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Abstract 

In this paper, we introduce the notion of wG -closed sets in weak 

structure spaces. Also, we give some characterizations and 
applications of wG -closed sets. Finally, some characterizations of 

wR -regular and wN -normal spaces have been given. 

1. Introduction 

Császár [3] introduced a generalized structure called generalized 
topology. Also, Császár [2, 4] introduced and studied generalized operators. 
After then, Császár [1] introduced a new notion of structures called weak 
structure. Every generalized topology [3] and every minimal structure is a 
weak structure. In [1], Császár defined some structures and operators under 
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more general conditions. Levine [6] introduced the concept of generalized 
closed sets. This notion has been studied extensively, in recent years, by 
many topologies. A subset A of a topological space ( )τ,X  is said to be 

generalized closed (briefly, g-closed) if UA ⊆  whenever UA ⊆  and U is 

open in ( )., τX  In this paper, the notion of wG -closed sets in weak structure 

spaces and their properties are discussed. Also, we give some applications of 

wG -closed sets. 

2. Preliminaries 

Let X be a nonempty set and ,P⊆w  where P  is the power set of X. 

Then w is called a weak structure [1] on X if .w∈∅  A nonempty set X with 

a weak structure w, is denoted by the pair ( )wX ,  and is called a weak 

structure space ( )., wX  The elements of w are called w-open sets and the 

complements of w-open sets are called w-closed sets. For a weak structure w 
on X, the intersection of all w-closed sets containing a subset A of X is 
denoted by ( )Acw  and the union of all w-open sets contained in A is denoted 

by ( ).Aiw  The following lemmas will be useful in the sequel. 

Lemma 2.1 [1]. Let w be a weak structure on X and ., XBA ⊆  Then 

( ) ( ),AiAii www =  ( ) ( ),AcAcc www =  ( ) ( ),AiXAXc ww −=−  ( )AXiw −  

( )AcX w−=  and BA ⊆  implies ( ) ( )BiAi ww ⊆  and ( ) ( ).BcAc ww ⊆  

Lemma 2.2 [1]. Let w be a weak structure on X and .XA ⊆  Then 

( )Aix w∈  if and only if there exists a w-open set U such that .AUx ⊆∈  

Lemma 2.3 [1]. Let w be a weak structure on X and .XA ⊆  Then 

( )Acx w∈  if and only if ∅≠AU ∩  whenever .wUx ∈∈  

Lemma 2.4 [1]. Let w be a weak structure on X and .XA ⊆  If ,wA ∈  

then ( )AiA w=  and if A is w-closed, then ( ).AcA w=  
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3. wG -closed Sets 

In this section, we introduce the notion of wG -closed sets in weak 

structure spaces and give characterizations of wG -closed sets. 

Definition 3.1. Let ( )wX ,  be a weak structure space. A subset A of X   

is said to be wG -closed if ( ) UAcw ⊆  whenever UA ⊆  and .wU ∈  The 

complement of a wG -closed set is said to be a wG -open set. 

Remark 3.2. For a weak structure space ( ),, wX  every w-closed set is a 

wG -closed set. The converse is not true is shown by the following example. 

Example 3.3. Let { }cbaX ,,=  and { }{ }aw ,∅=  be a weak structure 

on X. It is easy to check that { }caA ,=  is wG -closed but not w-closed. 

The next two examples show that the union and the intersection of two 

wG -closed sets are not, in general, wG -closed. 

Example 3.4. Let { }cbaX ,,=  and { } { } { }{ }cbcabaw ,,,,,,∅=  be a 

weak structure on X. Then it can be easily checked that { }aA =  and { }cB =  

are two wG -closed sets and { }cbBA ,=∪  is not a wG -closed set. 

Example 3.5. Let { }cbaX ,,=  and { } { }{ }caw ,,∅=  be a weak 

structure on X. Then it can be easily checked that { }caA ,=  and { }baB ,=  

are two wG -closed sets and { }aBA =∩  is not a wG -closed set. 

Proposition 3.6. Let ( )wX ,  be a weak structure on X. If A is wG -

closed, then ( ) AAcw −  does not contain any nonempty w-closed set. 

Proof. Let F be a w-closed subset of X such that ( ) ,AAcF w −⊆  where 

A is wG -closed. Since FX −  is w-open, FXA −⊆  and A is wG -closed, 

( ) FXAcw −⊆  and thus ( ).AcXF w−⊆  Thus, ( )[ ] ( )AcAcXF ww ∩−⊆  

∅=  and hence .∅=F   
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Corollary 3.7. Let ( )wX ,  be a weak structure space and A be a wG -

closed subset of X. Then ( ) AAcw =  if and only if ( ) AAcw −  is w-closed. 

Proof. Let A be a w-closed set. If ( ) ,AAcw =  then ( ) ,∅=− AAcw  and 

( ) AAcw −  is a w-closed set. 

Conversely, let ( ) AAcw −  be a w-closed set, where A is wG -closed.     

By Proposition 3.6, ( ) AAcw −  does not contain any nonempty set. Since 

( ) AAcw −  is a w-closed subset of itself, ( ) ∅=− AAcw  and hence ( )Acw  

.A=   

Theorem 3.8. Let ( )wX ,  be a weak structure space and .XA ⊆  Then 

A is wG -closed if and only if { }( ) ∅≠Axcw ∩  for every ( ).Acx w∈  

Proof. Let A be a wG -closed set and suppose that there exists ( )Acx w∈  

such that { }( ) .∅=Axcw ∩  Therefore, { }( ),xcXA w−⊆  and so ( ) ⊆Acw  

{ }( ).xcX w−  Hence ( ),Acx w∉  which is a contradiction. 

Conversely, suppose that the condition of the theorem holds and let        
U be any w-open set containing A. Let ( ).Acx w∈  Then, by hypothesis 

( ) ,∅≠AAcw ∩  so there exists { }( ) Axcy w ∩∈  and so .UAy ⊆∈  Thus, 

{ } .∅≠Ux ∩  Hence ,Ux ∈  which implies that ( ) .UAcw ⊆  This shows 

that A is wG -closed.  

Proposition 3.9. Let ( )wX ,  be a weak structure space and ., XBA ⊆  

If A is wG -closed such that ( ),AcBA w⊆⊆  then B is wG -closed. 

Proof. Let .wUB ∈⊆  Since A is wG -closed and ,UA ⊆  ( ) .UAcw ⊆  

Now, ( ),AcB w⊆  ( ) ( )AcBc ww ⊆  and hence ( ) .UBcw ⊆   

Theorem 3.10. Let ( )wX ,  be a weak structure space and .XA ⊆  Then 

A is wG -open if and only if ( )AiF w⊆  whenever AF ⊆  and F is w-closed. 
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Proof. Let A be a wG -open set and ,AF ⊆  where F is w-closed. Then 

AX −  is a wG -closed set contained in a w-open set .FX −  Hence 

( ) ,FXAXcw −⊆−  i.e., ( ) .FXAiX w −⊆−  So ( ).AiF w⊆  

Conversely, suppose that ( )AiF w⊆  for any w-closed set F whenever 

.AF ⊆  Let ,UAX ⊆−  where .wU ∈  Then AUX ⊆−  and UX −  is 
w-closed. By assumption, ( )AiUX w⊆−  and hence ( ) −=− XAXcw  

( ) .UAiw ⊆  Therefore, AX −  is wG -closed and hence A is wG -open.  

Theorem 3.11. Let ( )wX ,  be a weak structure space. Then the following 

properties are equivalent: 

(1) for every w-open set U of X, ( ) ;UUcw ⊆  

(2) every subset of X is wG -closed. 

Proof. (1) ⇒ (2) Let A be any subset of X and .wUA ∈⊆  By (1), 
( ) UUcw ⊆  and hence ( ) ( ) .UUcAc ww ⊆⊆  Hence, A is wG -closed. 

(2) ⇒ (1) Let .wU ∈  By (2), U is wG -closed and hence ( ) .UUcw ⊆   

Proposition 3.12. Let ( )wX ,  be a weak structure space and A be a 

subset of X. If A is w-open and wG -closed, then A is w-closed. 

Proof. This is obvious.  

Proposition 3.13. Let ( )wX ,  be a weak structure space and A be a 

subset of X. If A is wG -open, then XU =  whenever U is w-open and 

( ) ( ) .UAXAiw ⊆−∪  

Proof. Let A be a wG -open set and wU ∈  such that ( ) ( )AXAiw −∪  

.U⊆  Then ( )[ ] ,AAiXUX w ∩−⊆−  i.e., ( ) ( ).AXAXcUX w −−−⊆−  

Since AX −  is wG -closed, by Proposition 3.6, ∅=− UX  and hence 

.UX =   
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Proposition 3.14. Let ( )wX ,  be a weak structure space and A be a 

subset of X. If A is wG -open and ( ) ,ABAiw ⊆⊆  then B is wG -open. 

Proof. We have ( ) ( ).AXcAiXBXAX ww −=−⊆−⊆−  Since 

AX −  is wG -closed, it follows from Proposition 3.9 that BX −  is wG -

closed and hence B is wG -open.  

4. Some Separation Axioms in Weak Structure Spaces 

Definition 4.1. A weak structure w on a nonempty set X is said to have 
property H  if wX ∈  and the union of elements of w belongs to w. 

Lemma 4.2. Let X be a nonempty set and w be a weak structure on X 
satisfying property .H  For a subset A of X, the following properties hold: 

(1) wA ∈  if and only if ( ) ;AAiw =  

(2) A is w-closed if and only if ( ) .AAcw =  

Recall that a topological space ( )τ,X  is called a 
2
1T -space [6] if for 

every g-closed set is closed or equivalently [5] if every singleton is open or 
closed. We introduce the following new definition: 

Definition 4.3. A weak structure space ( )wX ,  is called a wT
2
1 -space if 

for every wG -closed set is w-closed. 

Theorem 4.4. Let ( )wX ,  be a weak structure space and w have property 

.H  Then the following properties are equivalent: 

(1) X is a wT
2
1 -space; 

(2) every singleton is w-closed or w-open. 



wG -closed Sets in Weak Structure Spaces 211 

Proof. (1) ⇒ (2) Suppose that { }x  is not w-closed subset for some 

.Xx ∈  Then { }xX −  is not w-open and hence X is the only w-open set 

containing { }.xX −  Hence, { }xX −  is wG -closed. Since X is a wT
2
1 -space, 

{ }xX −  is w-closed and hence { }x  is w-open. 

(2) ⇒ (1) Let A be a wG -closed subset of X and ( ).Acx w∈  Suppose 

that .Ax ∉  (i) In case the singleton { }x  is w-closed, { }.xXA −⊆  Since A 

is a wG -closed set and { }xX −  is a w-open, ( ) { }xXAcw −⊆  and hence 

{ } ( ).AcXx w−⊆  Therefore, { } ( ) ( )[ ] .∅=−⊆ AcXAcx ww ∩  This is a 

contradiction. (ii) In case the singleton { }x  is w-open, since ( ),Acx w∈  

{ } ∅≠Ax ∩  and .Ax ∈  This is a contradiction. Therefore, Ax ∈  and 

hence ( ) .AAcw ⊆  This shows that X is wT
2
1 -space.  

Definition 4.5. A weak structure space ( )wX ,  is said to be wR -regular 

if for each w-closed set F of X and each ,Fx ∉  there exist disjoint w-open 

sets U and V such that Ux ∈  and .VF ⊆  

Theorem 4.6. Let ( )wX ,  be a weak structure space and w have 

property .H  Then the following properties are equivalent: 

(1) X is wR -regular; 

(2) for each Xx ∈  and each wU ∈  with ,Ux ∈  there exists wV ∈  

such that ( ) ;UVcVx w ⊆⊆∈  

(3) for each w-closed set F of X, ( ){ } ;: FwVFVcw =∈⊆∩  

(4) for each XA ⊆  and each wU ∈  with ,∅≠UA ∩  there exists 

wV ∈  such that ∅≠VA ∩  and ( ) ;UVcw ⊆  
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(5) for each nonempty subset A of X and each w-closed subset F of X 
with ,∅=FA ∩  there exist wWV ∈,  such that ,∅≠VA ∩  WF ⊆  and 

;∅=VW ∩  

(6) for each w-closed set F and ,Fx ∉  there exist wU ∈  and a       

wG -open set V such that ,Ux ∈  VF ⊆  and ;∅=VU ∩  

(7) for each XA ⊆  and each w-closed set F with ,∅=FA ∩  there 

exist wU ∈  and a wG -open set V such that ,∅≠UA ∩  VF ⊆  and 

.∅=VU ∩  

Proof. (1) ⇒ (2) Let ,UXx −∉  where .wU ∈  Then there exist 
disjoint wVG ∈,  such that GUX ⊆−  and .Vx ∈  Thus, GXV −⊆  

and so ( ) .UGXVcVx w ⊆−⊆⊆∈  

(2) ⇒ (3) Let wFX ∈−  with .FXx −∈  Then, by (2), there exists 
wU ∈  such that ( ) .FXUcUx w −⊆⊆∈  So ( ) wVUcXF w ∈=−⊆  

and .∅=VU ∩  Then ( ).Vcx w∈  Thus, ( ){ }.: wVFVcF w ∈⊆⊇ ∩  

(3) ⇒ (4) Let A be a subset of X such that wU ∈  with .∅≠UA ∩  Let 

.UAx ∩∈  Then .UXx −∉  Hence, by (3), there exists wW ∈  such that 

WUX ⊆−  and ( ).Wcx w∉  Put ( )WcXV w−=  which is a w-open set 

containing x and hence .∅≠VA ∩  Now WXV −⊆  and so ( ) ⊆Vcw  

.UWX ⊆−  

(4) ⇒ (5) Let A be a nonempty subset of X and F be a w-closed subset X 
with .∅=FA ∩  Then wFX ∈−  such that ( ) ∅≠− FXA ∩  and hence 

by (4), there exists wV ∈  such that ∅≠VA ∩  and ( ) .FXVcw −⊆  If 

we put ( ),VcXW w−=  then WF ⊆  and .∅=WV ∩  

(5) ⇒ (1) Let F be a w-closed set not containing x. Then { } .∅=xF ∩  

Thus, by (5), there exist wWV ∈,  such that ,Vx ∈  WF ⊆  and WV ∩  

.∅=  
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(1) ⇒ (6) This is obvious. 

(6) ⇒ (7) Let A be a subset of X and F be a w-closed set with 
.∅=FA ∩  Then, for ,Ax ∈  ,Fx ∉  and hence by (6), there exist wU ∈  

and a wG -open set V such that ,Ux ∈  VF ⊆  and .∅=VU ∩  So UA ∩  

,∅≠  VF ⊆  and .∅=VU ∩  

(7) ⇒ (1) Let ,Fx ∉  where F is w-closed in X. Since { } ,∅=Fx ∩  by 

(7), there exist wU ∈  and a wG -open set W such that ,Ux ∈  WF ⊆  and 

.∅=WU ∩  Then ( ) wVWiF w ∈=⊆  and hence .∅=VU ∩  This shows 

that X is wN -normal.  

Definition 4.7. A weak structure space ( )wX ,  is said to be wN -normal 

if for any two disjoint w-closed sets A and B, there exist two disjoint w-open 
sets U and V such that UA ⊆  and .VB ⊆  

Theorem 4.8. Let ( )wX ,  be a weak structure space and w have property 

.H  Then the following properties are equivalent: 

(1) X is wN -normal; 

(2) for any pair of disjoint w-closed sets A and B of X, there exist disjoint 

wG -open sets U and V of X such that UA ⊆  and ;VB ⊆  

(3) for each w-closed set A and each w-open set B containing A, there 
exists a wG -open set U such that ( ) ;BUcUA w ⊆⊆⊆  

(4) for each w-closed set A and each wG -open set B containing A, there 

exists a w-open set U such that ( ) ( );BiUcUA ww ⊆⊆⊆  

(5) for each w-closed set A and each wG -open set B containing A, there 

exists a wG -open set U such that ( ) ( );BiUcUA ww ⊆⊆⊆  

(6) for each wG -closed set A and each w-open set B containing A, there 

exists a w-open set U such that ( ) ( ) ( );BiUcUAc www ⊆⊆⊆  
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(7) for each wG -closed set A and each w-open set B containing A, there 

exists a wG -open set U such that ( ) ( ) ( ).BiUcUAc www ⊆⊆⊆  

Proof. (1) ⇒ (2) This is obvious. 

(2) ⇒ (3) Let A be a w-closed set and B be a w-open set containing A. 
Then A and BX −  are two disjoint w-closed sets. Hence, by (2), there exist 
disjoint wG -open sets U and V of X such that UA ⊆  and .VBX ⊆−  

Since V is wG -open and BX −  is a w-closed set, by Theorem 3.10, 

( ).ViBX w⊆−  Therefore, ( ) ( ) BViXVXc ww ⊆−=−  and hence UA ⊆  

( ) ( ) .BVXcUc ww ⊆−⊆⊆  

(3) ⇒ (1) Let A and B be two disjoint w-closed subsets of X. Then A is a 
w-closed set and BX −  is a w-open set containing A. Thus, by (3), there 
exists a wG -open set U such that ( ) .BXUcUA w −⊆⊆⊆  Thus, by 

Theorem 3.10, ( ),UiA w⊆  ( ),UcXB w−⊆  where ( )Uiw  and ( )UcX w−  

are two disjoint w-open sets. 

(4) ⇒ (5) and (5) ⇒ (2) are obvious. 

(6) ⇒ (7) and (7) ⇒ (3) are obvious. 

(3) ⇒ (5) Let A be a w-closed set and B be a wG -open set containing A. 

Since A is w-closed and B is wG -open, by Theorem 3.10, ( ).BiA w⊆  Thus, 

by (3), there exists a wG -open set U such that ( ) ( ).BiUcUA ww ⊆⊆⊆  

(5) ⇒ (7) Let A be a wG -closed subset of X and B be a w-open set 

containing A. Then ( ) ,BAcw ⊆  where B is wG -open. Thus, there exists a 

wG -open set U such that ( ) ( ) .BGcGAc ww ⊆⊆⊆  Since G is wG -open 

and ( ) ,GAcw ⊆  by Theorem 3.10, ( ) ( ).GiAc ww ⊆  Put ( ).GiU w=  Then U 

is w-open and ( ) ( ) ( )[ ] ( ) .BGcGicUcUAc wwwww ⊆⊆=⊆⊆  
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(6) ⇒ (4) Let A be a w-closed set and B be a wG -open set containing A. 

Then, by Theorem 3.10, ( ) ( )BiAAc ww ⊆=  and ( )Biw  is w-open. Thus, by 

(6), there exists a w-open set U such that ( ) ( ) ( ).BiUcUAAc www ⊆⊆⊆=  
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