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Abstract

It has been observed by T. Edwards that the compact-open topology on
the family of continuous functions between topological spaces is the
weak topology induced on the family by a certain collection of continuous
compact-valued functions. In this paper, several of Edwards’ results are
generalized to the ®-open topology of A. Wilansky, and it is shown that

Edwards’ discovery leads to a compact-open topology for families of set-
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valued functions between topological spaces. The collection of set-valued
functions endowed with this compact-open topology gives rise to an
imbedding theorem for the space of set-valued functions, which in turn,
in conjunction with results found in old papers of E. Michael, D. Wulbert
and R. Smithson, leads to characterizations of compact subsets of such
families from Hausdorff spaces and arbitrary spaces to Hausdorff spaces,
and sufficient conditions for members of such families to be first

countable and second countable.

In addition, several theorems on the first countability of the space of
compact-valued functions with one of the compact-open topologies of
Smithson are proved. One such theorem is the following generalization
of a result of R. Arens: If X is a Hausdorff hemicompact space and Y is a
Hausdorff locally compact second countable space, then the collection of

upper semicontinuous compact-valued functions o from X to Y satisfying

(0 Y(F)) ¢ F foreach F c Y is first countable.

All spaces will be topological spaces and no separation axioms will be
assumed unless explicitly stated. For a nonempty set X, let ® be a
nonempty collection of nonempty subsets of X, and for a space Y, let ® be
a nonempty collection of functions from X to Y. For each K € ® and W
open in Y, let [K, W]={g € ®: g(K) c W}. The collection of all such

[K, W] generates, as subbase, a topology on ® which is called the

®-open topology by Wilansky [10]. If X is a space and @ is the collection of
nonempty compact (closed) subsets of X, the ®-open topology is the
familiar compact-open topology (is called the closed-open topology). The
family of nonempty compact (closed) subsets of X will be denoted by
K X (CX), and the topology on K X (CX) will be the finite topology [6]. If
X is a space, let O(X) be the collection of open subsets of X and, for
Ac X, let J(A)={VeOX): AcV} (simply X(x) if A = {x}). For
sets X, Y, a set-valued function from X to Y is a function on X with

nonempty subsets of Y as values. If ¢ is a set-valued function from X to Y
and Ac X (BcY), Ugcaox) ({x € X : o(x) N B # J}) is denoted by

o(A) (97X(B)) and called the image of A (inverse image of B) under ¢. If
X, Y are spaces, a set-valued function ¢: X —» Y is upper (lower)

semicontinuous w.s.c. (I.s.c.) at x € X if for each W e X(¢(x)) (W € O(Y)
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satisfying x € ¢ 1(W)), some V € Y(x) satisfies o(V)c W (V < ¢ L(W)).
It is known and readily verified that ¢ is u.s.c (I.s.c.) at each x € X if
and only if ¢™1(W) is closed (open) in X for each closed (open) subset W in

Y. In this case ¢ is said to be upper (lower) semicontinuous (u.s.c.) (I.s.c.);
a set-valued function which is u.s.c. and l.s.c. is called continuous. If © is
a nonempty collection of set-valued functions from X to Y and
@ # K c X, then Hg(9) = ¢(K) defines a set-valued function from © to

Y. Let YX represent the set of functions from X to Y, let SV(X, Y) be
the family of all set-valued functions from X into Y, and let uSV(X, Y)
be the collection of upper semicontinuous members of SV(X, Y). Let
KV(X, Y) be the collection of members of uSV(X,Y) with compact
values. It is known that members of KV(X, Y) preserve compact subsets

[8]. The discovery that the compact-open topology on a collection of
continuous functions between topological spaces is the weak topology for
a family of set-valued functions motivates an extension of the compact-
open topology to collections of set-valued functions. This compact-open
topology on a nonempty ® < SV(X, Y) will be denoted by 7,. Smithson
[7] has introduced a topology on a nonempty © c SV(X,Y), which
coincides with the compact-open topology in the case of single-valued
functions. This topology, generated by {a € ® : a(F) c W, F compact in
X, Wopen in Y}, as subbase, will be denoted by Cy. Some of the main
results established in this paper for these topologies are listed below. In
the sequel, if X i1s a Hausdorff space, d #I' c KX, and KeK X,
{F eT : K c F} will be denoted by I'y. Without loss, assume Iy is

closed under finite intersections.

Definition 1 is from Smithson [9]. In this definition, a cover, Q of a set

A is called a proper cover if N (| A # @ is satisfied for each N € Q.

Definition 1. A topological space X is called compactly second
countable if for each compact subset M of X, there is a countable

collection of open sets A so that for each open finite proper cover I' of M,
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there is a finite proper cover A of M such that A ¢ A, Uy H < UpdJ and,
for each J € T', some H € A satisfies H C JJ.

(1°) If X and Y are spaces, then KV(X, Y) with the compact-open
topology is imbedded in the product space (K Y)’CX.

(2°) Let X, Y be spaces with Y Hausdorff and suppose KV(X, Y) has
the compact-open topology. Then ® ¢ KV(X, Y) is compact if and only if

(1) ® is a closed subset of KV(X, Y) and

(2) Uyeo W(K) is a compact subset of Y for each K € £X.

(3°) Let X, Y be spaces with X Hausdorff, Y Fréchet, and let I’ ¢ KX
such that N, F = K. Then KV(X, Y) endowed with the compact-open

topology is imbedded in the product space (ICY)F.

(4°) Let X, Y be spaces with X Hausdorff, Y Fréchet, and let ' ¢ £X
be countable such that N, F = K. Then KV(X, Y) endowed with the

compact-open topology is second countable if and only if Y is second
countable.

(5°) Let X, Y be spaces with X Hausdorff, Y Fréchet, and let ' ¢ KX
be countable such that N, F = K. Then KV(X, Y) endowed with the

compact-open topology is metrizable if and only if Y is metrizable.

(6°) Let X be a Hausdorff space and let I' ¢ KX be countable such
that ﬂrK F = K. If Yis Hausdorff and compactly second countable, then

KV(X, Y) endowed with the compact-open topology is first countable.

(7°) If X is a Hausdorff hemicompact space, and Y is a Hausdorff
locally compact second countable space, then {a € KV(X,Y): a(a " (F))
c F for each F c Y} endowed with Smithson’s topology Cy is first

countable.
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Results. First, some of Edwards’ results on the compact-open
topology are generalized to the ®-open topology of Wilansky [10].
Theorem 1. If ® is a nonempty collection of nonempty subsets of X

and Y is a space, the ®-open topology on a nonempty O c YX is the
smallest topology on © for which Hg : ©® - Y is u.s.c. on © for each

K e o.

Proof. Let 7 represent the ®-open topology on ©. If K € ® and
W e OY), then for [K,W]e7, Hg(K,W]))c W so Hg is us.c.
Assume now that U/ is a topology on ® for which each Hg is u.s.c. Let
[K, W] be a subbasic element of 7 and f € [K, W]. Then Hg(f) =
f(K) c W. Since Hg : (©, U) — Y is u.s.c,, choose Vy € U with f e V
and Hg(Vy)c W. Each he V, satisfies Hg(h)=h(K)cW and
therefore h € [K, W]. Thus [K,W]=Uix w]V; and hence [K,W]eU.
This establishes that 7 is the smallest topology on ® for which each Hg

is u.s.c.

Corollary 1. If ® is a nonempty collection of nonempty subsets of X

and Y is a space, the ®-open topology on a nonempty © c YX s
generated by A = {{[K, W]: K € ®, W € O(Y)} as subbase.

Proof. Let 7 be the topology generated by A as subbase. Show that
T 1is the ®-open topology on ©. Let S ¢ 7 be a topology on ® such that
Hpg is us.c. for each K € @, let [K, W]e A, and let ¢ € [K, W]. Then

Hg () € W. Choose V,, € S such that ¢ € V,, and Hg(V,) € W. Then
K, W] = Uik, w1V € S. Hence 7 is the ®-open topology.

Theorem 2. If ® is a collection of nonempty subsets of a set X

containing the family of singletons and Y is a space, the ®-open topology

on a nonempty O C YX is the smallest topology on © for which
Hyg : © > Y is continuous for each K € ®.

Proof. In view of Theorem 1 it need be shown that Hg is l.s.c. and

the proof will be complete. If K € ® and W € O(Y), then
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-1 _ _ -1 _
HZ W) =0 ﬂxK H\(Y - W).

Hence Hg!(W) is open since Hy,) is u.s.c. from Theorem 1. Thus Hy is
Ls.c.

Corollary 2. The compact-open (closed-open) topology on a nonempty

0cyX for spaces X, Y is the smallest topology on © for which
Hg :©® - Y isu.s.c. foreach K € KX(CX).

Corollary 3 [3]. For spaces X, Y the compact-open topology on a
nonempty © C Y¥ is the smallest topology on © for which Hg : © - Y

is continuous for each K € KX.

Corollary 4. For spaces X, Y with X a Fréchet space, the closed-open

topology on a nonempty © C YX is the smallest topology on © for which
Hg : © > Y iscontinuous for each K € CX.

Let X and Y be non-empty sets, let H: X — Y be a set-valued
function and let 2¥ be the collection of non-empty subsets of Y. Define
the function H* :X — 2¥ by H*(x)= H(x) for each x in X. The
function H™ is called the function induced by the set-valued function H.
For spaces X, Y, it is known that a set-valued function H : X —» Y 1is

continuous if and only if H* : X — 2Y is a continuous function when 2¥
has the finite topology. Hence the following theorem and corollaries are
produced.

Theorem 3. If X, Y are spaces and ® is a collection of subsets of X

containing the family of singletons, then a nonempty © C YX with the

®-open topology is imbedded in (2¥)® when 2¥ has the finite topology.

Proof. The family of continuous functions {H} : ® — 2Y : K € @}
separates points. So the conclusion follows from a well-known imbedding
theorem (see 6.6.2 in [10]).

Let C(X,Y) be the collection of continuous functions from the space

X to the space Y.
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Corollary 5 [3]. If X and Y are spaces, then a nonempty © c C(X,Y)

with the compact-open topology is imbedded in (/CY)’CX.

Theorem 2 motivates a definition of a ®-open (compact-open) topology
on a family of set-valued functions.

Definition 2. Let ® be a nonempty collection of nonempty subsets of
X, and let Y be a space. The ®-open topology on a nonempty
© c SV(X, Y) is the smallest topology on ® for which the set-valued

function Hg : © — Y defined by Hg (1) = w(K) is continuous for each
K € ®. The notation 7 ¢ is used for this topology. If X is a space and
® = KX, and 74 = Cy the topology is denoted by 7., and called the
compact-open topology.

Useful characterizations of 74 in terms of a subbasis and
convergence of nets with respect to 74 are given in Proposition 1,
Corollary 6, and Corollary 7. For ® = SV(X, Y), a nonempty subset K of
X and a subset A of Y, let M;(K, A)={ne®:puK)c A} and let
My(K, A)={ne®: K cplA).

Proposition 1. If ® is a collection of nonempty subsets of X which
contains the family of singletons, Y is a space, and © c SV(X,Y) is
nonempty, then T ¢ is the topology generated by all subsets M;(K, W),
My({x}, W), where x € X, K € ®, W € O(Y), as subbase.

Proof. Let U be the topology generated by the family of subsets

described in the statement of the proposition as subbase. For x € X and
W e oY), H{‘xl}(W) = My({x}, W) and My({x}, W)e T ¢. Since
HZ (Y -W)=0- MK, W)

and, since H (Y —W) is a T ¢ -closed subset of ®, M;(K, W) e T .

Hence U c T . From the equations

Hg W) = | Ma(f}, W), HE (Y - W) = 0 - My(K, W)
xeK
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for each K€ ® and W e O(Y), it follows that Hg is a continuous

set-valued function for each K € @ if ® is endowed with the topology U.
Hence 74 < U.

The proofs of Corollaries 6 and 7 are omitted.

Corollary 6. Let ® be a collection of nonempty subsets of X which
contains the family of singletons and Y be a space. If SV(X, Y) has the
topology T ¢, then a net u, in SV(X,Y) converges to ne SV(X,Y) if
and only if (1) wu,(K) c W is ultimately satisfied whenever K € ® and
We OY) satisfy W(K)c W and (2) w,x)NW # @ is ultimately
satisfied whenever x € X, W € O(Y) satisfy wx) W # &.

Corollary 7. Let ® be a collection of nonempty subsets of X which
contains the family of singletons and Y be a space. If SV(X, Y) has the

topology T ¢, then a net wu, in SV(X,Y) converges to ne SV(X,Y) if
and only if u,,(K) — wWK) in 2Y for each K € .

Proposition 2 will be utilized in the sequel. A proof is given for the
sake of completeness as the result is doubtless (at least in the case of
functions) part of the folklore of topology (see [2], page 252, exercise 8, for
the statement in the case of a continuous function and a decreasing
sequence of nonempty compact subsets).

Proposition 2. Let X, Y be spaces with X Hausdorff, Y Fréchet, and
let 9 € uSV(X,Y). Then

0] e

for any filterbase I of compact subsets on X.

Proof. Let p € Nro(F) and define < on ' by F; < Fy if Fy C F;
for each F € T’ choose xp € F such that p € ¢o(xp). Fix Fy € I. Then
the net (xp, <), which we simply call xp, is ultimately in F,. Some
subnet of xp, called again xp, converges to ze€ F,. For any F € T,

such a subnet 1s ultimately in F and hence has a subnet converging to
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some point in F. Since X is Hausdorff, it follows that z € F. Since ¢ is

u.s.c. it follows that for W e X(¢(z)), ¢(xp) = W ultimately and, hence,
p € ¢(z) since Yis Fréchet.

Theorem 4. Let X, Y be spaces with X Hausdorff, Y Fréchet, and let
' c KX such that Nr, F = K. For each nonempty © c uSV(X,Y),

(Hy : ® > 2¥ : F e T} separates points.

Proof. Suppose ¢, 8 € ©® and ¢(x) # 9(x). Then, from Proposition 2,

(NoF) = o [\ F | = o) = 8Gx) = 8 () F | = [)9(F).

D} e Cx) aed
Choose F' e Ty, satisfying o(F) # 8(F). For this F, Hp(9) = Hp (o).
Remark 1. The assumption of the existence of a collection I' ¢ KX
such that ﬂFK F = K might appear to be somewhat artificial. However,

in a second countable Hausdorff locally compact space, a countable base
consisting of relatively compact open sets is such a I'. Of course, KX 1is

alsosuchaT.

Remark 2. If X, Y are arbitrary spaces, and I' ¢ KX contains the
collection of singletons, and ® c KV(X, Y), it is easy to see that

{Hg : ® > KY : K e I'} separates points.

Remark 3. If X, Y are arbitrary spaces, and I' ¢ KX such that
Nrg F = K, the topology generated on ® c SV(X,Y) by {M;(F, W):
F e, W e O(Y)} as subbase will be denoted by 7 .

Theorem 5. Let X, Y be spaces with X Hausdorff, Y Fréchet, and let
I' c KX suchthat N, F = K. Then Tr = Cy on ® c KV(X,Y).

Proof. Clearly, 7 < Cy. Let W be open in Y, let ¢ € ©® and let
K € KX such that ¢(K)c W. There is an F € I'y satisfying o(F) c W.
Otherwise, {¢(F)-W : F e '} is a filterbase of compact subsets on
the closed set Y -W and N, o(F)-W = J. It then follows from
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Proposition 2 that ¢(K)—- W # &, a contradiction. Choose such an F and
let 3 e M{(F,W). Then 3(K)c 9(F)c W. Hence ¢ € M{(F,W)c
Ml(K, W), and Cz C TF’

Corollary 8. Let X, Y be spaces with X Hausdorff, Y Fréchet, and let
I'c KX suchthat N\, F = K. Then Ty =T, on © c KV(X, Y).

Proof. This follows from the definition of 7 ., and Theorem 5.

Theorem 6. Let X, Y be spaces with X Hausdorff, Y Fréchet, and let
[ c KX such that N, F = K. Then ® c KV(X, Y) with the compact-

open topology is imbedded in (ICY)F.
Proof. From Theorem 5, 7 is the smallest topology on ® for which
Hp :© > Y 1is continuous for each FeT, and 7p =7, from

Corollary 8. Moreover, Hy is point-compact, so {Hp : ® - KY : F e T'}

1s a family of continuous functions which separates points by Theorem 4.

Corollary 9. Let X, Y be spaces with X Hausdorff, Y Fréchet, let
KV(X, Y) have the compact-open topology. Then KV(X,Y) is imbedded

in the product space (K Y)’CX.

Remark 4. The conditions imposed on X, Y in Corollary 9 are

unnecessary since KX contains the collection of singletons, and hence

{Hg : KV(X,Y) > KY : K € KX} separates points.
The next theorem characterizes compact subsets of KV(X, Y).

Theorem 7. Let X, Y be Hausdorff spaces, and let T <« KX such that
Nry F =K. Then © C KV(X, Y) with the compact-open topology is

compact if and only if

(1) ® is a closed subset of KV(X, Y) and

(2) Uyeo W(K) is a compact subset of Y for each K € T.

Proof. First, the necessity of conditions (1) and (2) is established. As
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for (1), ® is a closed subset of KV(X, Y) since KY is Hausdorff [6], © is

compact, and KV(X,Y) is imbedded in the Hausdorff space (KY)'.
Now, let K € T. Since Hg is u.s.c. and point-compact it follows that

Hg(©) = UpeoWMK) is a compact subset of Y and (2) is established.

Assume now that conditions (1) and (2) hold. From Theorem 4.9.6 in [6],
for each K eTl, K[Hg(®)] is compact. From above, there is a

homeomorphism (into)

H:0 > P = HIC[HK(®)].
I

The topological space P is compact by Tychonoff’s theorem. Since © is a

closed subset of KV(X,Y), H(®©) is a closed subset of (KY) and hence
of P. Hence H(®) and ® are compact.

The Hausdorff condition on X in Theorem 7 may be removed if
I = KX.

Theorem 8. Let X, Y be spaces with Y Hausdorff. Then © c
KV(X, Y) with the compact-open topology is compact if and only if

(1) ® is a closed subset of KV(X, Y) and

(2) Uyeo W(K) is a compact subset of Y for each K € KX.

Proof. See Remark 4.

Corollary 10. Let X, Y be spaces with Y Hausdorff. Then KV(X,Y)
with the compact-open topology is compact if and only if UueG) wK) is a

compact subset of Y for each K € KX.

In what follows, spaces X, Y are produced for which the space

KV(X,Y) with the compact-open topology satisfies the properties of

second countability, metrizability, and first countability by imbedding the
space in a product space. A different approach is utilized to prove
Theorems 12 and 13, a second countability theorem and a first

countability theorem for KV(X, Y) equipped with Smithson’s topology
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Cq. The search for function spaces with these properties is motivated by
a paper of McCoy [5].

Theorem 9. Let X, Y be spaces with X Hausdorff, Y Fréchet, and let
' c KX be countable such that N, F = K. Then KV(X,Y) endowed

with the compact-open topology is second countable if and only if Y is
second countable.
Proof. Suppose Y is second countable. Then KY is second countable

[6]. From Theorem 6, KV(X,Y) is imbedded in (ICY)F, a countable

product of second countable spaces. The proof of the other required
implication is obvious since Y is homeomorphic to the subspace of

constant functions from X to Y.

Theorem 10. Let X, Y be spaces with X Hausdorff, Y Fréchet, and let
[ c KX be countable such that N, F = K. Then KV(X,Y) endowed

with the compact-open topology is metrizable if and only if Y is metrizable.

Proof. Replace “second countable” with “metrizable” in the proof of
Theorem 9.

Definition 3. A subset P of a topological space X has a countable
exterior base if there is a countable family of open subsets Q of X such
that P = NgA and for each V € X(P) some A € Q satisfies A c V.

It has been shown that the hyperspace of compact subsets of a
Hausdorff space X is first countable if and only if X satisfies either of the

following conditions:
(1) [9] The space X is compactly second countable.

(2) [11] The space X is separable and each compact subset has a

countable exterior base.

Theorem 11. Let X be a Hausdorff space and let T c KX be
countable such that ﬂl‘K F = K. If Yis Hausdorff and compactly second

countable, then KV(X,Y) endowed with the compact-open topology is

first countable.
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Proof. From [9], KY is first countable. From Theorem 6, KV(X, Y)

is imbedded in (K Y)F, a countable product of first countable spaces.

Theorem 12. Let X be a Hausdorff space and let T'c KX be
countable such that ﬂFK F = K. If the Hausdorff space Y is second

countable, then KV(X, Y) with the topology Cq is second countable.

Proof. Let B be a countable base of open subsets of Y which is closed

under finite unions. Let D be the collection of finite intersections of
elements of {M(F, H): F €T, H € B}. Then D is countable. Let W be

open in Y and let K € KX such that W e X(¢(K)). Since @(K) is
compact, choose V € B X(¢(K)) such that V < W. As in the proof of
Theorem 5, choose F € I'y such that @(F)c V. For such F, V, if
0€ Mi(F,W), then o(K) c o(F) cV c W. Hence D is a base for the
topology Cy on KV(X, Y).

Theorem 13. Let X be a Hausdorff space and let T <KX be
countable such that ﬂrK F = K. If each nonempty compact subset of the

Hausdorff space Y has a countable exterior base, then KV(X, Y) with the
topology Cq is first countable.

Proof. Let ¢ c KV(X,Y) and for each F e I, let {(Wp , :k=1,2,..}

be a countable exterior base at ¢(F). Let B be the collection of finite
intersections of elements of {M;(F, Wg 1,): F €T, k=1,2,..}. Then B

is countable. It will now be shown that B is a base at ¢. Let Wbe open in
Y and let K € KX such that ¢(K) c W. As in the proof of Theorem 5,

choose F € I'g such that ¢(F) < W, and choose an integer m such that
o(F)cWg ,, cW. If o € My(F,Wg_,,), then o(K) c o(F) c Wg ,, c W.

Theorem 14. Let X be a locally compact space and let K c X be a
compact Gg. Then K has a countable exterior base.

Proof. Under the hypothesis K is the intersection of a sequence of
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compact neighborhoods K,. If some W € ¥(K) and every K, satisfies
K,-W=#, then K-W = .

Theorem 15. Let X be a countably compact regular space and let
K c X beacompact Gg. Then K has a countable exterior base.

Proof. Under the hypothesis K is the intersection of a sequence of
closed neighborhoods K,. If some W e X(K) and every K, satisfies

K,-W=J, then K-W # &.

The following corollaries are consequences of the foregoing theorems.

Corollary 11. Let X be a Hausdorff space and let T < KX be
countable such that N, F = K. If Y is a countably compact regular
space such that each K € KY is a Gg, then (KV(X,Y), Cy) is first
countable.

Corollary 12. Let X be a Hausdorff space and let T < KX be
countable such that ﬂFK F = K. If Y is locally compact and Hausdorff

and each K € KY isa Gg, then (KV(X, Y), Cy) is first countable.

Corollary 13. If X is a locally compact second countable Hausdorff
space and each K € KY has a countable exterior base, then KV(X,Y)

with the topology Cy is first countable.

Arens [1] introduced the class of hemicompact spaces in 1946 and
proved that the space of real-valued continuous functions defined on such
a space is first countable when equipped with the compact-open topology.

A generalization of this result is established in Theorem 16.

Theorem 16. Let X be Hausdorff, hemicompact and Y be Hausdorff,
locally compact and second countable. Then the collection, D c KV(X,Y),
endowed with the compact-open topology Cqo of Smithson, and satisfying

oa(a"Y(F)) c F foreach F c Y, a.€ D is first countable.
Proof. Let A be a countable collection of compact subsets with the

properties provided by the assumption that X is hemicompact. Choose a

countable collection Q of relatively compact open subsets of Y such that,
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for each compact subset K of Y, and open subset W of Y satisfying
K c W, some P, Q € Q satisfies K «c P c cl(P)c @ = W. For a € D,

let A be the countable collection of nonempty subsets of the form
M;(H N o (cl(P)), Q), where H e A, P,Q e Q, cl(P)c Q. It is now
shown that the collection of finite intersections of members of A is a
countable base at a. Suppose J is compact in X, W is open in Y and
a(J)=W. Choose P, @ € Q, H e A satisfying a(J) c P c cl(P)c Q <
W, J < H. Then o € My(H N a L(cl(P)), @) = Mi(H N a (cl(P)), W) =
Mi(J, W).

Definition 4. The point-open topology on a nonempty ® c SV(X,Y)

is the smallest topology on ® for which the set-valued function
Hp 0 © — Y defined by Hy(w) = w(x) is continuous for each x € X.

The notation 7 ,, is used for this topology.

Proposition 3 may be proved by arguments similar to those in the
proof of Proposition 1.

Proposition 3. If ® c SV(X,Y) is nonempty, then T po is the
topology generated by all subsets M;({x}, W), Ms({x}, W), where x € X,
W e O), as subbase.

The topology T ,, on the nonempty ©® c SV(X, Y) is the same as the
topology T3 on ©® c SV(X, Y) defined by Smithson in [7].

Corollary 14 is a generalization of Theorem 4 on page 222 in [4] and
is similar to Theorem 2 in [7]. It may be proved by arguments like those
in the proofs of Theorems 2.2 and 2.4 in [3].

Corollary 14. (1) The space SV(X, Y) is Hausdorff if and only if Y is
Hausdorff. (2) For Y Hausdorff, the space SV(X, Y) is regular (completely
regular) if and only if Y is regular (completely regular).

The topology on the nonempty ® c SV(X, Y) generated by subsets
M, (K, W), My(K, W) as subbase, where K € KX and W e O(Y), is
called C3 by Smithson [7]. Clearly, Cy c 7., C Cs.
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Theorem 17. If Y is a Hausdorff space and ® c SV(X,Y) is compact
with the topology C3, then T p, = Cog =T, = Cs.

Corollary 15. If Y is a Hausdorff space and ® c SV(X,Y) is compact
with the topology Cs, then Cg3 is characterized in each of the following

ways:

(1) The weak topology generated by the collection of continuous
functions {Hx : F - KY : K € KX}.

(2) The weak topology generated by the collection of continuous
functions {Hfy) : © > KY : x € X}.

(38) The smallest topology generated by the collection of u.s.c.
set-valued functions {Hg : ® - Y : K € KX}.
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