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Abstract

We propose a new extragradient method for the single-valued
variational inequality problem. Our method is proven to be globally
convergent to a solution of the variational inequality problem,
provided the mapping is continuous and pseudomonotone.
Convergence analysis is also presented.

1. Introduction

We consider the variational inequality problem (VIP), which is to find a

vector X* e C such that
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(F(X"), x=x")>0, VxeC, (1)
where C is a nonempty closed convex set in R", F is a single-valued
mapping from R" into itself, and (, -) and | -| denote the inner product and
norm in R", respectively.

Many methods for computing the solution of (1) are projection-type
methods. Projection-type algorithms have been extensively studied in the
literature, see [5, 6, 7, 8, 10] and the references therein. In [6, 8, 10], the next
iterate is a projection of the current iterate onto the intersection of the
feasible set C and the hyperplane. In [3], the next iterate is a projection onto a
halfspace whose bounding hyperplane supports the feasible set C at a certain
point; see also [2]. However, the mapping is required to be Lipschitz
continuous in [3]. In this paper, we introduce an extragradient algorithm for
the VIP and obtain a global convergence theorem, assuming that F is
continuous on C. As claimed in [3], our work is only a theoretical
development although its potential numerical advantages are obvious.

The organization of this paper is as follows: Section 2 provides necessary
concepts and lemmas. Section 3 presents the algorithm and main theorems.
Convergence analysis is reported in Section 4.

2. Preliminaries

F is called pseudomonotone on C, if for any X, y € C,

(F(y), x=y) 2 0= (F(x), x=y) 2 0. )

Let S be the solution set of (1), that is, those points X* e C satisfying
(1). Throughout this paper, we assume that the solution set S of the problem
(1) is nonempty and F is pseudomonotone on C with respect to the solution
setS, i.e.,

(F(y, y-x)=0, VyeC, VxeS. (3)
The property (3) holds if F is pseudomonotone on C.

Let Pc denote the projector onto C and let p > 0 be a parameter.
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Lemma 2.1. x € C solves the problem (1) if and only if
r(x) = X = Pc(x = uF(x)) = 0. 4

Lemma 2.2. Let C be a closed convex subset of R". For any x, y € R"

and z € C, the following statements hold:
(i) (Pc(x) = x, 2= Pc(x)) = 0.
(i) | P () = Pe) P < x =y I = Pe(x) = x+y = Pe(y) .

Proof. See [11].

The proof of the following lemma is easy and we omit it (see Lemma 3.1

in [1], for example).

Lemma 2.3. Forany x € R" and u > 0,
minfl, w100 | < I, (0] < maxl, w100
3. Main Results

Algorithm 3.1. Choose Xy € C and two parameters y, o € (0, 1). Set
i=0.

Step 1. Let k; is the smallest nonnegative integer satisfying
Ki Ki
YOF() = F(Pe (X =y Fxi)) | < of r,ki(x)]- 6)
Set pj = v
et pj =7 "' and
Vi = Pe (X = piF(xi)). (6)
If 1. (i) = 0, stop.
Step 2. Compute Xj,1 = Py.nc (X — piF(Yj)), where
Hi = {x e R" 1 {(x = piF (%)) — yi X~ ¥;) < 0}, ™)

Let i :=1i+1 and goto Step 1.



234 Shenglan Chen and Changjie Fang

Remark 3.1. H; in Step 2 is the halfspace whose bounding hyperplane
supports C at ;.

Remark 3.2. C < Hj. Indeed, in view of Lemma 2.2(i) and (6), we

have
(% —piF()) - ¥i x-Y;)<0, V¥xeC.
Therefore, C < H;.

We first show that Algorithm 3.1 is well defined.

Proposition 3.1. If x; is not a solution of problem (1), then there exists a

nonnegative integer k; satisfying (5).
Proof. Suppose that for all k, we have
k k
vl F(xi) = F(Re O = v F )N || > of 1k (xi) |

Therefore,

I FO0) = F(Re 6 =7 FOa) | > el v 06 |

c .
> —kmm{l, Yk}” n(xi)|
Y

= ol (%), ®)

where the second inequality follows from Lemma 2.3 and the equality

follows from y € (0, 1) and k > 0. Since Pz (-) is continuous and X; € C,
Pe (i — YKF(%)) > X; (K = ). Let k = o in (8), we have

0= F(x)-Fx)[=o]nx)]>o0,
being F continuous on C. This contradiction completes the proof.

Now we obtain the following auxiliary result that will be used for

proving the convergence of Algorithm 3.1.
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Theorem 3.1. Let {x;} be the sequence generated by Algorithm 3.1 and
let x* € S. Suppose that the assumption (3) holds, then
% 12 * 12 2\ .2 2
[ X1 =X 17 <% =7 7 = (1= o)pil n(x) |- ©)
Proof. Since x* € S, it follows from assumption (3) that
(F(yi) i =x7) 2 0. (10)
Therefore,
(FOi) X =X7) 2 (F(Yi), Xis1 = Vi)- (11)

By the definition of H;, we have

(Xis1 = Yis (% = piF (%)) = y5) < 0.

Thus,
(Xie1 = Yi> (5 = piF(Yi) = Vi)
= (i1 = Yi> Xi = PiF (i) = ¥i) + piXi1 = Yin FOG) = F(Yi)
< pifXip1 = Vi F(%) = F(yi)) (12)

Denoting z; = X — piF(Vj),
ErEsds
= Py, (zi) - X" P
=(Py,(zi)— 2 +2i = X", Py, (z) — 2 + 7 = X7)

=l zi = X" [ +] zi = Pu, () I + 2Py, (z0) - 2. 2 - X7).  (13)

Since

2] 2 - Py, (z) I” + 2P, (z1) - 73 2 - X)

= 2(zj = Py, (zi), X" = Py, (7)) <0, (14)
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we get
| zi = P, () P + 2Py, (z0) - 7 7 = X7) < 7 = P, () [P, (15)
Hence,

| Xisr = X" P <z = %" [? =) 2i = Py (z0) I

=1 (i = piF (%) = X" |7 =1 (% = piF(yi)) = Py (z) |2
=% = X" P =% = Xt I+ 20i(X" = Xi41, F(¥i))
<[ % =X P =% = X 17+ 20i(%i = X1, F(¥i)), (16)
where the last inequality follows from (11). Therefore,
I X =X P < =X P =6 = X [P+ 2001 = Xi1, F()
=% =X 1P = (= i+ Vi = st X = i+ Vi~ i)
+2pi(Yi = Xit1, F(yi))
=% =X 1P =% = vi [P =1 vi = %o P
+2(%ip1 = Yis X — PiF (Vi) = Vi)
<Ixi =X 1P =% = vi [P =1 vi = X P
+2pi(Xi1 = Yi» F(4) = F(yi))
<Ixi =X 1P =0 = vi [P =1 vi = X P
+20] X1 = Vi [l o, )
=% =X 1P =% = vi [P =1 ¥i = X P
+20] X1 = Vil % = i Il 17

where the second inequality follows from (12) and the third one follows from
Cauchy-Schwarz inequality and (5).
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In addition,
0< (o X = ¥i | = %is1 = ¥i )
=% % =i IP = 20 s = ¥i [ = Vi [+ vi =% [P (18)
Therefore,
2 2 2
20 X = Vi [l % = yi [ <o®lx =i ["+1vi =% ™. (19)
Combining (17) and (19), we have
| X =X 2 < =X 2 = (1= o) %5 = yi | (20)
By Lemma 2.3,
1% = yi | =1, ()
> min{l, pi }[| 1 (x;)
= pill i (%) |- 1)
It follows from (20) and (21) that
| X =X P <[ % = X" 2 = (1= o?)pf] 1 (%) [ (22)
This completes the proof.

Theorem 3.2. If F:C — R" is continuous on C and the assumption
(3) holds, then the sequence {x;} generated by Algorithm 3.1 converges to a
solution X of (1).

Proof. Let X* € S. Since 0 < & < 1, we have 1 — o2 (0, 1). It follows

from Theorem 3.1 that
(1 =cM)pPln i) P <% = X" P =] xiyq = x" | (23)

It follows that the sequence {|| Xj,; — X" |*} is nonincreasing, and hence is a

convergent sequence. Therefore, {X;} is bounded and
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0< (=)0 [* < | % =X |2 = i =x" P > 0asi— o0,
which implies that

lim pil i(xi) [ = 0. (24)

We consider two possible cases. Suppose first that limsup;_,., pj > 0.
Then, by (24), it must be the case that liminfj_,..| rj(xj)] = 0. Since () is
continuous and {Xj} is bounded, there exists an accumulation point X of

{Xj} such that r;(X) = 0. It follows that X is a solution of the problem (1).

We show next that the whole sequence {x;} converges to X. Replacing x*
by X in the preceding argument, we obtain that the sequence {|| Xj — X |} is
nonincreasing and hence converges. Since X is an accumulation point of
{xi}, some subsequence of {| xj —X |} converges to zero. This shows that

the whole sequence {|| X — X ||} converges to zero, hence limj_,,, X; = X.

Suppose now that lim;_,,, pj = 0. By the choice of p;, we have, for all

ki > 1,

VS FOG) = F(Re (6 =7 RO 1> o £ g1 (%) |

ki —1
zor" I n0),  25)
where the second inequality follows from Lemma 2.3. Therefore,
-1
| F(xi) = F(Pe(xi =y~ piF (X)) || > of ri(xi) [, (26)

Let X be any accumulation point of {Xj} and {Xij} is the corresponding

subsequence converging to X. It follows from (26) that
-1
I F(xi;) = F(Re(xi; =y piF(xi; D) | > of ri(xi; ) . 27)

Letting j — o in (27), we have
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0=[FX)-F&|=oln()l, (28)

being F and P;(-) continuous. Therefore, rj(X) = 0. This implies that X

solves the variational inequality (1). Similar to the preceding proof, we

obtain that lim;j_,,, X; = X.
4. Convergence Rate

Now we provide a result on the convergence rate of the iterative
sequence generated by Algorithm 3.1. To establish this result, we need a
certain error bound to hold locally (see (29) below). The research on error
bound is a large topic in mathematical programming. One can refer to the
survey [9] for the roles played by error bounds in the convergence analysis of
iterative algorithms; more recent developments on this topic are included in
Chapter 6 in [4].

We say that F is Lipschitz continuous on C if there exists a constant
L > 0 such that, forall x, y € C, || F(x)-F(y)|| < L|x-y].

Theorem 4.1. In addition to the assumptions in Theorem 3.2, if F is
Lipschitz continuous with modulus L > 0 and if there exist positive constants
¢ and 6 such that

dist(x, S) < ¢|| r(x)||, for all x satisfying || (x)| < 8. (29)

Then any sequence {x;} generated by Algorithm 3.1 converges strongly to a
solution X of (1) and the rate of convergence is R-linear.

Proof. Put p := min{l/2, L-'ys). We first prove that p; > p for all i. By

the construction of pj, we have pj € (0, 1]. If p; =1, then clearly p; >
%2 p. Now we assume that p; <1. Since pj = yki, it follows that the

nonnegative integer Kj > 1. Thus the construction of kj implies that

ol T (0) | < 7T FO0) = F(Re (i =y SO (30)
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It follows from the Lipschitz continuity of F that
ol rj-1(%i) | < Ly % = P =Y TTFOG) |
= Lpiy | r K -1 (%) [ €2))
Therefore p; > L_lycs > p.
Let x* € Ps(x;). By (9) and (29), we obtain that for sufficiently large i,
dist? (Xis1, S) <[ Xin = X" P < % = X" 2 = (1= 0%)] 1y, () |
<[ % =x" [P = (= *)p? n0) I
<[ % =x" P = (= 0%)p?| ) |2
< dist?(x;, S) - (1 - o2)p>c2dist?(x;, S)
= (1-(1-c%)p2c?)dist?(x;, S), (32)

where the second inequality follows from Lemma 2.3 and the third one

follows from p;j > p. Therefore the sequence {dist(Xj, S)} converges

Q-linearly to zero, and hence {Xj} converges R-linearly to X € S.
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