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Abstract

We study the properties of transversally symmetric foliation on the
foliate Kdhler manifold and prove that if a foliate Kdhler manifold is

locally symmetric, then F is transversally symmetric.

1. Introduction

On a foliated Riemannian manifold M, the transversal geometry can
be considered as a generalization of ordinary manifolds which carry the
trivial foliation by points. In this sense, the study of the transversal
geometry of M is very important and has been actively developed by
many authors [2, 5, 6, 7]. One interesting problem in the transversal
geometry is to study the relations of objects between the quotient space
M/ F defined by a foliation F and the ambient manifold M. In fact, many
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objects on M are inherited to the transversal geometry. For example [2,
3], every Killing (resp. conformal and Jacobi) fields on the ambient
manifold are the transversal Killing (resp. transversal conformal and

transversal Jacobi) fields. But it is not true for symmetric property. In
fact, the author [3] proved that if the normal bundle @ of F is integrable

on the Riemannian symmetric space, then F is transversally symmetric.

In this paper, we prove that if a foliate Kdhler manifold is locally

symmetric, then Fis transversally symmetric.

2. Preliminaries

Let (M, gy, J) be a real 2n-dimensional Kihler manifold with
metric gp; and almost complex structure J. And let L be a real
2p-dimensional complex analytic distribution on M. Then L is said to

define a complex analytic foliation F on M if it is also integrable, i.e., an
involutive distribution. In this case, (M, gy, J, F) is said to be a foliate

Kdhler manifold and the maximal connected integrable manifolds of L

are the leaves of the foliation F.

Let (M, gp,J, F) be a (real) 2n-dimensional foliate Kéhler
manifold with a bundle-like metric g;;, an almost complex structure o/
and an analytic foliation F defined by the integrable analytic distribution

L. Let us consider now the usual real structure of 7M. Then the complex
distribution L is also a real subbundle of TM, hence it is defined as the

image of a real projector mj : TM — TM with the supplementary
projector g =1-mp. It is convenient to take for m; the orthogonal

projection with respect to gs. This is equivalent with the condition
gM(nLX, TCQY) =0

for any vector fields X, Y on M. For a distinguished chart &/ <« M the

leaves of F in U are given as the fibers of a Riemannian submersion

f:U — VY < N onto an open subset V of model space N and this makes
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it possible to use the tensors A and T introduced by O’Neill [4]:

AgF = nQV%EnLF + nLV%EnQF,
2.1)
TEF = TEQVT]:?ETCLF + TELV%TEQF,

for any vector fields X, Y on M, where VM denotes the Levi Civita

connection on M. Then we have the following properties for A and T [4]:

TyX = TyV = 0, TxY = ngVRY, TxU = n; VYU, TxY = Ty X, 22
Tx is alternating; in particular, gy, (TxY, U) = -g (TxU, Y),

AxU = AxY =0, AyX = ngV{{ X, AyV = n ViV, AyV = -AyU, @5
Ay is alternating; in particular, g (AyV, X) = —gy(ApX, V),

for any X,Y e I'L and U, V € I'Q. The Riemannian foliation is said to
be totally geodesic if the leaves are totally geodesic submanifolds, that is,
if T = 0. Moreover, the normal bundle L' is integrable if A = 0 (in this

case the integral submanifolds of L* are totally geodesic). Also, let
{E;, i =1, ..., 2p} be a (local) orthonormal basis for L. Then

H =Y TgE; (2.4)
i=1

is called the mean curvature vector field of F. F is said to be a harmonic
foliation if H = 0, that is, if the leaves are minimal submanifolds.

Let g7 be the metric on F induced by gp; and gg the holonomy
invariant metric, i.e., 8(X)gg = 0 for any X e 'L, where 6(X) is a Lie

derivative with respect to X. Let us define the metric connection vlionL
by

vhky = n,v¥y (2.5)

for any Y e L and X € TM and define the canonical connection V on
the normal bundle @ = TM/L of F as



100 SEOUNG DAL JUNG and DONG SHIK KANG

Vys =X, Y;]) for X eTIL,
u . (2.6)
VXS = nQ(VX Ys) for X e T'L s

where se I'Q, and Y; € r.* corresponding to s under the canonical
isomorphism Lt = Q. Then V is metric and torsion free with respect to

8@- Denote R, RY and RY by the curvature tensors with respect to vM ,

vl and V, respectively. For the convenience we introduce some

notations:
Rxyzw = em(R(X, Y)Z, W),

V¥ Ryyzw = em (VI R) (X, Y)Z, W) 2.7)

for any vector fields U, X, Y, Z and W on M. Now we recall some relations

between these curvature tensors [1, 6]:
Ryyzz = Riyzz - em(UxZ, TyZ') + gy Ty Z, Tx Z') (2.8)
Ryxvy = gn (VU T)xY, V) - gn(IxU, TyV)+ g (VX AV, Y)
+ gy (AyX, AyY) (2.9)
Ryvwx = em(VIF AV, X)+ gu(AgV, TxW) - gy (AyW, TxU)
-gu(AwU, TxV) (2.10)
Ryvww = Rivww — 28m(AgV, AwW') + gy (AyW, AgW’)
- gm(AgW, AyW’) (2.11)

forany X,Y,Z,Z’ e T'L and U, V, W, W € I'Q. From (2.8), (2.9), (2.10)

and (2.11), we have the following theorem.

Theorem 2.1 [1, 4]. For any X,YeTI'L and U,V e I'Q with
|X|=|U|=1, |XAY|=1and |U AV |=1, wehave

1) K(X,Y)=K“(X, Y)+|TxY | - gy (Tx X, TyY),

@) K(X,U) = gy (VI T)x X, U) - | TxU [ +| ApX %,



TRANSVERSALLY SYMMETRIC FOLIATION ... 101
®) KU, V)=K (U, V)-8 ayV [,
where K, KL, KV are sectional curvatures with respect to VM, VL, V.

3. Transversally Symmetric Foliation on a Kahler Manifold

Let (M, gpr, J, F) be a foliate Kidhler manifold with a bundle-like
metric g7, an almost complex structure o/ and with a complex analytic
foliation F. Since the complex structure of L is induced by the complex

structure < of M, it is clear that the leaves of L are complex analytic
submanifolds of M. In other words, the leaves are Kdhler manifolds with

respect to the induced structure JJ. Hence we have

nrd =Jn;, and ngd = Jng. (3.1)

This implies that
TxJY = JTxY and AyJV = JAyV (3.2)

for any vector fields X, Y, U and V on M. Also we have the following

proposition (see [8]).

Proposition 3.1 [8]. (M, gy, J, F) is a foliate Kihler manifold if
and only if

J? =1, gyX, JY) =gy (X, Y), v¥J =0,
s =mng, npd =dJng, gy@pX, ngY) =0,
no((JX, nY]-J[X, n Y]) =0, mgln X, n Y]=0

for any vector fields X, Y on M.

Here, the first relations express that g;; is a Kédhler metric and the

last condition expresses the integrability of L.
Proposition 3.2. Let (M, g, J, F) be a foliate Kdhler manifold

with bundle-like metric gpy. Then every leaves is always minimal.

Proof. Let {E;, JE;};_, , be an orthonormal basis for L. Then we
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have from (3.2),
P D
H = Z{TEiEi + Tyg,JE; } = Z{TEiEi - Ty E;} = 0.
i=1 =1
Proposition 3.3. Let (M, gy, J, F) be a foliate Kihler manifold of
constant holomorphic sectional curvature c. Then F is totally geodesic
if and only if every leaves of F has constant holomorphic sectional

curvature c.

Proof. From Theorem 2.1 and (3.2), we have
K(X, JX) = KE(X, JX)+ 2 Tx X [?
for any X e I'L. This implies that our result holds.

From (3.1), we know that for any U € I'Q, n;JU = Ja U = 0. This

implies that the complex structure J maps @ onto . Moreover, the

holonomy invariant metric gg satisfies that gg(JU, JV)= goU, V).
Trivially, VJ = 0. Hence we know that F is Kédhler foliation on M (cf. [5]).

A Riemannian foliation F is transversally symmetric if its transversal

geometry is locally modeled on a locally symmetric space. Then we have
the following theorem.

Theorem 3.4 [7]. The Kdhler foliation F on M is transversally
symmetric if and only if
VuRUguvgu =0
for any U € TQ.

It is well-known that a Kédhler manifold is locally symmetric if and

only if V%RXJ}Q{JX = 0 for any vector field X on M.

Theorem 3.5. Let (M, gy, J, F) be a locally symmetric foliate

Kdhler manifold. Then F is a transversally symmetric.

Proof. From (2.3) and (2.11), we have that for any U, V € I'Q,
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Ryvov = Rivov - 3sm(AgV, AgV). (3.3)

We assume that U e I'Q satisfies V%U = 0 locally. Hence we have
M
Vv Byvuv = URyvoy - 2Ryygyiy - (3.4)

By similar argument, we have
VuRyvov = URbvov = 2Ryyiy, v (3.5)
From (3.4) and (3.5), we have

M
Vi Ryvuv - VuRbvoy = - 3Ugm(AuV, AyV) - 2Ryvya,v

= 2(Buvovyv = Byoev) (3.6)

On the other hand, we have
Ugy (AyV, AyV) = 28 (V] AV, AgV) + 28 (Ay(Vp V), AgV)
+ 28y (Ay(AyV), AyV).

Since Ay : L —» @ and Ay : @ — L, the last term of the right hand side

on the above equation is zero. Hence
Ugm (AyV, AgV)
= 2gu (VI Ay V. AyV) + 28m (Au (Vo V), AgV). 3.7
From (2.11), since AyU = 0, we have
Ryvovyv - RZ—VUVUV =-3gm(AyV, Ay(VyV)). (3.8)
From (38.7) and (3.8), we have
- 3Usy (AuV, AyV) - 2(Ryvovyv - RZVWUV)
= - 68y (VI AV, AgV). (3.9)
From (3.6) and (3.9), we have

M M
Vi Ryvuv - VuRivov = = 2Ruagvov - 6gu (VI A)yV, AgV). (3.10)
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From (2.3) and (3.2), we have AyJU = JAyU = 0. Then we have from
(3.10),

M v
VU Ryguvsu = VuRoguugu-

From this formula, the proof is completed.
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