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Abstract

In this paper, the concept of pv-status, minimum and maximum status
of an IFG is defined. The definition of a self median intuitionistic
fuzzy graph and the necessary and sufficient conditions for an IFG to
be self median are given. Also, we discussed the relationship between
self median IFG, self centered IFG and constant IFG. We analyzed the

conditions for the IFGs, G UGy, G; + G, and G oG, are to be

complete.

1. Introduction

Atanassov and Shannon introduced the concept of intuitionistic fuzzy
(IF) relations and intuitionistic fuzzy graphs (IFGs) in [2, 3, 16, 17].
Intuitionistic fuzzy sets have been applied in a wide variety of fields
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including computer science, engineering, mathematics, medicine, chemistry
and economics. Karunambigai et al. introduced the concept of minmax IFG,
operations of IFG, complements of IFG, constant IFG, totally constant IFG,
isomorphism on IFG, isomorphism on strong IFG, self centered IFG and
discussed all its properties in [11-15]. These concepts lead us to define status,
total status, self median, union and intersection of IFGs and also conditions
for the IFGs G; U Gy, Gy + G5, G; o G, to be complete IFG.

A graph G* is an ordered pair G* = (V, E) comprising a set V of
vertices or nodes together with a set E of edges or lines, which are 2-element
subsets of V. Distance-balanced graphs have first been defined by Handa in
[10]. Distance-balanced graphs are also called self median graphs. An
unweighted, connected graph is distance-balanced (also called self median) if
there exists a number d such that, for any vertex v, the sum of the distances
from v to all other vertices is d. A graph is self median if its median is the
whole vertex set. Thus, a graph G is self median if and only if the value
dg(v) is constant over all vertices v of G. Balakrishnan et al. [5] noticed that

a connected graph G is distance-balanced if and only if it is self median.
Thus, the concepts of distance-balanced and self median are the same.
Distance-balanced graphs are relevant in the area of facility location
problems because the median of a graph comprises of vertices that have a
minimal sum of distances to all other vertices [4]. They are also useful in
mathematical chemistry.

For a scenario, the service facilities like bank, hospital and fire-station
should be located in centralized location in a district or an area. When
deciding where to locate a service facility, we have to minimize the average
distance that a person travelled to the service facility. This is equivalent to
minimizing the total distance travelled by all people within the district. For
such situations, the concept of median is described.

The status of a vertex v; is denoted by S(vj) and is defined as S(v;) =

> 8(vi, Vj). The total status of a fuzzy graph G is denoted by t[S(G)]
VVJ' eV
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and is defined as t[S(G)] = D_ S(v;j). The median of a fuzzy graph G is the
eV

set of nodes with minimum status. A graph G is distance-balanced if and

only if G is transmission-regular. Let G and H be nontrivial and regular

graphs. Then the symmetric difference G @ H is distance-balanced. A fuzzy

graph G is said to be self median if all the vertices have the same status.

Every self median fuzzy graph is a self centered fuzzy graph. Every cube Qp

is self median fuzzy graph. The notion of the eccentric digraph of a graph
was introduced by Buckley [7]. This construction was refined and extended
by others, including Boland and Miller [6], to any digraph. This has led to
the study of the behavior of the iterated application of this operator (see
Gimbert et al. [9]) (the notion of the eccentric graph of a graph was
introduced by Akiyama et al. [1]). The center of a graph is the set of vertices
with minimum eccentricity. Graphs in which all vertices are central are called
self centered graphs. Let G be a graph. Then the eccentric digraph ED(G) is

symmetric if and only if G is self centered. The notion of self centered fuzzy
graphs was introduced in [18]. Interconnection networks are universal in
today’s society, for example, telecommunications networks, flight routes and
social networks. The topology of the above network is usually built or
designed using directed/undirected graph depending upon application. In all
cases, there are some common fundamental characteristics of networks such
as the number of nodes, number of connections at each node, total number of
connections, clustering of nodes, etc. Many of the most important basic
properties, underpinning the functionalities of a network, are related to the
distance between the nodes in a network, eccentricities of the nodes, the
radius of the network and the diameter of the network (see [8]).

In this paper, we shall survey the results on operations on IFG and
present several new results. In the next section, we have given the basic
definitions of an intuitionistic fuzzy graph theory, in Section 3, we provide
the characterization of self median intuitionistic fuzzy graphs, when the crisp
graph is cycle and also the relationship between self median IFG, self
centered IFG and constant IFG. In Section 4, we analyzed the conditions for
the IFGs G; U Gy, G; + Gy, Gy o G, to be complete IFG.
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Notations

Throughout this paper, we consider G : (u, v, V, E) as minmax IFG
and all the properties are analyzed only for minmax IFG.

2. Basic Definitions

In this section, we give the basic definitions and state the theorems which
are used to construct the forthcoming theorems.

Theorem 2.1 [11]. Every complete intuitionistic fuzzy graph G : (V, E)

is a self centered IFG and 1, (G) = ui r,(G) = vi where py; is the least
1i 1

and vy; is the greatest.

Theorem 2.2 [12]. Let G : (u, v, V, E) be an IFG where crisp graph G
is an odd cycle. Then G is a constant IFG if and only if (uo, v,) is a
constant function.

Theorem 2.3 [12]. Let G : (u, v, V, E) be an IFG where crisp graph G
is an even cycle. Then G is a constant IFG if and only if either (u,, v5) is a

constant function or alternate edges have same membership values and non-
membership values.

Theorem 2.4 [11]. Let G : (u, v, V, E) be a connected IFG with path
covers P, and P, of G. Then the necessary and sufficient condition for an
IFG to be self centered IFG is

Sp.(vi' Vj) = dM(G)’ V(Vi, Vj) € RL and
8y (Vi, Vj) = 1,(G), (v, vj) € Py. (1)

Definition 2.1 [14]. An intuitionistic fuzzy graph (IFG) is of the form
G :{w, v,V, E) issaid to be a minmax IFG if
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(i) V = {vg, V1, ..., vy} such that uy :V —[0,1] and v;:V — [0, 1]
denote the degree of membership and non-membership of the element
vi eV, respectively, and 0 < py(vj)+vqi(vi) <1, for every vjeV

i=12 ..n),

(i) E<cV xV, where up :V xV — [0,1] and v, :V xV — [0, 1] are
such that

R (v, Vi) < min(ug (vi), pa(vj)),
va(Vi, vj) < max(vy(vi), vi(vj))

denote the degree of membership and non-membership of an edge (v;, vj)
e E, respectively, where 0 < py(vj, vj) + v (v, vj) <1, forevery (vj, vj)

e E.

Definition 2.2 [15]. Let Gy : (u, v, Vq, E;) and G, : (u, v, V, Ep) be
two IFGs. Then the join of G; and G, is an IFG, denoted by G; + G, =
(Vy UV,, E; UE, U E') and is defined as

(g + 1) (vi) = (g U pp) (%) if v €V UVy,

(vi +v)(vj) = (v UvD(v) if vi eVE UV,

(Mg +n2) (Vi, Vi) = (ug Una) (vi, vj) if (vi, vj) € B U By,
(h2 +12) (v, vi) = min(ug(vi), w(vy)) if (v, vj) € E',

(vo + V) (v, Vj) = (vo U V) (Wi, v)) i (v, v) € By U Ey,
(vo +V2)(vi, vj) = max(vi(vi), vi(vj)) if (v, vj) e E',

where E' is the set of all edges joining the vertices of V; and V5.
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Definition 2.3 [15]. Let G = G; x G, ={u, v, V, E") be the Cartesian
product of two graphs G; and G, where V =V; xV, and

E" = {(ug, up)(up, v2) 1 Uy €V, V(up, Vo) € Ep}
U{(ug, v2) (v, v2) 1V €V, V(ug, vi) € Eg .

Then the Cartesian product of G; and G, is an IFG, denoted by G; x G,
and is defined as G; x G, = (u, v, V, E"), where

(i) (u1 > pg)(ug, Up) = min(ug(ug), py(uz)), ¥(ug, Up) € Vy x Vo and
(v x v1)(Ug, Up) = max(vi(uy), vi(up)), ¥(uy, up) € Vg xVy.

(i) (n2 x puo)(ug, uz)(ug, v2) = min(ug(uy), pa(uz, v2)), Vup €V and
(U2, v2) € Ep and  (vp x v3)(ug, Uup)(ty, V) = max(vy(ug), v(uz, v2)),
Vup eV and (up, vp) € Ep.

(iii) (2 x u2)(ug, uz)(vy, uz) = min(ui(uz), po(ug, vi)), Vup € Vp and
(u, vp) € Epand (vp x v5)(ug, up)(vy, Up) = max(vi(uz), vo(uy, V1)), Vup
eV, and (up, vp) € E;.

Definition 2.4 [15]. Let G = G; o G, = (u, v, V, E) be the composition
of two graphs G, and G, where V =V, oV, and

E = {(ug, up)(ug, v2) 1 up €V, V(up, V) € Ep}
U{(ug, vo) (v, Vo) 1V € Vo, V(ug, Vi) € By}
U {(uy, up) (v, v2) @ (ug, vi) € By, Vup # Vol

Then the composition of G; and G, is an IFG, denoted by G; - G, and is
defined as

(i) (ug o ) (ug, Uup) = min(ug(ug), py(uz)), V(uy, Up) € Vg xV; and

(v o vi)(ug, up) = max(vq(ug), vi(up)), V(uy, up) € Vy x V.
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(i1) (ng o ph)(ug, up)(ug, Vo) = min(ug(uy), po(uz, Vo)), Yug € Vp and
(up,vo) € Ep and  (vg o vh)(Up, Up)(ug, Vo) = max(vy(uy), vo(uy, Vvp)),
VUl EV]_ and (U2, V2) € E2.

(i) (n2 o ) (ug, uz)(vy, uz) = min(uy(uz), pa(uy, V1)), Yuz € Vo and
(ug, vi) € Ep and (vo o v5)(Ug, Up)(vy, Up) = max(vi(uy), va(ug, vi)), Vuy
eVyand (ug, vp) € Ep and (uy o u%)(ug, Up)(vy, Vo) = min(uy(uy), pi(ve),
pa(ug, v)), V(ug, Up)(vy, v2) € E - E" and

(vg o V) (ug, Up)(vy, Vo) = max(vi(up), vi(vp), va(us, vp)),
V(ug, up)(vy, Vo) € E - B,
where
E" = {(ug, up)(ug, vo) 1 up € Vg, Y(ug, Vo) € Ep}
U {(ug, vo)(vi, vo) 1 vp € Vy, V(up, Vi) € B}

Definition 2.5 [11]. Let G : (u, v, V, E) be a connected IFG. Then the

u-length of a path P :vy, vy, ..., vy in G, I“(P), is defined as I“(P) =

Zn—l 1

=1y (Vi Vigg)
Definition 2.6 [11]. Let G : (u, v, V, E) be a connected IFG. Then the
v-length of a path P:vq, vy, .., v, in G, I,(P), is defined as I,(P) =

Zn—l 1

=Lva(Vi, Visy)”
Definition 2.7 [11]. The pv-length of a path P :vy, vy, ..., v, in G,
| (P), is defined as 1,,,(P) = (I, 1,).
Definition 2.8 [11]. Let G : {(u, v, V, E) be a connected IFG. Then the
u-distance, Su(vi, Vj ), is the smallest p-length of any v; — vj path P in G,

where v;, vj e V. Thatis, 8, (v;, vj) = min(l,(P)).
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Definition 2.9 [11]. Let G : {u, v, V, E) be a connected IFG. Then the
v-distance, 3,,(v, vj), is the smallest v-length of any v; —v; path P in G,

where v;, vj e V. Thatis, 3, (v;, vj) = min(l, (P)).

Definition 2.10 [11]. Let G : (u, v, V, E) be a connected IFG. Then the
distance, 8(v;, vj), is defined as 8(vi, vj) = (8, (vi, vj), 8, (vi, vj)).

Definition 2.11 [11]. Let G : (u, v, V, E) be a connected IFG. For each
Vi €V, the p-eccentricity of v;, denoted by e, (v;) and is defined as e, (v;) =

max{d,, (vi, Vj):vi €V, Vj # Vj}.

Definition 2.12 [11]. Let G : (u, v, V, E) be a connected IFG. For each
vj €V, the v-eccentricity of v;, denoted by e, (vj) and is defined as e, (v ) =

min{3, (v, vj):vi €V, v # vj}

Definition 2.13 [11]. Let G : (u, v, V, E) be a connected IFG. For each

vj €V, the eccentricity of v;, denoted by e(vj) and is defined as e(v;j) =
(eu(vi), ey(vi)).

Definition 2.14 [11]. Let G : (u, v, V, E) be a connected IFG. Then the
p-radius of G is denoted by r,(G) and is defined as r,(G) = min{e, (v;)
Vi € V}

Definition 2.15 [11]. Let G : (u, v, V, E) be a connected IFG. Then the

v-radius of G is denoted by r,(G) and is defined as r,(G) = min{e, (v;):
Vi € V}.

Definition 2.16 [11]. Let G : (u, v, V, E) be a connected IFG. Then the
radius of G is denoted by r(G) and is defined as r(G) = (r,(G), r,(G)).

Definition 2.17 [11]. Let G : {u, v,V, E) be a connected IFG. Then
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the p-diameter of G is denoted by d,(G) and is defined as d,(G) =

max{e, (vi) : vj € V}.

Definition 2.18 [11]. Let G : (u, v, V, E) be a connected IFG. Then the
v-diameter of G is denoted by d, (G) and is defined as d,,(G) = max{e,(vj)
Vi eV}

Definition 2.19 [11]. Let G : (u, v, V, E) be a connected IFG. Then the
diameter of G is denoted by d(G) and is defined as d(G) = (d,(G), d, (G)).

Definition 2.20 [11]. A vertex v;j €V is called a central vertex of a
connected IFG G : (u, v, V, E), if r,(G) = ¢,(v;) and r,(G) = e, (v;) and
the set of all central vertices of an IFG is denoted by C(G).

Definition 2.21 [11]. (C(G)) = H : (W, Vv, V', E) is an IF subgraph of
G:(u, v,V, E) induced by the central vertices of G, is called the center of G.

Definition 2.22 [11]. A connected IFG G :{(u, v,V, E) is a self

centered graph, if every vertex of G is a central vertex, that is, ru(G) =

e, (vi) and r,(G) = e,(vj), Vv; e V.

3. Self Median Intuitionistic Fuzzy Graphs

In this section, we study briefly about the self median IFG. First, let us
understand the basic terminologies which are needed and then we start with
the condition for an IFG to be self median. Also, we give the relationship
between self median, self centered IFG and constant IFG.

Definition 3.1. Let G:{(u, v,V, E) be a connected IFG. Then the

u-status of a vertex v; is denoted by S, (v;) and is defined as S, (v;) =

Z Su(vi' Vj)

VVJ' eV
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Definition 3.2. Let G:(u, v,V, E) be a connected IFG. Then the

v-status of a vertex v; is denoted by S, (v;) and is defined as S, (v;) =

Z Sv(vi’ Vj)

VVj eV

Definition 3.3. Let G:{(u, v,V, E) be a connected IFG. Then the
uv-status of a vertex v; is denoted by S,,,(v;) and is defined as S, (v;) =
(S (Vi) Sy (vi)).

Example 3.1. In the following Figure 3.1, the IFG is G : (u, v, V, E)

suchthat V = {vi, Vo, v3, Va4, E ={(v1, V2), (V2, V3), (V3, V4). (V4, V1)}.

\1[[;’2,1;“3) (153’”3) Vz(l.-"3,1;"4]
(1/2,1/3) (1/3,1/4)
v,(1/2,1/5)  (1/2,1/4) v,(1/2,1/4)

Figure 3.1. Intuitionistic fuzzy graph.
By routine calculations, we have
8, (v1, Vo) =3, 8, (v, v3) = 4, 8, (v1, Vg) = 2, 8,,(vo, v3) =3,
8, (V2, V4) =5, 8,,(v3, Vg) = 2, 8, (v, Vo) =3, 8, (v, V3) = 7,
Sy(v, vgq) =3, 8,(v2, v3) = 4, 8,(v2, V4) = 6, 8 (v3, v4) = 4,
Su(vp) =9, S, (v2) =11, S, (v3) = 9, S, (v4) =9, Sy (vy) = 13,
S,(vy) =13, S, (v3) =15, S, (v4) = 13.

Therefore, S, (v1) = (9, 13), S, (v2) = (11, 13), S,,,,(v3) = (9, 15), S,y (Va)
= (9, 13).
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Definition 3.4. Let G:(u, v,V, E) be a connected IFG. Then the

minimum p-status of G is denoted by m[S,,(G)] and is defined as m[S,(G)]
= min(S,(vj)), Yvj € V.

Definition 3.5. Let G:(u, v,V, E) be a connected IFG. Then the
minimum v-status of G is denoted by m[S,,(G)] and is defined as m[S,,(G)]
= min(S,(v;)), Vv; € V.

Definition 3.6. Let G:(u, v,V, E) be a connected IFG. Then the

minimum pv-status of G is denoted by m[S,,(G)] and is defined as
m[Spv(G)] = (m[su(G)]! m[SV(G)])
Definition 3.7. Let G:(u, v,V, E) be a connected IFG. Then the

maximum p-status of G is denoted by M[S,(G)] and is defined as M[S,(G)]
= max(S,(vi), Vvj e V).
Definition 3.8. Let G:(u, v,V, E) be a connected IFG. Then the

maximum v-status of G is denoted by M[S,,(G)] and is defined as M[S,,(G)]
= max(S, (vj), Vv; e V).

Definition 3.9. Let G:(u, v,V, E) be a connected IFG. Then the
maximum pv-status of G is denoted by M[S,(G)] and is defined as

M [SHV(G)] = (M [S“(G)], M [Sv (G)])

Example 3.2. In the following Figure 3.2, the IFG is G : (u, v, V, E),

suchthat V = {v{, Vo, v3}, E = {(v1, v2), (v, v3), (V3, V1)}-.
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v, (1/2,1/3)

(1/3,1/3) (1/4,1/3)

v,(1/3,1/4) (1/4,1/4) v,(1/4,1/5)

Figure 3.2. Intuitionistic fuzzy graph.

By routine calculations, we have
8, (v1, Vo) = 4, 8, (vi, v3) = 3, 8, (Vp, v3) = 4, 8, (v, V) = 3,
8y (v1, v3) =3, 8,,(va, v3) =4, Sy () =7, S (v2) =8,
S.(v3)=7,8,(v1) =6, S,(v2) =7, S,(v3) =T7.
Therefore, S, (v1) = (7, 6), S;,y(v2) = (8, 7), Suy(va) = (7, 7). m[S,,,(G)]
= (7,6), M[S,,(G)] = (8, 7).
Definition 3.10. The total p-status of an IFG G is denoted by t[S(G)]

and is defined as t[S,, (G)] = >, S,(vj).
VVi eV

Definition 3.11. The total v-status of an IFG G is denoted by t[S,,(G)]

and is defined as t[S,(G)] = > S, (v;).
VVi eV

Definition 3.12. An IFG G : (u, v, V, E) is said to be self median if all

the vertices have the same status. In other words, G is self median if and only
if m[SuV(G)] =M [Suv(G)]'

Example 3.3. In the following Figure 3.3, the IFG is G : {u, v, V, E),

suchthat V = {vi, Vo, v3, Vg}, E = {(vy, v2), (v2, V3). (V3. Vg), (V4, V1)}.
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v(112,13)  (173.1/3) v,(1/3,1/4)
(1/3,1/4) (173,1/4)
v,(1/2,1/5)  (1/3,1/3) v,(1/2,1/3)

Figure 3.3. Self median IFG.

By routine calculations, we have

Oy (V1, V2) =3, 8, (v1, v3) = 6, 8, (v1, v4) = 3, 8, (V2, v3) = 3,

Oy (V2, V) = 6, 8,,(V3, Vg) =3, 8, (v, Vo) =3, 8, (v, V3) = 7,
Oy(v, Vg) =4, 8,(v2, V3) = 4, 8,(v2, V4) =7, 8,(V3, V4) = 3,
S,(v) =12, S,(vp) =12, S, (v3) =12, S, (v4) =12, S, (vy) = 14,
S,(vp) =14, S, (v3) =14, S, (v4) = 14.

Therefore, S, (v) = (12,14), Sy, (v2) = (12,14), S, (v3) = (12,14), S, (v4)
=(12,14) and t[S,,,, (G)] = (48, 56). Here, S, (v;) = (12, 14), Vv; € V. Hence

G is self median intuitionistic fuzzy graph.

Definition 3.13. Let Gy : (u, v, Vy, Eq) and Gy : (u, v, Vo, E,) be two
IFGs. Then the union of G; and G, is an IFG, denoted by G; UG, =
(V{ UV,, E; U Ey) and is defined as

pa(vi), Vi €Vp —Vy,
(g U ) (v) = 1pi(vi), Vi Vo =V,
max(ug(vi), pa(vi)), v € Vi NVa,
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vi(v;), Vi €V —Vy,
(v1 U vi)(vi) = yvi(vi), Vi €Vp =V,

min(vy(vi), vi(vi)), Vi eV NV,

(n2 Uno)(vi, vj)

K 2ij» &j € E; - E,,
i) &jj € Ex — B,
= s max(ua(vi, Vi), ma(vi, vj)), (vi,vj) e EtNEy,

min((png U pg) (vi), max(ug(vj) (Vi) Vi eVi=Va, vj eViV; and

eij € El_EZ or eij € E2 - El’

(v2 Uva)(vi, vj)

V2ij» eij e B - Ey,
V,2ij' eij € E2 — El,
= ymin((v Uv1)(vi), (v Uv1)(vj)), (i, vj) e B NEy,

max((vy Uvi)(vi), min(vy(vj), vi(vj))) Vi €Vi=Vo,vj V3NV, and

eij € E]_— E2 or eij € E2 — El’

where (g, v1) and (uf, vi) refer the vertex membership and non-membership
of Gy and Gy, respectively; (u,, vo) and (u5, v5) refer the edge membership

and non-membership of G; and G, respectively.

Example 3.4. In the following Figure 3.5, the IFGs are G :
(w, v, Vy, E;) and Gj :{u, v,Vy, Ep) such that Vi = {v;, v, Uz}, E;=
{(ve, v2), (vi, Ug), (U3, v2)f, Vo = {vy, Vo, V3, Vg, Ep ={(vy, Vo). (v2, v3),
(V3, Va) (vg, v)} and Vi UV = {vy, v, V3, Vg, Uz}, Ep UEp ={(vy, vp),

(2, V3), (3, Va), (Va, V1), (v1, Ug), (U3, V2)}-
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%(0.2,0.5) v(0.60.4) (0.1,03)  %(03.03)

(0.2,0.4) (0.2,0.4) (0.5,0.4) (0.2,0.4)

0.3,03) U 0.8,0.1)
v,(0.4,03) ( ) Y v,(0.7,0.3) (0.5,0.2) v,(0.5,0.4)

Figure 3.4. G, and G,.

v,(0.6,0.4) (0.1,0.3) v4(0.3,0.5)

(0.6,0.4) (0.3,0.5)

v,(0.7,0.3) (0.5,0.3) v0.5,0.3)

(0.5,0.3)

1,(0.8,0.1)

Figure 3.5. G; U Gy.

Definition 3.14. Let Gy : (u, v, Vy, Eq) and G, : (u, v, Vo, E,) be two
IFGs. Then the intersection of G; and G, is an IFG, denoted by G; N G, =
(Vi NV,, E; N E,) and is defined as

py (Vi), Vi € Vg —Vy,
(g N pp) (Vi) = 1ua(vy), Vi € Vo =V,
min(uy(vi ), m(vi)), v € Vi NVy,
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vi(vp), Vi €V —Vy,
(v1 Nv1) (vi) = {vi(vi), Vi €Vp =V,
max(vy(vi), vi(vj)), v e Vi NV,

(n2 Muo)(vi, vj)

K 2ij» gj € E; - Ey,
H2ij» &j € Ex — By,
= smin((vy Nvy) (Vi) min(vy(vj), vi(vj))) Vi €Vi=Va,vj eV NV, and

eij € E]_—E2 or eij S Ez—El,

min(pa (Vi, Vi), m2(vi, V), (vi,vj)e E1NEy,

(v2 Nv2)(vi, vj)

V2ijs eij e B - Ey,

V,2ij' eij € E2 — El,

= smax((vi N v1)(vi), max(vy(vj), vi(vj)), Vi €Vi=Vo,vjeViNV; and

eij € El_ E2 or eij € E2 — El’

max(vo(vi, V), va(Vi, Vj)), (vi,vj) e Bt NEy,

where (g, v1) and (uf, vi) refer the vertex membership and non-membership
of G; and G,, respectively; (uy, vy ) and (u5, v5) refer the edge membership

and non-membership of G; and G, respectively.

Example 3.5. In the following Figure 3.6, the IFGs are G :
(w, v, Vy, E;) and Gy :(u, v, Vo, Ep) such that Vy = {vj, vp, ug}, E; =
{(ve, v2), (vi, ug), (U3, v2)f, Vo ={vy, Vo, V3, Va}, Ep = {(vy, Vo). (V2, V3),
(v3, Vg) (vg, v)} and Vi NVy = {v, Vo, V3, Vg, Uz}, Ep N Ep = {(vy, Vo),

(2, V3), (3, Va4), (Va, V1), (v1, Ug), (U3, V2)}-
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v(0.6,0.4)

(0.2,0.6) ¥(0.5,0.4)

v(0.4,0.3) (0.2,0.6) (0.4,0.3)

(0.4,0.4)
(0.3,0.3)

v(0.5,0.4) 02,0.4) (03,0.4) w0.403)  (0.1,0.6) v,(0.2,0.8)

Figure 3.6. G; and G,.

v(0.4,0.4)

v,(0.3,0.4)

(0.1,0.6)

(0.2,0.8) v,(0.2,0.8)

v(0.4,0.3)

Figure 3.7. G; N G,.

Theorem 3.1. Let G : (u, v, V, E) be an IFG where crisp graph G is an
odd cycle. Then G is self median IFG if and only if (u,, vo) is a constant
function.

Proof. If (uy, vo) is a constant function, say p, = ¢; and v, = ¢, for
all vj,vjeE, then S, (vj)=k, S,(vj)=1p, Vv; eV. Hence G is self
median IFG.

Conversely, suppose that G is self median IFG.
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Let e, es, ..., &5541 be the edges of G in that order. Let us assume that
(12, v2) is not a constant function. Then S, (vj) = S, (vj) and S, (v;) =
Sy(vj), for some i, j, where i= j, i, j=1 2, .., n. Hence G is not self

median, which is a contradiction. Therefore, (u,, v,) is a constant. O

Theorem 3.2. Let G : (u, v, V, E) be an IFG where crisp graph G is an
even cycle. Then G is self median IFG if and only if either (uy, vy) is a

constant function or alternate edges have same membership values and non-
membership values.

Proof. If either (u,, vo) is a constant function or alternate edges have

same membership values and non-membership values, then G is a self
median IFG. Conversely, suppose G is a self median IFG. Let ¢, ey, ..., &5y,

be the edges of even cycle G™ in that order. Since G is a self median IFG
and also crisp graph G is an even cycle, S, (v;) issame forall i =1 2, ..., n.

Thatis Sy (v1) = S, (vp) =--- = S (vy). Let us assume that (pp, vo) is not

a constant function and alternate edges have different membership values and
non-membership values. Then S, (v;) = S, (vj) and S,(v;) # S, (vj), for

some i, j, where i = j, i, j=1 2,..,n Hence G is not a self median,
which is a contradiction. Therefore, (u», v,) is a constant function and
alternate edges have same membership values and non-membership values. [J

Proposition 3.3. Every complete IFG is not a self median IFG.

Theorem 3.4. In a complete IFG G:(u, v,V, E), M [SH(G)] =
(n=Dr,(G), m[S,(G)] = (n-r,(G).

Proof. Let G : (u, v, V, E) be a complete IFG and n be the number of
vertices in G, say Vq, Vs, ..., V. Let py(vq) be the least. Then py(vq, vj) =

w(v), Vi=2,3, .., n, which implies 5H(V1: Vi) = 1 and SH(vi, vj)

b (vy)
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=i, where i = j,i=2,3..,n j=12, .. n But

H2ij
L1 > L, since pq(vq) is least. (2)
up(ve) © mojj
1 . .
Therefore, e, (vi) = max(d,,(vi, Vi)) = ——, where i # j, Vi, j=1, 2,
H( i) ( u(l j)) b (V) J J
. 1 ..
..., n,and r,(G) = min(e, (v;)) = ——. The p-status is given by S, (v ) =
u( ) ( u( I)) Ml(vl) 1 g y p( 1)
> 8y (v1, vi) = (n —1)-L, Vi=23, ..,n, since G is complete and
Vi £V; Hl(vl)
17Vi
Su(vi) = > 8,,(vi, vj), where i=2,3 ..,nand j= 12 .., n Buthy

Vi ¢VJ'

equation (2), S (v) > S (vj), Vi =2, 3, ..., n. Therefore,

M [SH(G)] = Sp(vl)

= Zap(vlv Vi)

i=2

1
by (vy)

M[S,(G)] = (n-1)r,(G).

=(n-1)

Let vi(vy) be the greatest. Then vo(vq, Vi) =vq(vy), Vi=2,3 ...,n

. . . 1 1 . .

which implies 8, (vq, vi) = ——— and &,(vi, vi) = ——, where i = j,

p v(V1, Vi) vi(v) v(vi j) vai J
i=23..,n j=12, ..,n But

1 1 . .
—— < ——, sInce vq(Vvq) IS greatest. 3
Vl(Vl) V2ij l( l) g ( )

Therefore, e, (vj) = min(3,,(v;, vj)) = VL where i # j, Vi, j=1 2,
1

(i)'
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N, and r,(G) = min(e, (vj)) = L The v-status is given by S, (v) =
v1(vy)

D> 8,(v, vi) =(n —1)-L, Vi=2,3, ..,n, since G is complete and

17Vi

Sy(vi)= D) 8,(vi, Vj), where i =2,3,..,n and j=12, .., n Butby

Vi iVj

equation (3), S, (vy) < S,(vj), Vi =2, 3, ..., n. Therefore,

m[S, (G)] = Sy(v1)

=2
(n 1
=(n-1) vi(vy)
m[S,(G)] = (n -)r, (G). O

Theorem 3.5. Every constant IFG is a self centered IFG.

Proof. Let G : (u, v, V, E) be aconstant IFG and let P, P, be the path
covers of G.

Case (i). Let the crisp graph G be of odd cycle. By Theorem 2.2,
(1o, vo) is a constant function. If (uy, vo) is a constant function, then

SM(Vi' Vj) = dH(G)’ V(Vi, Vj) € Pl and SV(Vi, Vj) = I’M(G), V(Vi, Vj) € P2
which implies that e, (v;) = k; and e, (vj) = kp, Vv; € V. Therefore, r,(G)
=¢,(vi), ,(G) = e,(v;). Hence G is self centered IFG.

Case (ii). Let the crisp graph G :(u, v,V, E) be of even cycle. By
Theorem 2.3, either (u,, v,) is a constant function or alternate edges have

same membership and non-membership values. Suppose that (o, v,) is a
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constant function, then e, (v;) = ki, &,(vj) = kp, Vvj € V. Therefore, r,(G)
=e,(vi), ,(G) = e,(vj). Hence G is self centered IFG.

Now suppose that the alternate edges have the same membership and
non-membership values. Then &, (vj, vj)=d,(G), V(vj,vj)e P and
8y(vi, vj) =1, (G), V(vj,vj)e P, which implies that e,(v;)=k; and
ev(vj) = kp, Vv; €V. Therefore, r,(G)=¢e,(vj), r,(G)=e,(v;). Hence
G is self centered IFG. O

Theorem 3.6. Every self median IFG is a self centered IFG.

Proof. Proof follows from Theorems 2.2, 2.3, 3.1, 3.2 and then from
Theorem 3.5. O

Note 3.7. Every self centered IFG is not necessarily self median IFG.
Theorem 3.8. Every constant IFG is a self median IFG.

Proof. Proof follows from Theorems 2.2, 2.3, 3.1 and 3.2. O
4. Operations on Complete Intuitionistic Fuzzy Graphs

In this section, we study about the operations on complete IFG. We can
conceptualize about the operation of two IFGs G; and G, to be the

complete IFG or not by considering G; and G, are complete IFG and also
we discussed for self centered IFG and self median IFG under the same
consideration.

Theorem 4.1. Let Gy:(u, v,Vy, E;) and G, :(u', v/, V,, Ey) be
complete IFG. Then G; and G, are complete IFG if and only if G; - G, is
a complete IFG.

Proof. Given that Gy :(w, v,Vi, E{) and Gy :(u', v, Vy, Ey) are
complete IFG, where (ug, vq) and (u,, vo) are membership and non-

membership values of a vertex and edge in Gy, (uf, vi) and (u5, v5) are
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membership and non-membership values of a vertex and an edge in G,. Let
G =Gy oG, = (V, E) be the composition of two graphs G; and G,, where
V =V, xV, and

E = {(ug, up)(ug, v2) 1up €V, V(up, V2) € Ep}
U {(ug, vo) (v, v2) 1 vp € Vo, (W, i) € By}
U {(ug, up)(vi, vo) @ (ug, Vi) € By, YUy # Vo

Let uy, vy €V and uy, v, € V,. Then by the definition of composition
of IFGs G; and G,, we have

(ug @ 1) (Ug, Up) = min(uy (Uy), pa(uz)),
(mg © pp) (Ug, V2) = min(ug (up), p3(va)),
(Mg o pp) (v, Vo) = min(uy(vy), p3(vz)),
(Mg o pp) (v, Up) = min(ug (1), pa(uz)),
(m2 ) (ug, Uz) Uy, V2) = min(uy (Uy), ma(uz, v2))
= min(ug(up), min(uz(uz), pi(vz))),
since G, is complete
= min(min(uy (Uy). pi(uz)), Min(ug(uy ), mi(v2)))
= min((py © p3) (Ug, Up), (g © pg)(Ug, v2),
Y eV and (Up, V) € Ey, 4)
(m2 © n2) (Ug, Up)(vy, Up) = min(ui(uz), pa(uy, vp))
= min(pi(uz), min(uy (Up), py(v1))),

since G is complete
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= min(min(uy (U ), ui(uz)), Min(uy(vp), pi(uz))
= min((uy © p3) (U, Uz), (g © 1) (v, Uz)),

YU, eV, and (Ug, vy) € Ey, ©)
(2 o po)(ug, Up)(vy, Vo) = min(ui(uz), ni(va), pa(ug, vp))
= min(ug(uz), m(v2), min(ug(uy), py(v1))),
since Gy is complete

= min(p3 (Uz), 1 (v2), ma(t), pa(v1))

= min(min(uy (Uy), pa(uz)). min(uy(vy), p3(vz)))

= min((uy o 1) (ug, Up), (ug o pp) (Ve Vo)),
V(up, Uz) (v, Vo) € E - E, (6)

where
E" = {(up, up)(ug, v2) ity € Vg, V(Up, Vo) € Ep}
U (U1, v2) (Vi V2) 1 Vo €V, V(U v) € By,

(vi o v1) (g, Up) = max(vy(up), vi(up)),

(vi o vi) (U, v2) = max(vy(uy), vi(v2)),

(vp o Vi) (v, V2) = max(vy(vy), vi(v2)),

(v o v1) (Vi Up) = max(vy(vy), vi(up)),

(v © v)(Ug, Up) (U, Vo) = max(vy(uy), va(uz, V2))
= max(vy(Uy), max(vi(uz), vi(v2))).

since G, is complete

= max(max(vy (Uy), v1(uz)), max(vy(uy), vi(v2)))
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= max((vy o v1)(ug, Uz), (v © v1)(Uy, Vo)),
iy € Vg and (uy, Vp) € Ey, )
(v o v5) (U, Uz) (g, Up) = max(vy(uz), va(uy, V1))
= max(vy(uz), max(vy(uy), v1(v))),
since G, is complete
= max(max(vy(Uy), vi(uz)), max(vy(vy), vi(uz)))
= max((vy © v1)(Ug, Uz), (v © vi) (v, Up)),
VU, eV, and (uy, vp) € Ep, @®)
(v2 o v2)(ug, up)(vy, V) = max(vi(uz), vi(v2), va(ug, v1))
= max(vy(uz), vi(vz), max(vy(uy), v1(v))),
since Gy is complete
= max(vy(uz), vi(vz), va(tp), v1(v1))
= max(max(vy(uy), vi(uz)), max(vy(vy). vi(v2)))
= max((vy o v1)(Up, Uz), (v1 o v1) (v, V2)),
V(ug, Up) (v, Vo) € E— E, 9)
where
E" = {(up, up)(ug, v2) i g € Vg, V(Up, Vo) € Ep}
U {(up, v2) (Vi V2) 1 Vo €V, V(up, Vi) € By
From equations (4)-(8) and (9), Gy » G, is a complete IFG.

Conversely, if G; o« G, is a complete IFG, then we need to claim that G;
and G, are complete IFG. Suppose that G; and G, are not complete IFG.
Then by the definition of composition of graphs, there is no edge existing
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between some vertices, which implies that G, o G, is not a complete IFG. It
is a contradiction to the fact that G; - G, is a complete IFG. Hence G; and

G, are complete IFG. O

Theorem 4.2. If Gy:(u, v,Vy, E;) and G, :{u, v, V,, Ey) are
complete IFG, then G; o G, is a self centered IFG.

Proof. Proof follows from Theorem 4.1 and then from Theorem 2.1. O

Theorem 4.3. If Gy:{(u v,Vq, E;) and Gy :(u, v, Vo, Ey) are
complete IFG, then G; o G, is not a self median IFG.

Proof. Proof follows from Theorem 4.1 and then from Proposition 3.3. O
Theorem 4.4. If Gy:{(u, v,Vy, E;) and Gy :(u, v, Vy, Ep) are

complete IFG, then G; x G, is a v-self centered IFG.

Proof. Given that Gy :(u, v,Vq, E;) and G, :(u', v, V,, E;) are
complete IFG, where (ug, vq) and (u,, vo) are membership and non-
membership values of a vertex and edge in Gy, (ui, vi) and (u5, v5) are
membership and non-membership values of a vertex and edge in G,. Let
G = Gy x G, = (V; xVy, E) be the Cartesian product of two graphs G; and
G,, where

E = {(ug, up)(ug, v2) 1 up €V, V(up, V) € Ep}
U {(ug, v2) (v, Vo) 1vp €V, V(ug, vp) € By}
UA{(ug, up) (v, v2) @ (g, V1) € By, Yup # Vol

Let uy, vy €Vy and uy, vy €V,. Then by the definition of Cartesian
products of IFGs G; x G,, we have
(v x v1) (Ug, Up) = max(vy(uy), vi(uz)),

(v x v1) (U, Vo) = max(vy(uy), vi(v2)),
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(vi x V1) (v1, V2) = max(vy(vp), vi(v2)),
(v x v1) (v, Uz) = max(vy(v), vi(U2)),
(v2 x v2) (U, Uz) (U, Vo) = max(vy(uy), v2(Uz, v2))
= max(vy(uy), max(vi(uz), vi(v2)))
= max(max(vy(Uy), vi(uz)), max(vy(up), vi(v2)))
= max((vy x v1) (g, Up), (v x vi) (g, Vo)),
Vvu; €V and (us, Vo) € Ey, (10)

max(vi(uy), vo(uy, vp))

(va x Vo) (U, up)(vy, Up)

max(vi(uz), max(vy(uy), v1(v1)))

max(max(vy(uy), vi(uz)), max(vy(vy), vi(uz)))

max((vy x v1) (U, Uz), (vi x vi) (v, Uz)),

VUZ € V2 and (Ul, Vl) € E]_. (11)

Hence G; x G, is a v-strong IFG. Let u; € V4 and vy(uy) = | be the greatest

value among all other vertices in V. Then

vi(u, x) =1, VxeV, (12)
and
va(ug, X)(ug, vj) =1, Y(uy, vj) eV, since Gy x Gy isa v-strong IFG.
(13)

Then there exists a path cover P such that every vertex of G : (u, v, V, E) is
incident to some path of P. Therefore, from equations (12) and (13),

va(ug, X)(ug, vi) =1, ¥(u, x)(uy, vj) € P. (14)
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Hence 1 = 1, which is the least. That is,
vo(u, up) (U, vj) |
3y (U, X)(uk, vj) =1, (G), ¥(ug, x)(ug, vj) e P. (15)
Hence by Theorem 2.4, G : {u, v, V, E) is a v-self centered IFG. O

Corollary 4.5. If Gy:(u v,Vy, Ey) and G, : {(u', v/, V,, Ey) are
complete IFG, then G; x G, is not necessarily a self centered IFG.

Example 4.1. The following example proves that G; x G, is not a self
centered IFG. Consider an IFG, Gy : (i, v, Vy, Eq) and G, : (i, v, Vy, Ep),
such that Vj ={vq, vo, v3}, E; ={(vy, Vo), (Vo, V3), (vq, V3)}, and V, =
{u, U}, Bz = {(ug, up)}-

v, (1/3,1/4) u,(1/4,1/5)
(1/5,1/6) (1/7,1/4) (1/4,1/5)
v(1/5,1/6)  (1/7,1/6) V;(1/7,1/8) w (1/2,1/6)

Figure 4.1. G; and G,.

viu(1/4,1/4) (1/4.1/4) v u,(1/3,1/4)

(1/7,1/4

(1/5,1/4) (1/5,1/4)

(1/7,1/4)
vzu‘lf5,|f5) (1/5.1/5)

—@ v,u,(1/5,1/6)

(1/7,1/5) (1/7,1/6)

vu,(1/7,1/5) (1/7,1/5) v,u,(1/7,1/6)

Figure 4.2. G; x G,.
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S(vaug, viup) = (4, 4), 8(viuy, Volp) = (5, 4), S(vuy, vaug) = (7, 4),
S(vauy, VaUp) = (9, 8), 8(vauy, VaUp) = (11, 8), 8(vqup, Vouz) = (5, 4),
(vaUz, Voup) = (9, 8), 8(vaup, vauy) = (11, 8), 8(vqup, Vaup) = (7, 4),
8(vauy, Voup) = (5, 5), 8(vauy, vatp) = (7, 5), 8(vouy, vaup) = (12, 10),
d(vauy, Vaur) = (12, 10), 8(vauz, Vauz) = (7, 6), 8(vauy, Vaup) = (7, 5),
e(vup) = (11, 4), e(vuy) = (11, 4), e(voup) = (12, 4), e(vou,y) = (12, 4),
e(vauy) = (12, 4), e(vauy) = (12, 4), r(G) = (11, 4), d(G) = (12, 4).

Hence G; x G, is not self centered IFG.

Corollary 4.6. If Gy:{(u v,Vq, E;) and Gy : (W, v, Vs, Ep) are
complete IFG, then Gy x G is not necessarily a self median IFG.

Example 4.2. From Figures 4.1 and 4.2, S, (vu;)= (36, 28),
Suv(Viiz) = (36, 28), S,y (Vo) = (38, 32), Sy, (VoUz) = (38, 33), Sy, (Valh)
= (44, 32), S, (vaup) = (44, 33). Here S, (vity) = Sy, (ViUp), Syy(vaty)
# Sy (Voup) # Sy, (Voup) # S, (Vaup) # Sy, (Vaup). Hence Gy x Gy is not
a self median IFG.

Theorem 4.7. Let Gy : (p, v,Vq, Ey) and G, : (W', v/, Vy, E,) be IFG.
Then G; and G, are complete IFG if and only if G; + G, is a complete IFG.

Proof. If G; and G, are complete, then we claim that G; + G, is a
complete IFG. If G; has n-vertices and G, has m-vertices, then G; + G, has

m + n -vertices and each vertex is having (m + n) —1 edges. By Definition
2.2,

pa(Vi, Vi) = min(ugi, pgj),
V2(Vi,Vj)=maX(V1i,V1j), VVi,VJ’ eV.

Hence G; + G, is a complete IFG.
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Conversely, if Gy + G, is a complete IFG, then we claim that G; and
G, are complete IFG. Suppose that G; and G, are not complete IFG, then

some vertices in G; + G, have less than (m + n) — 1 edges with
o (Vi, Vi) = minug;, pgj),
va(Vi, Vi) = max(vy, vij),  V(vi, vj) e EEUE; UE.

which implies that G; + G, is not a complete IFG, which is a contradiction
to the fact that G; + G, is a complete IFG. Hence G; and G, are complete
IFG. O

Theorem 4.8. If Gy:(u, v,Vq, Ey) and G :(u, v, V,, Ey) are
complete IFG, then G; + G5, is a self centered IFG.

Proof. Proof follows from Theorem 4.7 and then from Theorem 2.1. O

Theorem 4.9. If Gy:(u, v,Vy, E;) and G, :(u', v, V,, E;) are

complete IFG, then G; + G5 is not a self median IFG.

Proof. Proof follows from Theorem 4.7 and then from Proposition 3.3. O

Theorem 4.10. Let Gy : (u, v, Vq, Eq) and G, : (W, V', V,, E;) be IFG.
Then G; and G, are complete IFG if and only if G; UG, is a complete
IFG, where G; N G, = .

Proof. Let G = G; UG, = (V, E) be the union of two graphs G; and
G,, whereV =V, UV, and E = E; U E,.

Let (vj, vj) € By — Ep and v, vj €V —V,. Then
(ro Un2)(vi, vj) = pa(vi, vj) = min(ug (vi), pa(vj))

= min((ug U pa) (vi), (mg Upa) (vj))
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and
(vo Uva)(vi, vj) = va(vi, vj) = max(vy(vi ) vi(vj))
= max((vy U v1) (i), (vp U vi)(vj)).
similarly, if (v;, v;) < Ep — Ey, then
(n2 Upp)(vi, vi) = min((rg U pg) (vi), (g U ma) (v)),
(va Uva)(vi, vj) = max((vy U vi) (vi): (v1 U vp)(vj))-

Therefore, Gy UG, is a complete IFG. Conversely, if G, UG, is a
complete IFG, where G; G, = &, then G; UG, is a disconnected IFG.
That is, it has components G; and G,, which are complete. Hence G; U G,
is a complete IFG. O

Theorem 4.11. Let Gy : (u, v, Vq, Eq) and G, : (W, V', V,, E;) be IFG.
Then G; and G, are complete IFG if and only if G; U G, is a self centered
IFG, where G; N G, = .

Proof. Proof follows from Theorem 4.10 and Theorem 2.1. O

Theorem 4.12. If Gy :{u, v,Vy, E1) and G, : (W, Vv, V,, Ey) are
complete IFG, then G; U G, is not a self median IFG, where G, (1 G, = &.

Proof. Proof follows from Definition 3.13 and Proposition 3.3. O
Theorem 4.13. If Gy :{u, v,Vy, E1) and G, : (W, Vv, V,, Ey) are
constant IFG, then G; U G, is a self median IFG, where G; (1 G, = &.

Proof. If G; and G, are constant IFG, where G, (1G, =, then
Gy UG, is a disconnected IFG. That is, it has components G; and G,
which are constant and therefore G; U G, is also constant IFG. Hence by
Theorem 3.8, G; U G, is a self median IFG. O

Theorem 4.14. If G : (u, v, V, E) is self centered IFG, then (C(G)) = G.
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Proof. If G is self centered IFG, then we have e, (v;)=e¢,(vj) and e, (v;)

=e,(vj). Thatis, r,(G) =¢,(v;) and r,(G) = &, (vj), i =1, 2, .., n. C(G) is
the set of central vertices. Here C(G) = {vy, ..., v }. Hence, (C(G)) = G. O
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