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Abstract

We prove the unique common fixed point theorems for a pair of
R-weakly commuting mappings satisfying the generalized contractive
conditions in metric spaces. Moreover, we also prove the weak
convergence theorems for the sequences of Mann iterations and
modified Ishikawa iterations in uniformly convex Banach spaces
satisfying the Opial’s condition where T is generalized S-nonexpansive
type and S satisfies condition (C).

1. Introduction and Preliminaries

The common fixed point theorems for mappings satisfying certain
contractive conditions in metric spaces have been continually studied for
decade (see [1-3, 6-9, 14] and references contained therein). In 1986, Jungck
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[6] introduced the concept of compatible mappings and proved that weakly
commuting mappings are compatible mappings. After that, Pant [14]
introduced R-weakly commuting mappings and assured the existence of
common fixed points where the result requires the continuity of at least one
of the mappings.

Definition 1.1. Let £ be a nonempty subset of a metric space (X, d) and
T,S:E — E. Then a pair of mappings (7, S) is said to be R-weakly

commuting if there exists R > 0 such that
d(STx, TSx) < Rd(Sx, Tx), forall x € E.

Recently, Mishra et al. [12] assured the existence of the unique common
fixed point theorem as the following:

Theorem 1.2 [12]. Let (X, d) be a metric space and E be a nonempty
subset of X. Suppose that T, S : E — E are mappings such that

d(Tx, Ty)

< k(max{d(Sx, Sy), d(Sx, Tx), d(Sy, Tv), d(Sx, Ty) ; d(Sy, Tx)}), (1)

for all x, y € E, where k € (0, 1). Assume that T(E) < S(E) and the pair
(T, S) is R-weakly commuting on E. Then

(@) if T(E) is complete, then T and S have a unique common fixed point
in T(E),

(b) if S(E) is complete, then T and S have a unique common fixed point
in S(E).

Definition 1.3. Let £ be a nonempty subset of a Banach space X. Then a
mapping T : E — E is said to be nonexpansive if

| 7 =Ty | <llx = >l

forall x, ye E. Let F(T):={x € E: Tx = x} be denoted as the set of all
fixed points of 7.
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Definition 1.4. Let £ be a nonempty subset of a Banach space X and
T, S : E — E. Then a mapping T is said to be S-nonexpansive if

| 7 = Ty || <[ Sx = Sy,
forall x, y € E.

Mishra et al. [12] introduced more general class of S-nonexpansiveness.

Definition 1.5. Let £ be a nonempty subset of a Banach space X and
T, S : E — E. Then a mapping T is generalized S-nonexpansive type if

| 7% =Ty | < M(x, y),

forall x, y € E, where

M(x, y)

=max{||Sx—Sy||, [ Sx = Tx | +] Sy = Sy | ||Sx—Ty||+||Sy—Tx||}‘

2 ’ 2
Definition 1.6. A Banach space X is said to satisfy Opial’s condition if

whenever a sequence {x,,} in X converges weakly to x, then

liminf| x, — x| < liminf] x,, — y |,
n—oo n—

forall y € X with y = x (see [13]).

Let X be a Banach space and E be a nonempty convex subset of X.
Assume that 7 : E — E, {a,} < (0,1) and {B,,} < [0, 1). The sequence {x,,}

of Mann iterations [11] defined, for an arbitrary x; € E, by
Xy =1 —0,)x, +a,Tx,, neNU{0}, )
and the sequence {x,} of Ishikawa iterations [5] defined, for an arbitrary
xog € E, by
Xpat = (=0 ), + @, Ty,
Yu =(=By)x, +ByTx,, neNU{0} 3)
In (3), if B,, = 0, for all n, then (3) is reduced to (2).
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Recently, Mishra et al. [12] obtained some common fixed point theorems
for mappings 7 and S where T is generalized S-nonexpansive type under the
certain assumptions. Furthermore, they also proved the weak convergence

of a sequence {x,} of Mann iterations to a common fixed point of the

mentioned mappings.

Theorem 1.7 [12]. Let E be a bounded closed convex subset of a
uniformly convex Banach space X which satisfies Opial’s condition. Let

T, S : E — E be mappings where T is generalized S-nonexpansive type and
S is nonexpansive. Suppose that F(T)(\ F(S) is nonempty and {o,} is a
real sequence in (0, 1). Then, for an arbitrary xq € E, the sequence {x,} of

Mann iterations converges weakly to a common fixed point of T and S.

Definition 1.8. Let X be a Banach space. Then a subset £ of X is said to
be a retract of X if there exists a continuous mapping P : X — E such that

Px =x, forall x € E.

Let X be a uniformly convex Banach space and £ be a closed convex

subset of X with a nonexpansive retraction P. Assume that 7 : E — X,
{o,} =(0,1) and {B,} < [0, 1). The sequence {x,} of modified Ishikawa
iterations defined, for x; € E, by
Xpe1 = P(L—a)x, +,Ty,),
Yn :P((I_Bn)xn +BnTxn)5 I’ZENU{O}. (4)
If T is a self mapping on E, then (4) is reduced to (3).
Suzuki [16] introduced condition (C) as the following:
Definition 1.9. Let £ be a nonempty subset of a Banach space X. Then a
mapping T : £ — FE is said to satisfy condition (C) if

1 ) .
§||x—Tx||S||x—y|| implies | Tx = Ty | <[ x - » |,

forall x, y € E.
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Dhompongsa and Kaewcharoen [4] gave the example of the mapping

satisfying condition (C).

Example 1.10 [4]. Define a mapping 7 on [0, 3%} by

0 if x €0, 3],

Tx =44x —12 ifxe[3,3%},

. 1 L1
—4x+14 if 3—,3=1.
erte it refsha)]

Therefore, T is a continuous mapping satisfying condition (C) and 7 is not

nonexpansive.

Lemma 1.11 [16]. Let E be a subset of a Banach space X and
T : E > E. Assume that T satisfies condition (C). Then

[x =7y <3 7% —x|+]x-xl,
forall x, y € E.

Theorem 1.12 [16]. Let T be a self mapping on a weakly compact convex
subset E of a uniformly convex Banach space X. If T satisfies condition (C),
then T has a fixed point.

In this paper, we assure the existence of the unique common fixed
point theorem for mappings satisfying generalized contractive contraction
where the mentioned mappings are R-weakly commuting in metric spaces.
Moreover, we also prove the weak convergence of Mann iterations and
modified Ishikawa iterations to a common fixed point for the class of
mappings that is general than nonexpansiveness.

2. Fixed Point Theorems

Let @ be the set of all mappings ¢ such that ¢ : [0, +0) — [0, +0) is a

nondecreasing mapping satisfying Z:J:o ¢"(¢) < o, for all ¢ € (0, +o0). If
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¢ € @, then ¢ is called a ®-map. Furthermore, if ¢ is a ®-map, then
(i) ¢(¢) < t, forall 7 € (0, +0),
(ii) $(0) = 0.

For more detail, see [15]. From now on, unless otherwise stated, ¢ is meant
the ®-map.

Theorem 2.1. Let (X, d) be a metric space and E be a nonempty subset
of X. Suppose that T, S : E — E are mappings such that

d(Tx, Ty)

< d)(max{d(Sx, Sy), d(Sx, Tx), d(Sy, Tv), d(Sx, Ty) ; d(Sy, Tx)}j, (5)

forall x, y € E. Assume that T(E) < S(E) and the pair (T, S) is R-weakly

commuting on E. Then

(@) if T(E) is complete, then T and S have a unique common fixed point
in T(E);

(b) if S(E) is complete, then T and S have a unique common fixed point
in S(E).

Proof. Let x( be an arbitrary point in E. Since T(E) < S(E), there exists

x; € E such that Sx; = Tx. Let a be a positive real number such that

®(d(Sxg, Sx1)) < (a).
Again, since T(E) < S(E), there exists x, € E such that Sx, = Tx;. By (5),

we have
d(Sx;, Sxy)

= d(TXO, T)Cl)

< d)(max{d(Sxo, Sx1), d(Sxq, Txg), d(Sxy, Txy), d(Sx9, Txy) ; d(Sx, o) }j
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d(Sxg, Sxy) + d(Sx;, Sx; )})
2

= (I)(max{d (Sxg, Sxq), d(Sxq, Sxq), d(Sx1, Sxy),

< d)(max{d(SxO, Sxp), d(Sxq, Sxy), d(Sxq, Sx) J2r d(Sxy, sz)}j

< ¢(max{d(Sxg, Sx;), d(Sx;, Sxy)}).

By continuing this process, we can construct the sequence {Sx,} in E such

that
Sx, = Tx,_;
and
d(Sx,, Sx,11) < d(max{d(Sx,_y, Sx,), d(Sx,, Sx,,1)}), forall n e N.

If Sx, = Sx,,y, forsome n € N, then Sx,, = Ix,,. Suppose that Sx,, # Sx,, 1,

for all n e N. If max{d(Sx,_y, Sx,), d(Sx,, Sx,41)} = d(Sx,,, Sx,.1), then
d(Sxy, Sxy11) < O(d(Sxy, Sxy11)) < d(Sxy, SXpi1),
which leads to a contradiction. This implies that
d(Sx,, Sx,11) < &(d(Sx,_1, Sx,)), forall n e N.
This yields
d(Sx,, Sx,.1) < 0(d(Sx,_, Sx,)) < --- < ¢"(a), forall n e N.

Therefore,
D d(Sxy, Sx,01) € D 9" (a) < .
n=0 n=0

This implies that {Sx,} is a Cauchy sequence in E. Suppose that T(E) is
complete. It follows that

lim Sx, = lim Tx, = z, for some z € T(E).
n—>0 n—>0
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Since T(E) < S(E), thus there exists u € E such that Su =z. By
applying (5), we obtain that

d(Tx,,, Tu)

< d)(max{d(an, Su), d(Sx,,, Tx,), d(Su, Tu), d(Sx,, Tu) + d(Su, Txn)}j.

2

If

ma"{d(&‘w S0, (S, T, ), d(St, T, L5 T - St Txn)}

= d(Sx,,, Su),
then
d(Tx,, Tu) < &(d(Sx,,, Su)) < d(Sx,,, Su).

By taking the limit as n — o, we have d(Su, Tu) =0 and this yields
Su = Tu.

If
d(Sx,, Tu) + d(Su, Tx,)
max< d(Sx,, Su), d(Sx,,, Tx, ), d(Su, Tu), 3
= d(Sx,, Tx,),
then

d(Tx,, Tu) < &(d(Sx,, Tx,)) < d(Sx,, Tx, ).

By taking the limit as n — o, we have d(Su, Tu)=0 and this yields
Su = Tu.

If

max{d(an, S0, (5%, T, ) d(St, i, L5 1) S Txn>}

= d(Su, Tu),
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then
d(Tx,, Tu) < O(d(Su, Tu)).
By taking the limit as n — o, we have d(Su, Tu) < ¢(d(Su, Tu)). If
Su # Tu, then
d(Su, Tu) < §(d(Su, Tu)) < d(Su, Tu),
which leads to a contradiction. It follows that Su = Tu.

If

max{d(an, Su), d(Siy. Tiy), d(Su, Tia), 4S5 1) + d(Su, Txn)}

2

_d(Sx,, Tu) + d(Su, Tx,)
= 5 ,

then

d(Tx,, Tu) < ¢(d(an, Tu) er d(Su, Txn)j _ A(Sxy, Tu) ; d(Su, T,)

d(Su, Tu)
2

By taking the limit as n — oo, we have d(Su, Tu) < . This implies

that Su = Tu. Since the pair (7, S) is R-weakly commuting on E, we obtain

that
d(STu, TSu) < Rd(Su, Tu) = 0.
Therefore, Sz = 7z. By applying (5), we obtain that

d(Tx,, Tz)

< ¢(max{d(5xn, S2), d(Sv,, Tx,), d(sz, Tz), L% T2) +d(52, Tx")}j.

2

Using the mentioned argument as above, we can conclude that

d(z, Tz) = 0 and then z = Tz = Sz. Suppose that w is any common fixed

point of 7 and S. By applying (5), we have
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d(z, w) = d(Tz, Tw)

< o max{ (55, 5w, d(57, 72), (5w, 1), ST AR BV

2

< ¢(maX{d(Za w), d(z, z), d(w, w), e ; = Z)})

= ¢(d(z, w)).
This yields d(z, w) = 0 and then z = w. Hence z is a unique common fixed

point of 7and Sin T(E). If S(E) is complete, then

lim 7x, = lim Sx, = z, for some z € S(E).
n—o0 n—

Thus there exists u € E such that Su = z. By using the analogous proof as
before, we can conclude that z is a unique common fixed point of 7 and S in
S(E). O
By applying Theorem 2.1, we obtain the following corollaries.
Corollary 2.2 [12, Theorem 10]. Let (X, d) be a metric space and E be
a nonempty subset of X. Suppose that T, S : E — E are mappings such that

d(Tx, Ty)

<k max{d(Sx, Sy), d(Sx, Tx), d(Sy, Ty), d(Sx, Ty) ; d(Sy, Tx)}, (6)

forall x, y € E, where k € (0,1). Assume that T(E) < S(E) and the pair
(T, S) is R-weakly commuting on E. Then

(@) if T(E) is complete, then T and S have a unique common fixed point
in T(E);

(b) if S(E) is complete, then T and S have a unique common fixed point
in S(E).
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Proof. Define ¢ :[0, ) — [0, ©) by ¢(z) = kt. Therefore, ¢ is a
nondecreasing mapping and z::o ¢"(t) < oo, for all ¢ € (0, +0). It follows

that the contractive condition (5) in Theorem 2.1 is now satisfied. This
completes the proof. OJ

Corollary 2.3. Let (X, d) be a metric space and E be a nonempty
subset of X. Suppose that T, S : E — E are mappings such that

d(Tx, Ty)

< (I)(max{d(Sx, ). d(Sx, Tx) -5 d(Sy, Ty) ’ d(Sx, Ty) -5 d(Sy, Tx)}), )

forall x, y € E. Assume that T(E) < S(E) and the pair (T, S) is R-weakly

commuting on E. Then

(@) if T(E) is complete, then T and S have a unique common fixed point
in T(E);

(b) if S(E) is complete, then T and S have a unique common fixed point

in S(E).

Proof. Since the contractive condition (7) implies the contractive
condition (5), we obtain that all assumptions in Theorem 2.1 are now

satisfied. Therefore, the proof is complete. O

Corollary 2.4 [12, Lemma 12]. Let (X, d) be a metric space and E be a
nonempty subset of X. Suppose that T, S : E — E are mappings such that

d(Tx, Ty)

< kmax{d(Sx, Sp). d(Sx, Tx) + d(Sy, Ty) d(Sx, Ty)+ d(Sy, Tx)}’ ®)

2 ’ 2
forall x, y € E, where k € (0,1). Assume that T(E) < S(E) and the pair
(T, S) is R-weakly commuting on E. Then



96 Anchalee Kaewcharoen

(@) if T(E) is complete, then T and S have a unique common fixed point
in T(E),

(b) if S(E) is complete, then T and S have a unique common fixed point
in S(E).

3. Convergence Theorems

We now prove the weak convergence of a sequence of Mann iterations
and modified Ishikawa iterations to a common fixed point of mappings using

the techniques appeared in [10, 12].

Theorem 3.1. Let E be a bounded closed convex subset of a uniformly
convex Banach space X which satisfies Opial’s condition. Let T, S : E > E

be mappings where T is generalized S-nonexpansive type and S satisfies
condition (C).

Suppose that F(7') N F(S) is nonempty and {o,} is a real sequence in
(0, 1). Then, for an arbitrary x, € E, the sequence {x,} of Mann iterations

converges weakly to a common fixed point of 7 and S.

Proof. Let z € F(T)( F(S). For each n € N U {0}, we have
” Xntl — 2 ” = ” (I—o,)x, +a,lx, —z ”

=[[ (1= 00,) (xy = 2) + 00 (T, = 2) |-
This implies that
| X1 =z < (=0 (e = 2) [ + ]| Ty — 2. ©)
Since T is generalized S-nonexpansive type, we obtain that
| Ty = 2] < M(xy, 2),

where

M(x,, 2)

_ max{” sx, — Sz |, 1S5 = Do [ £ Sz = T2 | Sy =Tz |+ ] 52 = Ty II}.

2 2
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We separate the proof into the following cases:
Case 1. If M(x,, z) =| Sx, — Sz, then
| Ty =z <[ Sxy — 82|
Since S satisfies condition (C) and Lemma 1.11, we have
IS, - Sz = | %, -2
<3|z 2] +]x, - 2]
=[x, -z
It follows that

| ew = 2] < 20 = 2]

, then

Case 2.1 M(x,, z) = |55 =T ||2+ ISz - 72|

| S = Toew ||+ Sz = 7= |
2

| Ten = 21| <

” an — Txn "
2

Sxy =2+ ]z =Ty |
< 5 :

This yields
1Ty =2 <[ Sx, = 2.

Since S satisfies condition (C) and Lemma 1.11, we have

| Zew = 2l <[> = =

, then

yo 1S5 = 2] +] 82 = Ty |

Case 3. If M(x,, z 3

| Sxn =Tz +] Sz = T |
2

72, - 2| <

Dl K B e
5 :

97
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This yields
| Tew = 2] < [ Sxn = 2.
Since S satisfies condition (C) and Lemma 1.11, we have
| Zen =z < o = 2
From the above three cases, we conclude that
| Ix, —z|| < || x, — z|, forall n e NU {0}. (10)
Using (9) and (10), we obtain that
[xer =z < (0= o)l (e = 2) |+ 0l 0 = 2 =l 5 = 21
forall n e N U {0}.
Therefore, {||x, —z|} is a nonincreasing sequence and then

lim, | x, — z| exists. We will prove that {x,} converges weakly to a
common fixed point of 7 and S. Suppose that {x, } and {x,, } are the
subsequences of {x, } which converge to z and Z, respectively. Assume that

z # z. Since X satisfies the Opial’s condition and lim,,_, | x,, — z| exists,

forall z € F(T)N F(S), we obtain that

lim || x, —z| = lim | Xy -z
n—>o k—o0

e
fim | 5, - |

lim || x, —Z |
n—»00

o
i |y, 2]

< i -
Jim I X, =21

= lim | x, -z,
n—>o0

which leads to a contradiction. Therefore, we can conclude that z = Z. O
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By using Theorem 3.1, we immediately obtain the following corollary.

Corollary 3.2 [12, Theorem 17]. Let E be a bounded closed convex
subset of a uniformly convex Banach space X which satisfies Opial’s

condition. Let T,S:E — E be mappings where T is generalized
S-nonexpansive type and S is nonexpansive. Suppose that F(T)( F(S) is
nonempty and {o,} is a real sequence in (0,1). Then, for an arbitrary
xo € E, the sequence {x,} of Mann iterations converges weakly to a

common fixed point of T and S.

Theorem 3.3. Let E be a bounded closed convex subset of a uniformly
convex Banach space X which satisfies Opial’s condition. Assume that

T,S:E > X are mappings where T is generalized S-nonexpansive type
and S satisfies condition (C). Suppose that F(T)(\ F(S) is nonempty,
{o,} < (0,1) and {B,,} <[0,1). Then, for an arbitrary xq € E, the sequence
{x,} of modified Ishikawa iterations with a nonexpansive retraction P

converges weakly to a common fixed point of T and S.

Proof. Let z € F(T)( F(S). Since P is a nonexpansive retraction, for

each n € NU {0}, we obtain that
[EAEEd
= [ P((1 = o) x, + @y Tyy) = 2 |
= [ P = e ), + 0, Ty ) = P2 |
<=ty + 0y TP = By )y + ByTiy) — 2 + 12 — 2]
< (= o)y = 2+ ot TP = B, 5, + BoTiy) — T2 .
This implies that
a1 =2 < =02 = 2 [+ 0| TP = By)xy + BuTx,) = T2 (1)

For each n e NU{0}, let w, = P((1-B,,)x, +B,Tx,). Since T is generalized

S-nonexpansive type, we obtain that
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" Twn - Iz " < M(Wna Z)’

where
M(w,, 2)
_ max{" Sw, — Sz |, | Sw, —Twngﬂl Sz —TZII, | Sw, — Tz II;II Sz —Tw, II}.

We separate the proof into the following cases:
Case 1. If M(w,, z) =| Sw, — Sz |, then
| T, ~ Tz | < S, - .
Since S satisfies condition (C) and Lemma 1.11, we have
| Swy = Sz = | Swy = =]
<3Sz =z +]wn -]
=lwy =z
It follows that

| Tew =Tz <[ = 2.

Case 2. If M(w,, z) = [ S = Tiw ! +]Sz -T2 , then

| Sw, —Tw, |+ Sz - Tz |

| T, 7z < | .

” Sw, —Tw, "
2

S =z [+ 2 =Tw, |
< 5 .

This yields

7w, ~ Tz | <[ Sw, - 5],



Fixed Point Theorems and Convergence Theorems ...
Since S satisfies condition (C) and Lemma 1.11, we have

| T = T2 < [ w = 2]

| LSwy =Tl o) S =T

Case 3. If M(w,, z 3

n

| Swu = T2 ||+ Sz = Twy |
2

| Ty 72 <

[ Swn =z [ +]2=Tw, |
5 :

This yields
[T, - Tz < | Sw, - 2.
Since S satisfies condition (C) and Lemma 1.11, we have
| Ty = T2 <[ wy = =]
From the above three cases, we conclude that
| 7w, =Tz | <||w, — z|, forall n e NU {0}.
This implies that
| TP((1 = B, )y + BuToxy) = Tz || = || Tiw, — 2 |
<[ wy = 2|l
= P((L=B,)x, +BuTx,) — 2|
= [ P((L = By)xy + BuTx,) = Pz |
< (1= B, +BuTy 21,
By (11), we have
| %41 = 2]

< (1 - OLn)" Xn — Z” + 0Ln(" (1 _Bn)xn + BnTxn -zt BnTZ - BnTZ ")

101

(12)
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= (1 - OLn)” Xp — 2 " + 0Ln(” (1 - Bn)xn + BnTxn —z+ an - BnTZ ”)
<(U-a,)|x, —z|+a,d=B,)]x, = z|| + a,B,| Tx, — T=||.

Since T is generalized S-nonexpansive type and S satisfies condition (C), we

can prove that
1Ty = T2 < [ %, = 21,

by using the analogous argument as before. For each n € N U {0}, we obtain

that
" Xn+l _Z” < (1 —Otn)” Xn _Z”+ OLn(l _Bn)” Xn _Z”+ OLan" Xn _Z"
=[x, —z||

Therefore, {|| x,, —z ||} is a nonincreasing sequence and then lim,,_, [ x, — z ||
exists. By the analogous argument in the proof of Theorem 3.1, we can

conclude that {x,} converges weakly to a common fixed point of S and 7. [J

Since S-nonexpansive type mappings and condition (C) are weaker than
S-nonexpansiveness and nonexpansiveness, respectively, we immediately

obtain the following result.

Corollary 3.4 [10, Theorem 2.1]. Let E be a bounded closed convex
subset of a uniformly convex Banach space X which satisfies Opial’s

condition. Assume that T, S : E —> X, where T is S-nonexpansive and S is
nonexpansive. Suppose that {a,} < (0,1) and {B,,} < [0, 1). Then, for an
arbitrary xy € E, the sequence {x,} of modified Ishikawa iterations with a

nonexpansive retraction P converges weakly to a common fixed point of T
and S.
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