theterm e 171 k™% only can be obtained from

the product e®(1—e “1)...(1—e “%) because of the facts (4.10) and
(4.11). (Here, we point out that mult(ais) =1.) Hence, the weight A —

mj o, — -+ —m; o should be of the form A — o —---—a;, . The lemma

K
now follows. O

In Lemma 4.5, we should notice that the imaginary simple roots

Oy, ey O, A€ uniquely determined by the elements p, p, w and A.

k

By using the following lemma, we can express the weights v and 6
appearing on (4.9) in terms of the highest weight A and imaginary simple
roots.

Lemma 4.6. Let v and 0 be the weights of P(A(n")) and L(A),

respectively, that are defined in (4.9), and let {ocil, aik} and w be as in

Lemma 4.5. Then we have
1) 0 =wlA

(2 p-wp+v)=aj ++aj.

Proof. We first notice from (4.9) and Lemma 4.5 that w(v + 0 + p) =
A+p-— (ocil +ota ). This yields that

p—W(p+v)=w0—A+(aj ++aj ) (4.13)

On the other hand, for i e 1™ and n(a) € Zs, we have

o (p - Z n(oc)oc} =p-0j- Z n(a)a + n(aj)oj (4.14)

aeA, aeA, —{o;}

because p(a’) =1 for i e 1" and 1y (o) = —oi.
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If => ca N(@)a e P(a(n7)), then we immediately see that n(a;) <
+

mult(aj ) =1. Thus, equation (4.14) implies that p + P(A (n™)) is W-invariant.
This gives that p — w(p + v) € —=P(A (n")). Hence, we get that
p-wp+v)e ZZZOai. (4.15)
iel
However, we obtain from w6 < A that
WO - A =) Zega. (4.16)
iel
Since {ay, .., @ } is a linearly independent subset of h*, the conditions

(4.13), (4.15) and (4.16) yield that

WO — A =—(oj +--+aj ) forsome {oj, .., o0j } < {aj, . o}

and

p-Wp+v)=oy ++ay,

where {ly, ..., Iy} U {j1, s Jm} = {ig, s i}

Thus, we have w0 = A — (ocjl 4ot O‘J'm)’ and this implies that A —
(ovj +--+aj ) is aweight of L(A). But, we see from (4.10) that A -
oj —-r—oj - cannot be a weight of L(A) if m = 0. Hence, we should

have m = 0. The lemma now follows. O

We recall from Proposition 2.2 that W_lp —p=—(¢g +--+ ¢|(W)), and

—(9p +-+ dyw)) Is @ weight of ey A-ney, Here @ 1 =

(w)’
{01, -y ¢|(W)} and ey, is a root vector corresponding to the negative

root —¢;. (Each e g, IS unique up to constant factor because —¢; is a real

root.) In addition, we obtain from Lemma 4.6 that v=(W_1p—p)+

-1
w (_(x’il - O(’ik )
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Let us now take a nonzero vector e in each g y (This is

W (ot W (ot

possible because we have dim g =1 for each j.) Then it is clear that

W (-aig)

e is a nonzero weight vector with the weight

wheay) N St eay)
-1

w (—ocil — = O ).

The following theorem is the main result of this paper.

Theorem 4.7. Assume that A is a dominant integral weight of the BKM
Lie algebra g. Let p be a special primitive weight associated with L(A)

which is decomposed as (4.9). We also let w and {a, ..., aj, } be as in
Lemma 4.5. Then the weight space of A (n™) corresponding to the weight
v=wlp-p)+ w‘l(—oci1 —-+—aj ) is one dimensional space and is
spanned by

€y A Ay AE € /\I(W)+k(n_),

wlcoy) N Bt )
where @ _; = {01, s d1(w) -

Proof. It is obvious that the weight of

e_¢1/\---/\e_¢|(w)/\e A€

witcay) N St eay)
is (Wip—p)+ W_l(—ocil == a ).
Suppose that 0 = e_g A - Ae_g € A(n") satisfies
P —B =W p—p)+ W (-0 -t ), (4.17)

where {By, ..., Bj} = A.. Then equation (4.17) yields that

Pr =B =~ Z <|>+W_1(—0ti1—"'—0°ik)- (4.18)

oc® 1
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If wB; < 0 for some i, then by the definition of cDW_l, we have Bj cDW_l,

and hence B; is a real root. So, we get that mult(8;) = 1. This implies that

Bi # PBj forall j=1 .., i-11i+1 .. | because we assume that ep A

A e_BI # 0.

We now cancel the term —3; from the both sides of (4.18). (On the right
hand side of (4.18), we omit the —f; from the term — Z¢€CDW-1 d.)

Continuing this way, equation (4.18) gives

By~ ~ Py, = —ZQw W ay — e mog)  (419)
ye

for some {my, ..., mp} c{l,2 ..,1}and Q c CDW_l.

In (4.19), we should notice that WBm, > 0 for all s. We also obtain from

(4.19) that

WBml+-~~+WBmp — o~ O = wajo (4.20)

because wy < 0 forall v € Q.

Recall from (4.11) that any sum of the roots o, ..., aj cannot be a

root. However, each WP, is a positive root. Thus, equation (4.20) implies

that each term wfp,  satisfies
WP, = aj, forsomes. (4.21)
By summarizing our argument so far, each ; in (4.17) satisfies

either fj e @ or B = w‘l(ocis) for some s. (4.22)
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On the other hand, we get from equation (4.18) that

PP AW o ) W (g )+ Y 0=0. (4.29)
oe® 1

Recall that w/(A™) = A™ for any w' e W, where A™ indicates the set of

the positive imaginary roots (see [11, Section 2.2]). In addition, Z(beq) . )
-

is a sum of positive roots.
Thus, by combining (4.22) and (4.23), we obtain that | = k +]| ® 1 |
This yields that

Bro o B = Wiy o W oG ) U D

= (W ot ) s W} L {1, 1) -

The theorem now follows because dim 89, = dimg =1 for all

w(-aj)

1<p<lw)andl<s<k. O
As a by-product of our results, we now answer to Question 1.2.

Theorem 4.8. Let A e Ry, and let L(A) be the irreducible highest

weight g-module with highest weight A. Let p be a special primitive weight

associated with L(A), and let us decompose w as u=v+6 for ve

P(A (n7)) and 6 € P(L(A)). Then we have:

(1) There exists uniquely an element w e W such that w(u + p) € P,.

(2 6=w?Aand v=(wlp-p)+ W_l(—(xil — -+ —aj ), where o,

..., aj, are uniquely determined imaginary simple roots when we express

k
A = (W(p + p) — p) as a sum of simple roots.
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(3) The irreducible component C(u) only appears in the Lie algebra

homology H,(n™, L(A)) at the degree p = I(w) + k.

Proof. The statements (1) and (2) are immediate from Theorem 4.3,
Lemma 4.5 and Lemma 4.6.

For the statement (3), we obtain from Theorem 4.7 that p is a weight of
A (n7)®c L(A) with multiplicity 1. In addition, the corresponding weight

vector of p is

e_¢1/\---/\e_¢l(w)/\e e N E

wl(—ay ) 4 w (-, ) SR

where X 3, is anonzero weight vector in L(A),,-1.

(Notice that dim L(A),,-1, =dimL(A), =1 because L(A) is integrable.)
The theorem now follows. O
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