
 

Far East Journal of Mathematical Sciences (FJMS) 
Volume 79, Number 1, 2013, Pages 1-23 
Published Online: August 2013 
Available online at http://pphmj.com/journals/fjms.htm 
Published by Pushpa Publishing House, Allahabad, INDIA 

 

 HousePublishingPushpa2013©  
2010 Mathematics Subject Classification: 17B67, 17B65, 17B55, 17B10.

 Keywords and phrases: Borcherds-Kac-Moody Lie algebra, primitive weight, character, 
highest weight module, Lie algebra homology. 
Received June 3, 2013 

BORCHERDS-KAC-MOODY LIE ALGEBRAS, 
SPECIAL PRIMITIVE WEIGHTS AND 

LIE ALGEBRA HOMOLOGY 

Namhee Kwon 

Department of Mathematics 
Daegu University 
Daegu 712-714, Korea 
e-mail: nkwon@daegu.ac.kr 

Abstract 

Let g  be a Borcherds-Kac-Moody Lie algebra, and let Λ be a dominant 

integral weight arising from .g  We also let ( )ΛL  be the irreducible 

highest weight g -module with highest weight Λ. In this paper, we 

study relationships between non-vanishing terms of the character of 
( )ΛL  parameterized by primitive weights and irreducible components 

of Kostant’s homology space. 

1. Introduction 

Borcherds-Kac-Moody (denoted by BKM for short) Lie algebras were 
first introduced and studied by Borcherds [1]. They are Lie algebras 
generalizing the class of Kac-Moody Lie algebras. In the representation 
theory of BKM Lie algebras, highest weight representations and their 
character formulas have led to various important results and applications 
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such as the proof the Moonshine theorem and the link with automorphic 
forms. 

Let g  be a symmetrizable Kac-Moody algebra, and let h  be the Cartan 
subalgebra of .g  We also let V be a highest weight g -module with highest 

weight .∗∈Λ h  Then the character ( )Vch  can be parameterized by primitive 
weights and has the following form: 

 ( )
( ) ( ) ( )∑∏ ρ+Λ=ρ+λΛ≤λ

λ

Δ∈α
αα−

λ
−

=

+
22,

,
1

1 ec
e

Vch mult  (1.1) 

where +Δ  is the set of positive roots, ( )αmult  are the root multiplicities and 

( )λc  are certain coefficients satisfying ( ) 1=Λc  (see [4, Chapter 9] for more 

details). As is well-known, the primitive weights λ satisfy the condition 

.22 ρ+Λ=ρ+λ  

The concept of primitive weights is first introduced by Kac to streamline 
the proof of Weyl character formula [4, 5]. In fact, the Weyl-Kac character 
formula is obtained from (1.1) by expressing the summation in terms of the 
elements of the Weyl group of g  (see [4, Theorem 10.4]). 

Formula (1.1) is also true for the more general context of BKM Lie 
algebras. Thus, the primitive weights still play important roles in the 
representation theory of BKM Lie algebras. 

On the other hand, the primitive weights are also involved in the theory 
of Lie algebra homology. In more details, let g  be a symmetrizable BKM 

Lie algebra, −n  be a direct sum of negative root spaces of g  and ( )ΛL  be 

the irreducible highest weight g -module with highest weight .Λ  Then, as          

h -modules, we have 

 ( ( ))
( ) ( )

( ),,
s.t.

λ=Λ ⊕
ρ+Λ|ρ+Λ=ρ+λ|ρ+λλ

− CLH p n  (1.2) 

where ( )λC  denotes the irreducible highest weight h -module with highest 

weight λ (see Theorem 3.1). 



Borcherds-Kac-Moody Lie Algebras, Special Primitive Weights ... 3 

Now, we observe that formula (1.1) and the decomposition (1.2) share 
the same condition ( ) ( )ρ+Λ|ρ+Λ=ρ+λ|ρ+λ  for the weights 

parameterizing their summands. This observation reflects us certain 
relationships between the non-vanishing terms of (1.1) and the irreducible 

components of ( ( ))., Λ− LH p n  

To state our concern in more details, let us introduce the following 
definition: 

Definition 1.1. Let ∗∈λ h  and let Λ  be a dominant integral weight 

arising from a BKM Lie algebra .g  Then λ is called a special primitive 

weight associated ( )ΛL  if we have both ( ) 0≠λc  and ( )λC  is an irreducible 

component of ( ( ))Λ− LH p ,n  for some p. Here, ( )λc  is the coefficient 

appearing in (1.1). 

Then the following question arises naturally: 

Question 1.2. Let μ be a given special primitive weight associated with 
( ).ΛL  Then determine the degree p such that Lie algebra homology space 

( ( ))Λ− LH p ,n  contains an irreducible component ( ).μC  

In this paper, we aim to answer for Question 1.2. For this, we first study 
the properties of the special primitive weights arising from the irreducible 
highest weight representations of BKM Lie algebras. Among those 
properties, we emphasize that our special primitive weights satisfy the 
interesting property Corollary 4.4. In general, the isotropy group of a 
dominant weight is generated by the fundamental reflections which it 
contains (see [4, Proposition 3.12]). Thus, we may regard Corollary 4.4 as a 
peculiar property of our special primitive weights. By decomposing the 

primitive weights into a sum of weights obtained from ( )−∧ n  and ( ),ΛL  

we can analyze the special primitive weight through the highest weight Λ  
and imaginary simple roots. Finally, by applying our results about special 
primitive weights, we calculate explicitly the weight space corresponding to 
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a given special primitive weight. This yields our main results which answer 
to Question 1.2 (see Theorem 4.8). 

2. Preliminaries 

In this section, we fix notations and review basic facts about the 
representation theory of BKM Lie algebras. See [1, 4, 10, 11] for more 
details. 

Let ( ) njiijaA ≤≤= ,1  be an nn×  real matrix satisfying the following 

conditions: 

(1) 2=iia  or ;0≤iia  

(2) 0≤ija  if ;ji ≠  

(3) 0=ija  implies ;0=jia  

(4) If ,2=iia  then Z∈ija  for all j. 

If a real nn ×  matrix A satisfies the above conditions (1), (2), (3) and 
(4), then the matrix A is called a BKM matrix. 

Let h  be a complex vector space. Then a realization of the BKM matrix 

( ) njiijaA ≤≤= ,1  is a triple ( )∨ΠΠ,,h  satisfying the following conditions: 

(1) both { }nαα=Π ...,,1  and { }∨∨∨ αα=Π n...,,1  are linearly independent 

subsets of ∗h  and ,h  respectively; 

(2) ( ) ijij a=αα ∨  for ;...,,2,1, nji =  

(3) 0=ija  implies ;0=jia  

(4) ( ).2dim Arankn −=hC  

We denote by reΠ  ( )imΠresp.  the subset { }2=|Π∈α iii a  (resp. 
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{ })0≤|Π∈α iii a  of .Π  We also write ( )imre II resp.  for the subset 

{ }2=|∈ iiaIi  { }( )0resp. ≤|∈ iiaIi  of { }....,,2,1 nI =  

Let ( )Ag~  be a Lie algebra generated by h  and 2n letters ,ie  if  

( )ni ≤≤1  under the following relations: 

(1) [ ] ( ).,0, h∈′=′ hhhh  

(2) [ ] ( ) ( ).1,, niheheh iii ≤≤∈α= h  

(3) [ ] ( ) ( ).1,, nihfhfh iii ≤≤∈α−= h  

(4) [ ] ., ∨αδ= iijii fe  

To define a BKM Lie algebra, let τ be the largest proper ideal of ( )Ag~  

satisfying { }.0=τ h∩  Then ( ) ( ) τ= AA gg ~  is called a BKM Lie algebra. 

If the BKM matrix ( ) njiijaA ≤≤= ,1  is decomposed as DBA =  for a 

diagonal matrix D and symmetric matrix B, then the BKM matrix A is said to 
be symmetrizable. We also call the corresponding Lie algebra ( )Ag  the 

symmetrizable BKM Lie algebra. 

As is well-known, there uniquely exists a non-degenerate symmetric 
bilinear form ( )|  on ( )Ag  if ( )Ag  is a symmetrizable BKM Lie algebra. For 

Ii ∈  with ,0≠iia  it is easy to check that the bilinear form ( )|  satisfies 

 ( )
( )

( )
ii

i
ii

i
a

∨αλ
=

α|α
λ|α 22  (2.1) 

for .∗∈λ h  

Throughout this paper, we fix an element ρ of ∗h  satisfying 

 ( ) ( )
2

ii
i

α|α
=α|ρ  (2.2) 

for all .Π∈αi  
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We have the root space decomposition ( ) { } ,
0 ⎟

⎠
⎞

⎜
⎝
⎛⊕= α−∈α⊕ ∗ ghg

h
A  

where ( ) [ ] ( ){ }.allfor hgg ∈α=|∈=α hxhhxAx  An element { }0−∈α ∗h  

is called a root if .0≠αg  We write Δ  for the set of all roots of ( ).Ag  We 

call αg  the root space of a root α if ,Δ∈α  and denote by ( )αmult  the 

dimension of .αg  A root α is called a positive root (resp. negative root)             

if ∑∈ ≥ α∈α Ii i0Z  .resp. 0 ⎟
⎠
⎞⎜

⎝
⎛ α∈α ∑∈ ≤Ii iZ  Let ( )−+ ΔΔ resp.  be the set 

of all positive roots (resp. all negative roots). Define a partial order ≺  on ∗h  

by λμ ≺  if and only if ∑∈ ≥ α∈μ−λ Ii i .0Z  Put αΔ∈α
− ⊕ −
= gn  and 

.αΔ∈α
+ ⊕ +
= gn  Then we have the triangular decomposition ( ) =Ag  

.+− ⊕⊕ nhn  

The Weyl group W of a BKM Lie algebra ( )Ag  is a subgroup of ( )∗hGL  

generated by reflections ( ),reIir i ∈α  where irα  is a reflection defined as 

( ) ( ) ( ).∗∨
α ∈λααλ−λ=λ hiiir  For ,Ww ∈  write ( )wl  for the length of w. 

Henceforth, ( )Ag  will be a symmetrizable BKM Lie algebra unless 

otherwise specified. We also simply denote by g  the symmetrizable BKM 

Lie algebra ( )Ag  associated to the BKM matrix A if no confusion is likely to 

arise. 

Let V be a representation of .g  For ,∗∈λ h  we set 

( ){ }.allfor h∈λ=⋅|∈=λ hvhvhVvV  

If ,0≠λV  then λ is called a weight of the representation V and we call 

λV  the weight space of weight λ. We denote by ( )VP  the set of all weights of 

the representation V. We also call the representation V the weight g -module 
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if each weight space λV  is finite dimensional and V admits a weight space 

decomposition ( ) .λ∈λ⊕= VV VP  When V is a weight g -module, the character 

of V is defined as ( ) ( )( )∑ ∈λ
λ

λ= VP eVVch .dim  

A weight g -module V is said to be integrable if the generators ie  and if  

act on V locally nilpotently for all .reIi ∈  For a given integrable weight           
g -module V and ( ),VP∈λ  it is well-known that λλ = wVV dimdim  for 

Ww ∈  and hence ( )Vch  is invariant under the action of the Weyl group W. 

For each ,∗∈λ h  recall that there exists a unique irreducible highest 

weight g -module ( )λL  with highest weight .∗∈λ h  

We now set ( ) { }λμ|∈μ=λ ∗ ≺hD  for .∗∈λ h  Let O be the category 

of all weight g -modules V such that there exist a finite number of elements 

∗∈λλ hk...,,1  satisfying ( ) ( ).1∪k
i iDVP = λ⊂  If V is an object of O, then 

any submodule U of V and a quotient module UV  are both objects of O. 

Also, direct sums and tensor products of a finite number of modules in the 
category O are again in O. 

For a given symmetrizable BKM Lie algebra ,g  we now take two pairs 

of basis { } hdim,1 ≤≤ jiiu  and { } hdim,1 ≤≤ ji
iu  of h  such that ( ) .ij

i
i uu δ=|  In 

addition, for each ,+Δ∈α  we choose bases { ( )} ( )α≤≤α multi
ie 1  of αg  and 

{ ( ) } ( )α≤≤α− multi
ie 1  of α−g  satisfying ( ( ) ( ) ) .ij

ii ee δ=| α−α  We also define the 

Casmir element of g  as ( ) ( )( )∑ ∑ ∑= Δ∈α
α

= αα−+
++ρ=Ω hdim

1 1 .22 i
mult
i

ii
i

i eeuu  

Then it is well-known that [ ] [ ] 0,, =Ω=Ω ii fe  for ....,,2,1 ni =  If V is a 

highest weight g -module with highest weight λ, then the Casmir element Ω 

acts on V as a scalar operator with eigenvalue ( ).2ρ+λ|λ  
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Let ( )∨ΠΠ,,h  be a realization of the BKM matrix ( ) .,1 njiijaA ≤≤=  

Then we can associate the quasi-Dynkin diagram to A as follows: 

(1) The quasi-Dynkin diagram has n vertices ,...,,1 nαα  where =Π  

{ }....,,1 nαα  

(2) If ji ≠  and ,0<ija  then we connect two vertices iα  and .jα  

(3) If ji ≠  and ,0=ija  then we do not connect two vertices iα  and 

.jα  

Let ∑ = α=α n
i iim1  for the set of simple roots { }....,,1 nαα=Π  Then 

we define the support of α to be a sub-diagram of the quasi-Dynkin diagram 
which consists of the vertices iα  such that 0≠im  and of all edges joining 

these vertices. 

Lemma 2.1. If α is a root of a BKM Lie algebra ,g  then the support of α 

is connected. 

Proof. See [4, Section 5.3] or [11, Lemma 2.35]. ~ 

The following proposition is well-known for Kac-Moody algebras. 

Proposition 2.2. Let g  be a symmetrizable BKM algebra, and let W be 

the Weyl group of .g  For ,Ww ∈  let { ( ) }.1
−

−
+ Δ∈α|Δ∈α=Φ ww  If =w  

mii
rr αα "

1
 is a reduced expression ( )( )wlmei =.,.  for { } ,...,,

1
re

ii m
Π⊂αα  

then we have 

(1) { ( ) ( )}....,,...,,,
11211 mmiii iiiw rrr ααα=Φ
−ααα  

(2) ∑ Φ∈φ φ=ρ−ρ
w

w .  

Proof. Notice that the Weyl group W of the BKM Lie algebra g  is a 

Coxeter group (see [10, Section 2.3]). Thus, the statement (1) follows from 
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the general theory of Coxeter groups (see [7, Lemma 1.4.14]). In addition,            
[7, Corollary 1.3.22] is applied to our case and yields that 

( ) ( )∑
=

αα
∨ ααλ=λ−λ

−

m

k
ii kkiik

rrw
1

11
"  

for .∗∈λ h  

We also obtain from (2.2) that ( )
( )

( ) 1
2

=
α|α
α|ρ

=αρ ∨

kk

k
k ii

i
i  for each ∈α ki  

.reΠ  The second result now follows from (1). ~ 

3. Lie Algebra Homology 

In this section, we review the notion of Lie algebra homology. We refer 
to [6, 7] for more details. 

We first take the irreducible highest weight g -module ( ).ΛL  Write 

( )−∧ n  for the exterior algebra of .−n  We denote by ( )−∧ nk  the space of 

kth homogeneous elements in ( ).−∧ n  Let us consider the chain complex 

 ( ) ( ) ( ) ( ) ( ) ,0
01 ∂−−

∂
− →Λ→→Λ⊗∧→Λ⊗∧→ LLL pp p

"CC nn  (3.1) 

where 

( )vxx pp ⊗∧∧∂ "1  

( ) [ ]∑ <
+ ⊗∧∧∧∧∧∧∧−=

ji pjiji
ji vxxxxxx """ ˆˆ1 1  

( ) ( )∑ ⋅⊗∧∧∧∧∧∧−+
i ipjii

i vxxxxx .ˆˆ1 """  

Then the homology of the chain complex (3.1) is called the Lie algebra 

homology of −n  with coefficients in ( ),ΛL  and we write ( ( ))Λ− LH p ,n  for 
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this Lie algebra homology. Notice that ( ( ))Λ− LH p ,n  acquires an h -module 

structure in a natural way. 

It is easy to see that ( ) ( ) OLp ∈Λ⊗∧ −
Cn  (see the proof of Theorem 

3.1 below). This implies that ( ( )) ., OLH p ∈Λ−n  Thus, ( ( ))Λ− LH p ,n  is 

decomposed into irreducible components ( )μC  as h -modules because 

( ( ))Λ− LH p ,n  is a weight g -module. Here ( )μC  means the one dimensional 

irreducible h -module with highest weight .∗∈μ h  By the definition of weight 

g -modules, each irreducible component ( )μC  occurs only finitely many 

times in the decomposition of ( ( ))., Λ− LH p n  

By the arguments of [8, Proposition 18] and [7, Theorem 3.2.7] for 
symmetrizable Kac-Moody Lie algebras, we obtain the following theorem for 
symmetrizable BKM Lie algebras. 

Theorem 3.1. Let g  be a symmetrizable BKM algebra, and suppose         

that g  has the triangular decomposition .+− ⊕⊕= nhng  Let ( )μC  be  an 

irreducible h -module component of ( ( ))., Λ− LH p n  Then ( )μC  is an 

irreducible h-module component of ( ) ( )Λ⊗∧ − Lp
Cn  and the weight μ 

satisfies that .22 ρ+Λ=ρ+μ  

Proof. Put +⊕= nhp  for the triangular decomposition hng ⊕= −  

.+⊕ n  Then we obtain that as h -modules 

( ) (( ( ) ( ) ( )) ( ))Λ⊗∧⊗⊗ − LU p
UU CC pgg pn

 (3.2) 

( ) ( ( ) ( ) ( ))Λ⊗∧⊗⊗ −−
− LU p

U CCC nn
n

  (3.3) 

( ) ( ).Λ⊗∧ − Lp
Cn  (3.4) 
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From the isomorphism (3.3), we see that ( ( ) ( ) ( )) ( )Λ⊗∧⊗ LU p
U Cpgg p  

,O∈  and hence the action of Casmir element Ω on ( ( ) ( ) ( ))pgg p
p

UU ∧⊗  

( )Λ⊗ LC  is well-defined. Here, the action of Ω on ( ) ( ) ( )pgg p
p

UU ∧⊗  is 

given by left multiplication only on the first factor ( ).gU  

Let us denote by pΩ  the operator on ( ( ) ( ) ( )) ( ),Λ⊗∧⊗ LU p
U Cpgg p  

that is, induced from the action of the Casmir element Ω. On each 

( ) (( ( ) ( ) ( )) ( )),Λ⊗∧⊗⊗ − LU p
UU CC pgg pn

 the operator pΩ⊗1  is equal 

to the action of the element ∑ =+ρ hdim
12 i i

iuu  because ( ) ( ) ( )iii exee α−αα− =⊗ 11  

( ) 0=⊗ α xe i  for ( ( ) ( ) ( )) ( ).Λ⊗∧⊗∈ LUx p
U Cpgg p  If we combine the         

h -module isomorphism (3.4) with the fact ∑ = ∈+ρ h hdim
1 ,2 i i

iuu  then we 

have an h -module map 

( ) ( ) ( ) ( ).:1 Λ⊗∧→Λ⊗∧Ω⊗ −− LL pp
p CC nn  

On the other hand, by the statement (6) in the proof of [7, Theorem 

3.2.7], we see that ( ) ( ) ( ) ( )Λ⊗∧→Λ⊗∧Ω⊗ −− LL pp
p CC nn:1  yields 

a scalar operator ( )ρ+Λ|Λ 2  on the homology ( ( ))., Λ− LH p n  Hence, we 

get that ( ) ( )ρ+Λ|Λ=ρ+μ|μ 22  on the irreducible component ( )μC  of 

( ( ))Λ− LH p ,n  because ∑ =+ρ hdim
12 i i

iuu  yields a scalar map ( )ρ+μ|μ 2  on 

the highest weight module ( ).μC  The theorem now follows. ~ 

4. Main Results 

In this section, we fix the BKM Lie algebra g  associated to a BKM 

matrix ( ) ,,1 njiijaA ≤≤=  and set 

{ ( ) }re
i IiP ∈∈αλ|∈λ= ≥
∨∗

+ allfor0Zh  
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and 

( ) { ( ) }.allfor0 IiPP i ∈≥αλ|∈λ= ∨
++  

We call an element of ( )+P  a dominant integral weight. 

Henceforth, we fix ( ).+∈Λ P  

By [11, Proposition 2.58] and [11, Proposition 2.61], every irreducible 
highest weight g -module with a dominant integral highest weight is 

integrable. Thus, the character ( )( )ΛLch  is invariant under the action of the 

Weyl group W. 

Let us write R for ( ) ( )∏
+Δ∈α

αα−− .1 multe  Then formula (1.1) yields 

that 

 ( )( ) ( )∑
ρ+Λ=ρ+λΛ≤λ

ρ+λ
ρ

λ=Λ
22,

.1 ec
Re

Lch  (4.1) 

From equation (4.1), we obtain that ( )( )Λρ LRche  is W-skew-invariant (i.e., 

( ( )) ( ) ( ) ( ))Λ−=Λ ρρ RchLeRchLew wl1  because we have ( ) ( ) ( ) ReRew wl ρρ −= 1  

and ( ).+∈Λ P  

Let us take a special primitive weight μ associated with ( ).ΛL  By the 

definition of a special primitive weight, we get that 

 22 ρ+Λ=ρ+μ  and ( ) .0≠μc  (4.2) 

Since ( )( )Λρ LRche  is W-skew-invariant and ( ) ,0≠μc  we obtain that for any 

,Ww ∈  

 ( ) ρ+λ=ρ+μw  (4.3) 

for some Λ≤λ  satisfying .22 ρ+Λ=ρ+λ  
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We now have the following proposition: 

Proposition 4.1. Let ( )+∈μ P  and let μ be a special primitive weight 

associated with ( ).ΛL  Then there exists an element Ww ∈′  such that 

( ) .+∈ρ+μ′ Pw  

Proof. Immediate from (4.3) and [11, Lemma 2.72]. ~ 

Lemma 4.2. Let .+∈λ P  If ( ) +∈λ Pw  for some ,Ww ∈  then ( ) .λ=λw  

Proof. Assume that 
sii

rrw αα= "
1

 is a reduced expression of ,Ww ∈  

where { } ....,,
1

re
ii s

Π⊂αα  Since ,+∈λ P  we have ( ) 0≥αλ ∨
i  for all .reIi ∈  

So we get that ( ) 0, ≥λαi  for all .reIi ∈  This implies that ( ) ( )( ) 0, ≥λα ww i  

for all .reIi ∈  In particular, we obtain that 

 ( ( ) ( )) .0, ≥λα ww si  (4.4) 

On the other hand, we notice from [7, Lemma 1.3.13] that ( ) .0≺siw α  

Moreover, it is easy to see from a direct computation that ( )siw α  is a linear 

combination of { }sii αα ...,,1  with integer coefficients. Thus, we should have 

( ) ∑ = α=α s
j iji js

kw 1  with .0≤∈ Zjk  Hence, by the assumption ( ) ,+∈λ Pw  

we have 

 ( ( ) ( )) .0, ≤λα ww
si  (4.5) 

By combining (4.4) and (4.5), we obtain that ( ( ) ( )) ( ) .0,, =λα=λα
ss ii ww  

This yields that ( ) .λ=λα si
r  The lemma now follows by induction on ( ).wl  

 ~ 

In the following theorem, we prove that there exists such a unique 
element Ww ∈  in Proposition 4.1. 
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Theorem 4.3. Let μ be a special primitive weight associated with ( ).ΛL  

Then there exists uniquely Ww ∈  such that ( ) .+∈ρ+μ Pw  

Proof. Suppose that ( ) +∈ρ+μ Pw1  and ( ) +∈ρ+μ Pw2  for some 

., 21 Www ∈  Since ( ) ,0≠μc  we obtain from the W-skew-invariance of 

( )( )Λρ LRche  that ( ) ( )( )pww +λ=ρ+μρ+λ=ρ+μ 2211 resp.  for some 

Λ≤λ1  ( ).resp. 2 Λ≤λ  Then we have ( ) ( ).2
1

21
1

1 ρ+λ=ρ+λ=ρ+μ −− ww  

This implies that ( ) .21
1

12 +
− ∈ρ+λ=ρ+λ Pww  Thus, Lemma 4.2 yields 

that ( ) ρ+λ=ρ+λ−
11

1
12ww  because of ( ) .11 +∈ρ+μ=ρ+λ Pw  Hence, 

we have 

 ( ) .121
1

12 ρ+λ=ρ+λ=ρ+λ−ww  (4.6) 

On the other hand, if ( ) ( ) 0=αρ+μ ∨
iw  for some reIi ∈  and ,Ww ∈  

then we have 

 ( )( ) ( ) ( ) ( ) ( ).ρ+μ=ααρ+μ−ρ+μ=ρ+μ ∨
α wwwwr iii

 (4.7) 

By equation (4.3), we obtain that ( ) ρ+λ=ρ+μw  for some .Λ≤λ  So, the 

W-skew-invariance of ( )ΛρRchLe  and (4.7) yield that ( ) ( ).λ−=λ cc  This 

contradicts to the fact ( ) 0≠μc  because ( ) ( ) ( ) ( ).1 λ−=μ cc wl  

Hence, our assumption ( ) 0≠μc  and equation (4.6) implies that 

 ( ) ( ) 11 ≥αρ+λ ∨
i  for all .reIi ∈  (4.8) 

In equation (4.6), if 
kjj rrww αα

− = "
1

1
12  for { } ,...,,1

re
jj k Π⊂αα  then 

by the proof of Lemma 4.2, we have ( ) .0, 1 =ρ+λα kj  This contradicts to 

(4.8). 

Therefore, we should have .11
12 =−ww  The theorem now follows. ~ 
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The following corollary provides an interesting property of special 
primitive weights. 

Corollary 4.4. Let μ be a special primitive weight associated with ( ).ΛL  

Let w be the element of the Weyl group W satisfying ( ) .+∈ρ+μ Pw  Then 

the isotropy group ( )ρ+μwW  of the dominant weight ( )ρ+μw  is the trivial 

group. 

Proof. Immediate from the proof of Theorem 4.3. ~ 

Now, we decompose a special primitive weight as a sum of weights of 

the spaces ( )−∧ np  and ( ).ΛL  More explicitly, let us assume that μ is a 

special primitive weight associated with ( ).ΛL  Then, by the definition, ( )μC  

is an irreducible h-module component of ( ( ))., Λ− LH p n  So, we see from 

Theorem 3.1 that μ is a weight of ( ) ( ).Λ⊗∧ − Lp
Cn  Thus, we can 

decompose the weight μ as 

 θ+ν=μ  (4.9) 

for ( ( ))−∧∈ν npP  and ( )( ).Λ∈θ LP  

The following lemma is an important ingredient in our main results. 

Lemma 4.5. Suppose that Λ  is a dominant integral weight of the BKM 
Lie algebra .g  Let μ be a special primitive weight associated with ( ),ΛL  

and let w be the unique element of W satisfying ( ) .+∈ρ+μ Pw  (The 

existence and uniqueness of the element w are guaranteed by Proposition      
4.1 and Theorem 4.3.) Then we have ( ) ( ),1 kiiw α++α−Λ=ρ−ρ+μ "  

where { } ,...,,1
im

k Iii ⊂  ( ) 0, =αα ts ii  for ts ii ≠  and ( ) 0=α|Λ si  for all 

....,,1 ks =  

Proof. Set ( ).ρ+μ=ρ+λ w  Then we get from (4.2) and (4.3) that 
22 ρ+Λ=ρ+λ  and ,ρ+Λ≤ρ+λ  respectively. Thus, by applying 
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[11, Lemma 2.7.4] to λ, we obtain that ∑ = α−Λ=λ k
s ii ssm1 ,  where 

{ } ,...,,1
im

k Iii ⊂  ( ) 0, =αα ts ii  for ,ts ii ≠  ( ) 0=α|Λ si  for all ks ...,,1=  

and 1=sim  for si  satisfying ( ) .0<α|α ss ii  However, we will show that 

1=sim  for all ....,,1 ks =  

Consider the irreducible ( )gU -module ( )ΛL  with highest weight vector 

Λv  of the highest weight Λ. Since we have ( ) 0=α|Λ si  for ,...,,1 ks =  we 

see that Λvf s
s
m

i  cannot appear in ( )ΛL  for all s and .1≥∈ Zsm  (Otherwise, 

( ) Λ⋅ vfU s
s
m

ig  yields a non-trivial ( )gU -submodule of ( )ΛL  because ( )
siα|Λ  

.)0=  

Hence, sism α−Λ  is not a weight of ( ).ΛL  Similarly, we obtain that 

 ljlj mm α−−α−Λ "11  is not a weight of ( )ΛL  (4.10) 

for { } { }kl iijj ...,,...,, 11 ⊂  and ( ) ( ){ }.0...,,0...,, 01 −∈ ≥
l

lmm Z  This is due 

to the conditions ( ) 0, =αα ts ii  for ts ii ≠  and ( ) 0=α|Λ si  for all s. 

In addition, both Lemma 2.1 and the condition ( ) 0, =αα ts ii  for ts ii ≠  

yield that 

 any sum of roots in { }kii αα ...,,1  cannot be a root. (4.11) 

We also recall from (4.1) that 

 ( )( ) ( ) ( ) ( )∏ ∑
+Δ∈α ρ+Λ=ρ+τΛ≤τ

ταα− τ=−Λ
22,

.1 eceLch mult  (4.12) 

We note that ( ) 0≠μc  because μ is a special primitive weight. Thus, it 

follows from ( )ρ+μ=ρ+λ w  that ( ) ( ) ( ) ( ) .01 ≠μ−=λ cc wl  So, the 

coefficient ( )λc  appears on the right hand side of (4.12). We already show 
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that λ is of the form .
11 kk iiii mm α−−α−Λ=λ "  However, on the left 

hand side of (4.12), the term kikiii mm
e

α−−α−Λ "11  only can be obtained from 

the product ( ) ( )kii eee α−α−Λ −− 11 1 "  because of the facts (4.10) and 

(4.11). (Here, we point out that ( ) .)1=α simult  Hence, the weight −Λ  

kk iiii mm α−−α "
11

 should be of the form .1 kii α−−α−Λ "  The lemma 

now follows. ~ 

In Lemma 4.5, we should notice that the imaginary simple roots 

kii αα ...,,1  are uniquely determined by the elements μ, ρ, w and Λ. 

By using the following lemma, we can express the weights ν and θ 
appearing on (4.9) in terms of the highest weight Λ and imaginary simple 
roots. 

Lemma 4.6. Let ν and θ be the weights of ( ( ))−∧ nP  and ( ),ΛL  

respectively, that are defined in (4.9), and let { }kii αα ...,,1  and w be as in 

Lemma 4.5. Then we have 

(1) .1Λ=θ −w  

(2) ( ) .
1 kiiw α++α=ν+ρ−ρ "  

Proof. We first notice from (4.9) and Lemma 4.5 that ( ) =ρ+θ+νw  

( ).
1 kii α++α−ρ+Λ "  This yields that 

 ( ) ( ).
1 kiiww α++α+Λ−θ=ν+ρ−ρ "  (4.13) 

On the other hand, for reIi ∈  and ( ) ,0≥∈α Zn  we have 

 ( ) ( ) ( )
{ }

∑∑
α−Δ∈αΔ∈α

α
++

αα+αα−α−ρ=⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
αα−ρ

i
i iii nnnr  (4.14) 

because ( ) 1=αρ ∨
i  for reIi ∈  and ( ) .iiir α−=αα  
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If ( ) ( ( ))∑
+Δ∈α

−∧∈αα− ,nPn  then we immediately see that ( ) ≤αin  

( ) .1=αimult  Thus, equation (4.14) implies that ( ( ))−∧+ρ nP  is W-invariant. 

This gives that ( ) ( ( )).−∧−∈ν+ρ−ρ nPw  Hence, we get that 

 ( ) ∑
∈

≥ α∈ν+ρ−ρ
Ii

iw .0Z  (4.15) 

However, we obtain from Λ≤θw  that 

 ∑
∈

≤ α=Λ−θ
Ii

iw .0Z  (4.16) 

Since { }kii αα ...,,1  is a linearly independent subset of ,∗h  the conditions 

(4.13), (4.15) and (4.16) yield that 

( )
mjjw α++α−=Λ−θ "

1
 for some { } { }

km iijj αα⊂αα ...,,...,,
11

 

and 
( ) ,

1 nllw α++α=ν+ρ−ρ "  

where { } { } { }....,,...,,...,, 111 kmn iijjll =�  

Thus, we have ( ),1 mjjw α++α−Λ=θ "  and this implies that −Λ  

( )
mjj α++α "

1
 is a weight of ( ).ΛL  But, we see from (4.10) that −Λ  

mjj α−−α "
1

 cannot be a weight of ( )ΛL  if .0≠m  Hence, we should 

have .0=m  The lemma now follows. ~ 

We recall from Proposition 2.2 that ( ( ) ),1
1

wlw φ++φ−=ρ−ρ− "  and 

( ( ) )wlφ++φ− "1  is a weight of ( ) .1 wlee φ−φ− ∧∧"  Here =Φ −1w
 

{ ( )}wlφφ ...,,1  and ie φ−  is a root vector corresponding to the negative               

root .iφ−  (Each ie φ−  is unique up to constant factor because iφ−  is a real 

root.) In addition, we obtain from Lemma 4.6 that ( ) +ρ−ρ=ν −1w  

( ).
1

1
kiiw α−−α−− "  
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Let us now take a nonzero vector ( )siw
e

α−−1  in each ( ).1
siw α−−g  (This is 

possible because we have ( ) 1dim 1 =
α−−

siw
g  for each j.) Then it is clear that 

( ) ( )kii ww ee
α−α− −− ∧∧ 1

1
1 "  is a nonzero weight vector with the weight 

( ).
1

1
kiiw α−−α−− "  

The following theorem is the main result of this paper. 

Theorem 4.7. Assume that Λ is a dominant integral weight of the BKM 
Lie algebra .g  Let μ be a special primitive weight associated with ( )ΛL  

which is decomposed as (4.9). We also let w and { }kii αα ...,,1  be as in 

Lemma 4.5. Then the weight space of ( )−∧ n  corresponding to the weight 

( ) ( )kiiww α−−α−+ρ−ρ=ν −− "1
11  is one dimensional space and is 

spanned by 

( ) ( ) ( )
( ) ( ),1

1
11

−+
α−α−φ−φ− ∧∈∧∧∧∧∧ −− nkwl

ww kiiwl
eeee ""  

where { ( )}....,,11 wlw φφ=Φ −  

Proof. It is obvious that the weight of 

( ) ( ) ( )kiiwl ww eeee
α−α−φ−φ− −− ∧∧∧∧∧ 1

1
11

""  

is ( ) ( ).1
11

kiiww α−−α−+ρ−ρ −− "  

Suppose that ( )−β−β− ∧∈∧∧≠ n
l

ee "
1

0  satisfies 

 ( ) ( ),
1

11
1 kiil ww α−−α−+ρ−ρ=β−−β− −− ""  (4.17) 

where { } ....,,1 +Δ⊂ββ l  Then equation (4.17) yields that 

 ( )∑
−Φ∈φ

− α−−α−+φ−=β−−β−
1

1
.1

1

w

kiil w ""  (4.18) 
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If 0≺iwβ  for some i, then by the definition of ,1−Φ
w

 we have ,1−Φ∈β
wi  

and hence iβ  is a real root. So, we get that ( ) .1=βimult  This implies that 

ji β≠β  for all liij ...,,1,1...,,1 +−=  because we assume that "∧β− 1
e  

.0≠∧ β− l
e  

We now cancel the term iβ−  from the both sides of (4.18). (On the right 

hand side of (4.18), we omit the iβ−  from the term ∑
−Φ∈φ φ−

1
.)

w
 

Continuing this way, equation (4.18) gives 

 ( )∑
∈ψ

− α−−α−+ψ−=β−−β−
Q

iimm kp
w ""

11
1  (4.19) 

for some { } { }lmm p ...,,2,1...,,1 ⊂  and .1−Φ⊂
w

Q  

In (4.19), we should notice that 0;smwβ  for all s. We also obtain from 

(4.19) that 

 ∑
∈ψ

ψ=α−−α−β++β
Q

iimm www
kp

0
11

≺""  (4.20) 

because 0≺ψw  for all .Q∈ψ  

Recall from (4.11) that any sum of the roots kii αα ...,,1  cannot be a 

root. However, each smwβ  is a positive root. Thus, equation (4.20) implies 

that each term smwβ  satisfies 

 ss imw α=β  for some s. (4.21) 

By summarizing our argument so far, each iβ  in (4.17) satisfies 

 either 1−Φ∈β
wi  or ( )sii w α=β −1  for some s. (4.22) 
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On the other hand, we get from equation (4.18) that 

 ( ) ( ) ∑
−Φ∈φ

−− =φ+α++α+β−−β−
1

.011
1

w

ks iil ww ""  (4.23) 

Recall that ( ) imimw ++ Δ=Δ′  for any ,Ww ∈′  where im
+Δ  indicates the set of 

the positive imaginary roots (see [11, Section 2.2]). In addition, ∑
−Φ∈φ φ

1w
 

is a sum of positive roots. 

Thus, by combining (4.22) and (4.23), we obtain that .1−Φ+=
w

kl  

This yields that 

{ } { ( ) ( )} 11
11

1 ...,,...,, −Φαα=ββ −−
wiil k

ww �  

 { ( ) ( )} { ( )}....,,...,, 1
11

1 wlii k
ww φφαα= −− �  

The theorem now follows because ( ) 1dimdim 1 ==
α−φ− −

sip w
gg  for all 

( )wlp ≤≤1  and .1 ks ≤≤  ~ 

As a by-product of our results, we now answer to Question 1.2. 

Theorem 4.8. Let ( ),+∈Λ P  and let ( )ΛL  be the irreducible highest 

weight g -module with highest weight Λ. Let μ be a special primitive weight 

associated with ( ),ΛL  and let us decompose μ as θ+ν=μ  for ∈ν  

( ( ))−∧ nP  and ( )( ).Λ∈θ LP  Then we have: 

(1) There exists uniquely an element Ww ∈  such that ( ) .+∈ρ+μ Pw  

(2) Λ=θ −1w  and ( ) ( ),1
11

kiiww α−−α−+ρ−ρ=ν −− "  where ,
1iα  

kiα...,  are uniquely determined imaginary simple roots when we express 

( )( )ρ−ρ+μ−Λ w  as a sum of simple roots. 
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(3) The irreducible component ( )μC  only appears in the Lie algebra 

homology ( ( ))Λ− LH p ,n  at the degree ( ) .kwlp +=  

Proof. The statements (1) and (2) are immediate from Theorem 4.3, 
Lemma 4.5 and Lemma 4.6. 

For the statement (3), we obtain from Theorem 4.7 that μ is a weight of 

( ) ( )Λ⊗∧ − LCn  with multiplicity 1. In addition, the corresponding weight 

vector of μ is 

( ) ( ) ( ) ,11
1

11 Λα−α−φ−φ− −−− ⊗∧∧∧∧∧ www xeeee
kiiwl

""  

where 
Λ−1w

x  is a nonzero weight vector in ( ) .1Λ−Λ wL  

(Notice that ( ) ( ) 1dimdim 1 =Λ=Λ ΛΛ− LL w  because ( )ΛL  is integrable.)  

The theorem now follows. ~ 

References 

 [1] R. Borcherds, Generalized Kac-Moody algebras, J. Algebras 115 (1988), 501-512.  

 [2] D. B. Fuks, Cohomology of Infinite Dimensional Lie Algebras, Consultant 
Bureau, New York, 1986. 

 [3] H. Garland and J. Lepowsky, Lie algebra homology and Macdonald-Kac 
formulas, Invent. Math. 34 (1976), 37-76. 

 [4] V. G. Kac, Infinite Dimensional Lie Algebras, 3rd ed., Cambridge Univ. Press, 
Cambridge, 1990. 

 [5] V. G. Kac, Infinite dimensional Lie algebras and Dedekind’s η-function, Funct. 
Anal. Appl. 8 (1974), 68-70. 

 [6] A. W. Knapp, Lie Groups, Lie Algebras and Cohomology, Princeton Univ. Press, 
1988. 

 [7] S. Kumar, Kac-Moody groups, their flag varieties and representation theory, 
Progress in Math., Vol. 204, Birkhäuser, Boston, 2002. 

 [8] L. Liu, Kostant’s formula for Kac-Moody Lie algebras, J. Algebra 149 (1992), 
155-178. 



Borcherds-Kac-Moody Lie Algebras, Special Primitive Weights ... 23 

 [9] U. Ray, A character formula for generalized Kac-Moody superalgebras, J. Algebra 
177 (1995), 154-163. 

 [10] U. Ray, Automorphic forms and Lie superalgebras, Algebra and Applications, 
Springer-Verlag, New York, Vol. 5, 2006. 

 [11] M. Wakimoto, Infinite dimensional Lie algebras, Transl. Math. Monographs, Vol. 
195, Amer. Math. Soc., Providence, RI, 2001. 


