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Abstract 

In this paper, we aim at presenting the generating relations that involve 
between some Exton’s functions and triple hypergeometric functions. 
We develop these relations via Laplace integral representations of 
Exton’s functions ....,,, 1021 XXX  Also, we have recovered some of 

Exton’s results through these generating relations as the particular 
cases of our results. 

1. Introduction 

The unification of generating functions has great importance in 
connection with ideas and principles of special functions. In this direction, 
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some important steps have been made by researchers namely Singhal and 
Srivastava [1], Chatterjea [2, 3] and Chongdar [4]. Also, the special functions 
have great deal with applications in pure and applied mathematics. They 
appear in different frameworks and are used most frequently in combinatorial 
analysis [5], and even in statistics [6]. In their study, Desale and Qashash [7] 
have obtained a new general class of generating functions for the generalized 

modified Laguerre polynomials ( )( )xLn
α  by group theoretic method. Also, 

they have introduced the bilateral generating function for the generalized 
modified Laguerre and Jacobi polynomials with the help of two linear partial 
differential operators. Further continuing their study [8, 9] they used the 
group theoretic method to obtain proper and improper partial bilateral as well 
as trilateral generating functions. 

In connection with class of generating functions, we extend our ideas to 
obtain new generating relations that involve between Exton’s functions and 
hypergeometric functions, in particularly Appell’s functions, Lauricella 
function, Horn’s functions, Saran’s functions and Gaussian hypergeometric 
functions. We use integral form of Exton’s functions (in the form of Laplace 
integral) to obtain the generating relations between Exton’s functions and 
hypergeometric functions. 

Exton in [10, 11] gave integral representations of some hypergeometric 
functions of three variables, which are denoted by 1021 ...,,, XXX  and 

defined as follows (cf. [10, 11]): 
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The integral representations of these Exton’s functions in terms of Laplace 
integral are given in the following section. 

2. Laplace Integral Representations 
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We use these integral representations of Exton’s functions to obtain the new 
class of generating relations, which are summarized in the form of results 
(3.1) to (3.30) in the following section. 

3. Results 
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w

nxx  (3.29) 
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( ) ( ) ( )∑ ∑
∞

=

∞

=

β− ⎟
⎠
⎞⎜

⎝
⎛

+
+=δγ+β+α

0 0

2
10 21!

121,,;,;,!
n n

nn

z
w

nzzyxnnXn
w  

.21
4,21,;12,;2

1,,14 ⎟
⎠
⎞⎜

⎝
⎛

++
−δγ−δ+β+α⋅ z

z
z

yxnnX  (3.30) 

In all the above relations, 4321 ,,, FFFF  are the Appell’s functions, ( )3
AF  is the 

three variables Lauricella function, 12F  is called Gaussian hypergeometric 

function, 43, HH  are Horn’s functions and GE FF ,  are Saran’s functions of 

three variables. For more details about these functions, one may refer books 
of Srivastava [12, 13]. 

4. Proofs of Results 

To prove the above results, we need the following formulae (cf. [12, 13, 
14] and [15]): 

( ) ( ) ( ),;;exp,;,; 102 xycFyxyxccc −+=Ψ  (4.1) 

( ) ( ) ( ),;;exp,;;, 112 yxcaFyyxcaca −=−Φ  (4.2) 

( ) ( ) ( ),;;exp;; 1111 xcacFxxcaF −−=  (4.3) 

( ) ( ) ,4;12;2
12exp;; 11

2
10 ⎟

⎠
⎞⎜

⎝
⎛ −−−=− xccFxxcF  (4.4) 

( ) ( )
( ) ...,,2,1,0, −−≠λ
λΓ
+λΓ=λ n

n  (4.5) 

( ) ( ) ( ) ,nmnm m+λλ=λ +  (4.6) 

( ) ...,,2,1,0,2
1

222
2 =⎟

⎠
⎞⎜

⎝
⎛ +λ

⎟
⎠
⎞⎜

⎝
⎛ λ=λ n

nn

n
n  (4.7) 

( ) ( )
( ) ,0,!1! nkn

nkn
k

k
≤≤

−
−=−  (4.8) 
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{ ( )} ( ) σ−−σ σΓ=λββαα 222
11

12 2;...,,;...,, ptFtL nmnm  

,4;...,,;2
1,2,...,, 22

112 ⎟
⎠
⎞⎜

⎝
⎛ λββ+σσαα⋅ −

+ pF nnnm  (4.9) 

{ ( )} ( ) ( ) ,;,11
1 α−γ−α−γ λ−γΓ=λγα pptFtL  

( ) ( ) ( ) ,0Re,0Re,0Re >λ>>γ p  (4.10) 

{ } ( ) ( ) ( ) ,0Re,1Re,1 1 >−>+Γ= −− pvpvtL vv  (4.11) 

{ ( ) ( )}xbaFxbaFxL ωσμ ;;;; 111111  

( ) ,,;,;,,11 112
1 ⎟

⎠
⎞⎜

⎝
⎛ σω+μ+μΓ= −μ−

ppbbaaFp  (4.12) 

( ) ( ) ( ) ( ) ,0Re,Re,Re,1Re >ω−σ−ω−σ−−>μ ppp  

where L is the Laplace transform, 22, ΨΦ  are Humbert’s functions, 11F  is 

Kummer’s function (or confluent hypergeometric function) and nm F  is 

generalized hypergeometric function. 

Proof of result (3.1). Let us denote the left hand side of (3.1) by I and 
using (2.1), we have 

( ) ( ) ( )∑ ∫ ∫
∞

=

∞ ∞ −+β−+α−−
+βΓ+αΓ

=
0 0 0

11exp!
n

nn
n

tstsnnn
wI  

( ) ( )dsdtzstysFsxF +δ−γ−⋅ 2
10

22
10 ;;;;  

and then using (4.4), we get 

( ) ( ) ( )( ) ( )∑ ∫ ∫
∞

=

∞ ∞
−+−

+βΓ+αΓ
=

0 0 0
exp21exp!

n

n
txsnnn

wI  

 ( ) .;;4;12;2
1 2

1011
11 dsdtzstysFxsFts nn +δ−⎟

⎠
⎞⎜

⎝
⎛ −γ−γ⋅ −+β−+α  

The functions 11F  and 10 F  in the integrand can be written in its series form, 
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and then interchanging the order of summation as well as the order of 
integral (which is permissible here), we get 

( )

( ) ( ) ( ) ( )∑
∞

= + +βΓ+αΓδ−γ

⎟
⎠
⎞⎜

⎝
⎛ −γ

=
0,,,

!!!!12

42
1

rqpn rqp

rqnp

p
nnrqpn

zywx
I  

( )( ) ( )∫ ∫
∞ ∞ −++β−++++α−+−⋅
0 0

112 .exp21exp dsdttstxs rnrqpn  

Now, use of (4.11) and (4.5) in above equation and then simplifying with 
series manipulation completes the proof of result (3.1). 

Remark 1. The proofs of all results run in the same way, considering the 
appropriate integral representation and Laplace transform during the proof. 

5. Special Cases 

Some generating relations, which believed to be new, can be established 
in this section as the special cases of the results were obtained in previous 
section. 

1. Put 0=y  and 0=z  independently in (3.1), we obtain new generating 

relations between Horn’s function and Appell’s function: 

( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

+
+=δγ+β+α

0 0

2
4 21!

121,;,;,!
n n

nn

x
w

nxzxnnHn
w  

,21,21
4;,12;,2

1,2 ⎟
⎠
⎞⎜

⎝
⎛

++
δ−γ+β−γ+α⋅ x

z
x

xnnF  (5.1) 

( )∑ ∑
∞

=

∞

=

α−+=⎟
⎠
⎞⎜

⎝
⎛ δγ++α+α

0 0

2
4 !

1214,4;,;2
1,2!

n n

n

nxyxnnFn
w  

( )
.21

4,
21

;12,;2
1,21 24 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++

−γδ−γ+α⎟
⎠
⎞⎜

⎝
⎛

+
⋅ x

x
x

ynHx
w n

 (5.2) 

2. If we put 0=y  in (3.3), then we have generating relation between 
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Horn’s function 4H  and Gaussian hypergeometric function :12 F  

( )∑
∞

=
λγβ+α

0

2
4 ,;,;,!

n

n
zxnHn

w  

( ) .4;;2
1,2!1 2

12
0

⎟
⎠
⎞⎜

⎝
⎛ γ++α+α−= ∑

∞

=

β− xnnFn
wz

n

n
 (5.3) 

3. Put 0=z  in (3.5) and 0=x  in (3.7), we have the following generating 
relations between two Appell’s functions: 

∑
∞

=
⎟
⎠
⎞⎜

⎝
⎛ δγ++α+α

0

22
4 4,4;,;2

1,2!
n

n
yxnnFn

w  

( )
n

n
yx

w
nyx ⎟

⎠
⎞⎜

⎝
⎛

++
++= ∑

∞

=

α−
221!

1221
0

 

,221
4,221

4;12,12;2
1,2

1,2 ⎟
⎠
⎞⎜

⎝
⎛

++++
−δ−γ−δ−γ+α⋅ yx

y
yx

xnF  (5.4) 

( )∑
∞

=
δγ+β+α

0
4 ,;,;,!

n

n
zkynnFn

w  

( ) ( ) ( )
( ) ( )

rn

rn

r
k

k
kz

w
rn
n

kz ⎟
⎠
⎞⎜

⎝
⎛

+⎟
⎠
⎞⎜

⎝
⎛

++
+β

++= ∑
∞

=

β−α−
111!!11

0,
 

( ) ( ) .1,11;,;,,2 ⎟
⎠
⎞⎜

⎝
⎛

+++
δγ+δ++β+α⋅ z

z
kz

yrrnnF  (5.5) 

4. Put 0=x  in equations (3.4), (3.9), (3.10), (3.12), (3.13), (3.16), 
(3.21), (3.24) and (3.30), we obtain the following generating relations: 

( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

+
+=λδβ+α

0 0

2
4 21!

121,;,;,!
n n

nn

y
w

nyzynHn
w  

,21
4,21;12,;2

1,,2 ⎟
⎠
⎞⎜

⎝
⎛

++
−δλ−δβ+α⋅ y

y
y

znF  (5.6) 
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( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

−−
−−=βββ+α

0 0
4 1!

11,;,;,!
n n

nn

zy
w

nzyzynFn
w  

( )
,

1
4;;2

1,2 212 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−−
β++α+α⋅

zy
yznnF  (5.7) 

( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

−
−=βββ+α

0 0
4 21!

121,;,;,!
n n

nn

y
w

nyyynFn
w  

,21
2;;2

1,2

2
12 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛

−
β++α+α⋅ y

ynnF  (5.8) 

( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

−
−=δεγ+β+α

0 0
2 1!

11,;,;,,!
n n

nn

z
w

nzzynnFn
w  

,1,1;,;,,2 ⎟
⎠
⎞⎜

⎝
⎛

−−
δεγ−δ+β+α⋅ z

z
z

ynnF  (5.9) 

( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

−
−=δεγ+β+α

0 0
2 1!

11,;,;,,!
n n

nn

z
w

nzzynnFn
w  

,1;;,1;;, 1212 ⎟
⎠
⎞⎜

⎝
⎛

−
δ++αγ−δ⎟

⎠
⎞⎜

⎝
⎛

−
ε+β+α⋅ z

zqnFz
ynnF  (5.10) 

( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

−
−=δβ−δβ+α

0 0
1 1!

11,;;,,!
n n

nn

z
w

nzzynFn
w  

,1;;,12 ⎟
⎠
⎞⎜

⎝
⎛

−
−δβ+α⋅ z

zynF  (5.11) 

( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

−−
−−=ελγβ+α

0 0
2 1!

11,;,;,,!
n n

nn

zy
w

nzyzynFn
w  

,1,1;,;,,2 ⎟
⎠
⎞⎜

⎝
⎛

−+−+
ελγ−εβ−λ+α⋅ zy

z
zy
ynF  (5.12) 
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( ) ( )∑ ∑
∞

=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

−−
−−=γβγβ+α

0 0
2 ,1!

11,;,;,,!
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nn

zy
w

nzyzynFn
w  

 (5.13) 

( ) ( ) ( )∑ ∑
∞

=

∞

=

β− ⎟
⎠
⎞⎜

⎝
⎛

+
+=δγ+β+α

0 0

2
4 21!

121,;,;,!
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w

nzzynnHn
w  
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1,,2 ⎟
⎠
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⎝
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−δγ−δ+α+β⋅ z

z
z

ynnF  (5.14) 

5. If we put 0=y  into equations (3.8), (3.11), (3.12), (3.13), (3.17), 
(3.18), (3.20), (3.23) and (3.26), then we obtain the following relations: 

( ) ( )∑ ∑
∞

=

∞

=

α−+=λγβ+α
0 0

2
4 !

121,;,;,!
n n

n

nxzxnHn
w  

,21,21
4;,12;,2

1,21 2 ⎟
⎠
⎞⎜

⎝
⎛

++
λ−γβ−γ+α⎟

⎠
⎞⎜

⎝
⎛

+
⋅ x

z
x

xnFx
w n

 (5.15) 

( )∑ ∑
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=

∞

=

α− ⎟
⎠
⎞⎜

⎝
⎛

+
+=⎟

⎠
⎞⎜

⎝
⎛ γ++α+α

0 0

2
12 21!

1214;;2
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n n
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x
w
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,21
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xnF  (5.16) 
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=
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⎠
⎞⎜
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−=δεγ+α

0 0
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w
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w  

( )
,1;;2,

1
4;;2
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⎠
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δ++αγ−δ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
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z
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 (5.17) 

( ) ( )∑ ∑
∞
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⎛
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z
xnH  (5.18) 
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6. Now put 0=z  in (3.15), (3.19), (3.22), (3.25) and (3.28), we obtain 
the following relations: 
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7. Now assign the value to x and z to be zero in (3.29), we get the relation 
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8. Here we determine some new relations, which are obtained by 
substituting 0=n  into equations (3.2), (3.3), (3.7), (3.10), (3.11), (3.13), 
(3.17), (3.22), (3.24), (3.25) and (3.26): 
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4,21

4;12,12;2
1,2

1,21 2 ⎟
⎠
⎞⎜

⎝
⎛

++
−γ−β−γ−βα+= α−

x
x

x
yFx  (5.34) 

( )zyxX ,,;,;,,6 δεγβα  

( )
( )

,1;;2,1,
1

;;,1 1223 ⎟
⎠
⎞⎜

⎝
⎛

−
δ++αγ−δ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−

εβα−= α−
z

zqpFz
y

z
xHz  

 (5.35) 

( )zyxX ,,;,;,, 2
7 δγβ−δβα  

( ) ,21
4,21;12,;2

1,,21 2 ⎟
⎠
⎞⎜

⎝
⎛

+−+−
−−γδ−γβα+−= α−

xz
x

xz
zyFxz  (5.36) 
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( ) ( )
( )

,1,
1

;,;,1,,;,,;,, 248 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

λδγα−=λβδγβα α−
y

z
y

xHyzyxX  

 (5.37) 

( )zyxX ,,,,;,,8 ;γβδγβα  

( )
( )

,
1

4;;2
1,21 212 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−−
δ+αα−−= α−

zy
xFzy  (5.38) 

( )zyxX ,,;,,;,, 2
8 γβδγβα  

( ) ,21
4;12;2

1,21 12 ⎟
⎠
⎞⎜

⎝
⎛

−−+
−δ−δα−−+= α−

zyx
xFzyx  (5.39) 

( )yyxX ,,;,,;,, 2
8 γβδγβα  

( ) .221
4;12;2

1,221 12 ⎟
⎠
⎞⎜

⎝
⎛

−+
−δ−δα−+= α−

yx
xFyx  (5.40) 

9. The following results are the Exton’s results, which are obtained by 
Exton in his paper (cf. [11]). We recover these results by substituting 0=n  
into equations (3.1), (3.4), (3.5), (3.6), (3.8), (3.9), (3.12), (3.14), (3.15), 
(3.16), (3.18), (3.19), (3.20), (3.21), (3.23), (3.27), (3.28), (3.29) and (3.30): 

( )zyxX ,,;,;, 2
1 δγβα  

( )
( )

,21
4,21,

21
;12,;2

1,,21 26 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++

−γδ−γβα+= α−
x

x
x

z
x

yXx  

 (5.41) 

( )zyxX ,,;,,;, 2
2 λδγβα  

( )
( )

,21
4,21,

21
;12,,;2

1,,21 28 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++

−δλγ−δβα+= α−
y

y
y

z
y

xXy  

 (5.42) 
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( ) ( ) α−++=λδγβα yxzyxX 221,,;,,;, 22
2  

( )⎜
⎝
⎛ λ−δ−γβ−δ−γα⋅ ;,12,12;,2

1,2
1,3

AF  

,221,221
4,221

4
⎟
⎠
⎞

++++++ yx
z

yx
y

yx
x  (5.43) 

( )zyxX ,,;,,;,2 λδγβα  

( )
( ) ( )

,1,
1

,
1

;,,;,1 222 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−−

λδγβ−λα−= α−
z

z
z

y
z

xXz  (5.44) 

( )zyxX ,,;,,;, 2
4 λδγβα  

( ) ,21,21,21
4;,,12;,,2

1,,,21 ⎟
⎠
⎞⎜

⎝
⎛

+++
λδ−γββ−γααα+= α−

x
z

x
y

x
xFx E  

 (5.45) 

( )zyxX ,,;,,;,4 ββγβα  

( )
( ) ( )

,
1

4,
1

4;,;2
1,21 224 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−−−−
βγ+αα−−= α−

zy
yz

zy
xFzy  (5.46) 

( )zyxX ,,;,;,,6 δεγβα  

( )
( )

,1,1,
1

;,;,,1 26 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−−

δεγ−δβα−= α−
z

z
z

y
z

xXz  (5.47) 

( ) ( )
( )

,1,
1

;;,1,,;,;,, 236 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

δβα−=γδγβα α−
z

y
z

xHzzyxX  (5.48) 

( )zyxX ,,;,;,, 2
7 λδγβα  

( ) ,21,21,21
4;,,12;,,2

1,,,21 ⎟
⎠
⎞⎜

⎝
⎛

+++
λλ−δγβ−δααα+= α−

x
z

x
y

x
xFx G  

 (5.49) 
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( ) ( )
( )

,1,
1

;,;,1,,;,;,, 247 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

−
δγβα−=δγβ−δβα α−

z
zy

z
xHzzyxX  

 (5.50) 

( )zyxX ,,;,,;,, 2
8 ελδγβα  

( ) ( ) ,21,21,21
4;,,12;,,2

1,21 3 ⎟
⎠
⎞⎜

⎝
⎛

+++
ελ−δγβ−δα+= α−

x
z

x
y

x
xFx A  

 (5.51) 
( )zyxX ,,;,,;,,8 ελδγβα  

( )
( )

,1,1,
1

;,,;,,1 28 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−−

ελδγβ−λα−= α−
y

z
y

y
y

xXy  (5.52) 

( )zyxX ,,;,,;,,8 ελδγβα  

( )
( )

,1,1,
1

;,,;,,1 28 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−−

ελδγ−εβα−= α−
z

z
z

y
z

xXz  (5.53) 

( ) ( ) α−−−=ελδγβα zyzyxX 1,,;,,;,,8  

( )
,1,1,

1
;,,;,, 28 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+−+−−

ελδγ−εβ−λα⋅ zy
z

zy
y

zy
xX  (5.54) 

( ) ( )
( )

,1,
1

;,;,1,,;,,;,, 248 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

λδβα−=γλδγβα α−
z

y
z

xHzzyxX  

 (5.55) 

( )22
9 ,2,;;, yxyxX γβα  

( ) ( ) ,21
4,21

4;12;,,2
12121 1 ⎟

⎠
⎞⎜

⎝
⎛

++
−γβα−γ++= β−α−

y
y

x
xFyx  (5.56) 

( )222
9 ,2,;;, xxxX γβα  

( ) ( ) ,21
4;12;,2

121 12 ⎟
⎠
⎞⎜

⎝
⎛

+
−γβ+α−γ+= β+α−

x
xFx  (5.57) 



Generating Relations Between Exton’s Functions ... 113 

( ) ( ) ( ) ,2121,2,;;12, 2
1

2
1222

9
γ−γ− −+=γ−α−γα xxxxxX  (5.58) 

( )2
10 ,,;,;, zyxX δγβα  

( ) .21
4,21,;12,;2

1,,21 14 ⎟
⎠
⎞⎜

⎝
⎛

++
−δγ−δβα+= β−

z
z

z
yxXz  (5.59) 

6. Conclusion 

We used the Laplace integral representations of Exton’s functions given 
by (1.1) to (1.10) to determine the new generating relations (3.1) to (3.30). 
Many of these results are the relations between Appell’s functions ,1F  ,2F  

,3F  ;4F  Lauricella function ( );3
AF  Horn’s functions ,3H  ;4H  Saran’s 

functions ,EF  GF  and Gaussian hypergeometric function .12 F  If we look at 

the special cases (5.1) and (5.2), we see that these are the generating relations 
between Horn’s and Appell’s functions. The relation (5.3) is the generating 
relation between Horn’s and Gaussian hypergeometric functions. (5.4) and 
(5.5) are the generating relations between Appell’s functions. We have seen 
in the section of special cases many of the results from Section 3 reduce to 
Exton’s functions for .0=n  
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