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Abstract 

We obtain the explicit expressions for the 12 +++ nmmn  primitive 

idempotents in the ring ( )[ ] ,
1−

mnqpx

xlGF  where p, q are distinct odd 

primes, multiplicative order of l modulo np  is ( ) ,2

npφ  ( )1≥n  and  

q is primitive root modulo mq  with ( ) ( ) .1,2gcd =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
φ

φ m
n

qp  We 

generalize the results of Pruthi and Arora [6] and, Batra and Arora [3]. 
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1. Introduction 

Let ( ) ( )FlGF  be a field of odd prime order l and G be a cyclic group      

of order η such that ( ) .1,gcd =nl  By Maschke Theorem [11, p. 143], FG 

(group algebra) is semi-simple and due to Wedderburn Theorem [11, p. 53], 
every ideal in FG can be written as a direct sum of a finite number of 
minimal ideals as each ideal in FG is generated by unique idempotent. The 
generating idempotent of the minimal ideal is called Primitive Idempotent. 

Let ( )[ ] .
1−

= ηη
x

xlGFR  Then ,~ FGR =η  therefore it is semi-simple. Thus, to 

describe the complete set of ideals (codes over F) in ,ηR  it is sufficient to 

find its complete set of primitive idempotents. Let ( )ηlo  denote the order of l 

modulo η. For ,2,,4,2 nn pp=η  p is an odd prime and ( ) ( ),ηφ=ηlo  the 

complete set of primitive idempotents in ηR  is obtained by Arora and Pruthi 

[1, 6]. For ,2n=η  ( ),1≥npn  p is an odd prime and ( ) ( ) ,2
ηφ=ηlo  the 

complete set of primitive idempotents in ηR  is obtained by Batra and Arora 

[3, 4]. For ( ),1≥=η nqpn  p and q are distinct odd primes, where l is 

primitive root modulo np  and q both with ( ) ( ) ,12,2gcd =






 φφ qpn
 the 

primitive idempotents in ηR  are obtained by Bakshi and Raka [2]. For 

( ),1≥=η npn  p is an odd prime, ( ) ( ) ,elo ηφ=η  e is a positive integer, the 

primitive idempotents in ηR  are obtained by Raka et al. [7]. Singh and Pruthi 

[10] obtained the primitive idempotents of the quadratic residue codes         

of length ,mnqp  p, q are distinct odd primes and ( ) ( ) ,2

n

p
plo n

φ
=  

( ) ( ) ,2

m

q
qlo m

φ=  ( ) ( ) .12,2gcd =






 φφ mn qp  Sahni and Sehgal [9] described 
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the primitive idempotents of minimal cyclic codes of length ,qpn  p, q are 

distinct odd primes and ( ) ( ),n
p plo n φ=  ( ) ( ),qlo q φ=  ( ) ( )








 φφ
2,2gcd qpn

 

,d=  p does not divide .1−q  

In this paper, we consider the case when ,mnqp=η  where p, q are 

distinct odd primes and 

( ) ( ) ,2

n

p
plo n

φ=    ( ) ( ),m
q qlo m φ=    ( ) ( ) .1,2gcd =








φφ m

n
qp  

Then the complete set of 122 +++ mnmn  cyclotomic cosets modulo mnqp  

is obtained in Theorem 2.4. Then the corresponding 122 +++ mnmn  
primitive idempotents in ηR  are given by Theorems 4.2 and 4.3. In Section 

5, as an example, we describe an explicit expression for complete set 
primitive idempotents of irreducible cyclic codes of length 1089. 

2. Cyclotomic Cosets 

Let { }.1...,,2,1,0 −= mnqpS  For ,, Sba ∈  say that ba ~  iff ≡a  

( )mni qpbq mod  for some integer .0≥i  Then ‘~’ is an equivalence relation 

on set S. The equivalence classes of this relation are called l-cyclotomic  

coset modulo .mnqp  The l-cyclotomic coset containing Ss ∈  is =sC  

{ },...,,, 1−stslsls  where st  is the smallest positive integer such that ≡stsl  

( ).mod mnqps  

Lemma 2.1. Let p, q, l be distinct odd primes and ,1≥n  1≥m  are 

integers, 

( ) ( ) ( ) ( )m
q

n

p qloplo mn φ=φ= ,2    and   ( ) ( ) .1,2gcd =







φφ m

n
qp  
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Then 

( ) ( ) ,2

kmjn

qp
qplo kmjn

−−φ=−−  for all j, k; .10,10 −≤≤−≤≤ mknj  

Proof. Trivial. 

Lemma 2.2. For given distinct odd primes p, q and l, there exists always 

a fixed integer ‘g’ satisfying ( ) ,1, =lpqg  ,1 pqg <<  ( ),mod pqlg t≡/  

for ( ) .120 −φ≤≤ pqt  Further, for 10 −≤≤ nj  and ,10 −≤≤ mk  the 

set 

( ) ( )











 −φ−φ −−−−

12122 ...,,,,...,,,,1
kmjnkmjn qpqp

glglglll  

forms a reduced residue system ( ).mod kmjn qp −−  

Proof. By Lemma 2.1, the lemma follows. 

Remark 2.3. On the similar lines, we can prove that the set 

( ) ( )











 −φ−φ −−

12122 ...,,,,...,,,,1
jnjn pp

glglglll  

forms a reduced residues system modulo ,jnp −  for .10 −≤≤ nj  

Theorem 2.4. If ( ),1, ≥=η mnqp mn  then the 122 +++ mnmn  

cyclotomic cosets modulo mnqp  are given by 

  (i) { }.00 =C  

For ,10 −≤≤ mj  

 (ii) { ( ) }....,,, 1−φ −
=

jm
jn

qjnjnjn
qp

lqplqpqpC  
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For ,10 −≤≤ ni  

(iii) 
( )

,...,,,
12













=
−φ −in

mi

p
mimimi

qp
lqplqpqpC  

(iv) 
( )

....,,,
12













=
−φ −in

mi

p
mimimi

qgp
lqgplqgpqgpC  

For ,10 −≤≤ ni  ,10 −≤≤ mj  

 (v) 
( )

,...,,,
12













=
−φ −− jmin

ji

qp
jijiji

qp
lqplqpqpC  

(vi) 
( )

,...,,,
12













=
−φ −− jmin

ji

qp
jijiji

qgp
lqgplqgpqgpC  

where g is defined in Lemma 2.2. 

Proof. By repeated application of Lemmas 2.1 and 2.2, the proof follows 
immediately. 

3. Some Lemmas 

In this section, we first prove Lemmas 3.4, 3.6-3.16 to describe the 

complete set of primitive idempotents in ( )[ ] .
1−

= mnmn
qpqp

x

xlGFR  

Definition 3.1. Let α be a fixed primitive thmnqp  root of unity in some 

extension field of ( ).lGF  For ,10 −≤≤ ni  ,10 −≤≤ mj  define 

1. ( ) ∑
∈

α=
g

ji

Cs

sqp
jiA ,  
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2. ( ) ∑
∈

α=
1

,
Cs

sqp
ji

ji
B  

3. ( )

( )

∑
−φ

=

−
α=η

12

0
0

1
p

s

lqp smn
 

4. ( )

( )

∑
−φ

=

−
α=η

12

0
1 .

1
p

s

glqp smn
 

Note 3.2. Throughout in this paper, we take α as primitive thmnqp  root 

of unity in some extension field of ( ).lGF  

Remark 3.3. Observe that for ,10 −≤≤ ni  ,10 −≤≤ mj  

( )
( )

( )

( )

∑ ∑
∈

−φ

=
−−

−−

β
φ
φ=α=

g

jmin

sji

Cs

qp

s

sl
jmin

mn
sqp

ji
qp
qpA

12

0
,  

and 

( )
( )

( )

( )

.
12

0
, ∑

−φ

=
−−

−−

β
φ
φ=

jmin

s

qp

s

l
jmin

mn
ji

qp
qpB  

Lemma 3.4. For ,10 −≤≤ nj  ,10 −≤≤ mk  if β is primitive thqp kj  

root of unity in some extension field of ( )lGF  and ( ) ( ) ,2

kj

qp
qplo kj

φ=  

then 

( )

( )

∑
−φ

= 



≠

=
=β+β

12

0 .1,0

1,1
kj

ss

qp

s

gll

kjif

kjif
 

Proof. By Lemma 2.2, the lemma follows. 



Primitive Idempotents of Irreducible Cyclic Codes of Length mnqp  23 

Notation 3.5. For presenting the results in compact, we reserve the 
symbol that ( ) ( )tsyx ,, ≤  which means that x and y are simultaneously 

varying with the bounds sx ≤≤0  and ,0 ty ≤≤  where s and t are 

integers. 

Lemma 3.6. For ,10 −≤≤ ni  ,10 −≤≤ mj  

( ) ( )
( ) ( )

( ) ( )





−−≤

−−=
=+

−−

.2,2,0

1,1,11

,,
mnjiif

mnjiifqp
BA

mn

jiji  

Proof. By Definition 3.1, Remark 3.3, Lemma 2.2 and Lemma 3.4, the 
proof follows. 

Lemma 3.7. For ,10 −≤≤ mk  

( )
∑

∈ −

−−










≥+φ

−<+

−=+−

=α
kqnp

ri

Cs km

km

sqp

mkrifq

mkrif

mkrifq

.

10

11

 

Proof. Let .
inkr pq ++

α=β  Then 1=β  if mkr ≥+  and is primitive 

thkrmq −−  if .1−≤+ mkr  

Case (i). If ,mkr ≥+  then the sum equals ( ).kmq −φ  

Case (ii). If ,1−≤+ mkr  then 
rs ll β=β  iff ( )krmrs qll −−≡ mod  iff 

( ( )).mod krmqrs −−φ≡  In view of the above discussion, we get the desired 

result. 

Lemma 3.8. For ,10 −≤≤ nj  

( )
∑ ∑

∈ ∈ −

−−











≥+φ
−<+

−=+η

=α=α
mqjp mqjgp

riri

Cs Cs jn

jn

sqgpsqp

njiforp
njifor

njiforp

.2

10

10
1
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Proof. Trivial. 

Lemma 3.9. For ,10 −≤≤ nj  

( )
∑ ∑

∈ ∈ −

−−











≥+φ
−<+

−=+η

=α=α
mqjgp mqjp

riri

Cs Cs jn

jn

sqgpsqp

njiforp
njifor

njiforp

.2

10

11
1

 

Proof. Similar as Lemma 3.8. 

Lemma 3.10. For 10 −≤≤ nj  and ,10 −≤≤ mk  

∑∑
∈∈

α=α
kqjgp

ri

kqjp

ri

Cs

sqgp

Cs

sqp  

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )
( ) ( ) ( )



















≥+≥+
φ

≥+−<+

≥+−=+ηφ

−<+≥+

−=+≥+
φ

−

−≤+−≤+

=

−−

−−−

−−−

++

.2

10

1

10

12

111

0
1

1

,

mkrandnjiifqp
mkrandnjiif

mkrandnjiifqp

mkrandnjiif

mkrandnjiifqp

mkrandnjiifB
qp

kmjn

kmjn

kmjn

krjikj

 

Proof. By Lemma 3.8 and Remark 3.3, the lemma follows. 

Lemma 3.11. For ,10 −≤≤ nj  ,10 −≤≤ mr  

( ) ( )

( )
( ) ( )

∑ ∑
∈ −−

−−−

∈












≥+
φ

−<+

−=+ηφ

=α=α
rqip rqigp

mjmj

Cs rmin

rmin

Cs

sqgpsqp

njiifqp
njiif

njiifqp

.2

10

10
1

 

Proof. The proof follows on the similar lines of Lemma 3.10. 
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Lemma 3.12. For ,10 −≤≤ nj  ,10 −≤≤ mk  

∑ ∑
∈ ∈

α=α
kqjp kqjgp

riri

Cs Cs

sqpsqgp  

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )
( ) ( ) ( )



















≥+≥+
φ

≥+−<+

≥+−=+ηφ

−<+≥+

−=+≥+
φ

−

−≤+−≤+

=

−−

−−−

−−−

++

.2

10

1

10

12

111

1
1

1

,

mkrandnjiifqp
mkrandnjiif

mkrandnjiifqp

mkrandnjiif

mkrandnjiifqp

mkrandnjiifA
qp

kmjn

kmjn

kmjn

krjikj

 

Proof. Trivial. 

Lemma 3.13. For 10 −≤≤ nj  and ,10 −≤≤ mk  

( ) ( )

( )
( ) ( )

∑ ∑
∈ ∈ −−

−−−













≥+
φ

−<+

−=+ηφ

=α=α
rqigp rqip

mjmj

Cs Cs rmin

rmin

sqgpsqp

njiifqp
njiif

njiifqp

.2

10

11
1

 

Proof. The proof follows on the similar lines of Lemma 3.12. 

Lemma 3.14. For ,10 −≤≤ mr  

( )

( )
∑

∈ −

−−










≥+φ

−<+

−=+−

=α
rqnp

kn

Cs rm

rm

sqp

mkrifq

mkrif

njiifq

.

10

11

 

Proof. The proof follows on the similar lines of Lemma 3.7. 
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Lemma 3.15. For 10 −≤≤ ni  and ,10 −≤≤ mr  

( )
∑ ∑

∈ ∈ −−

−−













≥+
φ

−<+

−=+η

=α=α
mqip mqigp

rjrj

Cs Cs rmin

jn

sqgpsqp

njiforqp
njifor

njiforp

.2

10

10
1

 

Proof. Trivial. 

Lemma 3.16. For 10 −≤≤ ni  and ,10 −≤≤ mr  

( )
∑ ∑

∈ ∈ −

−−













≥+
φ

−<+

−=+η

=α=α
mqigp mqip

rjrj

Cs Cs in

jn

sqgpsqp

njiifp
njiif

njiifp

.2

10

11
1

 

Proof. Trivial. 

4. Main Results 

Theorem 4.1. The primitive idempotent sθ  corresponding to the 

cyclotomic coset sC  in ,mnqp
R  is ,

1

0
∑

−

=
ε=θ

mnqp

k

k
ks x  where =εk  

∑
∈

−α
sCj

jk
mnqp

1  for .1...,,2,1,0 −= mnqpk  

Proof. See Theorem 1 [2]. 

Recall that to describe ,sθ  it becomes necessary to compute .kε  In view 

of the fact that ,1 gCC =−  then ∑ ∑
∈ ∈

− α=α=ε
s gsCj Cj

jk
mn

jk
mnk

qpqp
.11  

Apart from this, kε  has the same value when k runs through a cyclotomic 

coset. Therefore, to avoid confusion, we use s
kε  instead of kε  whenever k 

belongs to .sC  
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Note. For our further discussion, throughout in this paper, the following 
notations will be used frequently: 

For ;,0 nji ≤≤  ,1,0 ≤≤ kr  

  (i) ( ) ( )( ) ∑
∈

=σ=σ
rqip

ri
Cs

s
riqp

xxx ,  

(ii) ( ) ( )( ) ∑
∈

=σ=σ
rqigp

ri
Cs

s
rigqgp

xxx .,  

Theorem 4.2. The 12 ++ mn  primitive idempotents corresponding to 
cyclotomic cosets ,0C  ,knqp

C  mjqp
C  and mjqgp

C  in mnqp
R  are 

  (i) ( ) ( ).11 12
0

−++++=θ
mnqp

mn xxx
qp

x  

 (ii) For ,10 −≤≤ mk  

( ) ( ) ( ( )( ) ( )( ))
( ) ( )

( )













σ+σ+φ=θ ∑

−−

−=

−
1,1

,0,
,,11

mn

kmri
rigri

km
mnqp

xxq
qp

xkn  

( )( ) ( ( )( ) ( )( ))
( ) ( )

( )

( ) ( )

( )







σ+σ+σ+ ∑ ∑

−

−=

=

=

1,

,,

,1

,0,
,,,

mn

kmnri

mn

mri
rigriri xxx  

( ( )( ) ( )( ) ( )( )) .
1

0
1,1,1,

1




















σ+σ+σ− ∑

−

=
−−−−−−

−−
n

i
kmnkmigkmi

km xxxq  

(iii) For ,10 −≤≤ nj  

( )xmjqp
θ  

( ( )( ) ( )( ))






ση+ση= ∑
=

−−−−
−−

m

r
rjngrjn

jn
mn xxp

qp 0
,10,11

11  
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( )
( )( ) ( ) ( ( )( ) ( )( ))

( ) ( )

( )
.22

0

,1

0,,
,,,







σ+σφ+σφ+ ∑ ∑
=

−

−=

−− m

r

mn

jnri
rigri

jn
rn

jn
xxpxp  

(iv) 

( ) ( ( )( ) ( )( ))






ση+ση=θ ∑
=

−−−−
−−

m

r
rjngrjn

jn
mnqgp

xxp
qp

xmj
0

,11,10
11  

( )
( )( )∑

=

−
σφ+

m

r
rn

jn
xp

0
,2  

( ) ( ( )( ) ( )( ))
( ) ( )

( )
,2

,1

0,,
,,







σ+σφ+ ∑
−

−=

− mn

jnri
rigri

jn
xxp  

where 2
1

0
p−+−=η  and .2

1
1

p−−−=η  

Proof. By repeated application of Lemmas 3.4, 3.6-3.16, the proof 
follows. 

Theorem 4.3. For 10 −≤≤ nj  and ,10 −≤≤ mk  the 2mn primitive 

idempotents corresponding to cyclotomic cosets kjqp
C  and kjqgp

C  in 

mnqp
R  are 

  (i) 

( ) [ ( ) ( )( )






σ=θ −−−−−− xA
qpqp

x kmjnmnkjmnqp kj 1,11,1
11  

( ) ( )( )] ( )
2

1
1,11,1

−−−

−−−−−−
φ−σ+

kmjn
kmjngmn

qpxB  

( ( )( ) ( )( )) ( )( )













σ+σ+σ⋅ ∑

−

−=
−−−−−−

1

1,1,1,

n

jni
kmnkmigkmi xxx  
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( ) ( ( )( ) ( )( ))











ση+σηφ+ ∑

−=
−−−−

−−− m

kmr
rjngrjn

kmjn
xxqp

,10,11
1

2  

( ) ( ( )( ) ( )( ))
( ) ( )

( )







σ+σφ+ ∑

−−

−−=

−− 1,1

,,
,,2

mn

kmjnri
rigri

kmjn
xxqp  

( )( ) ( ( )( ) ( )( )) .1
1

,,

1

,






+σ+σ+






σ+ ∑∑

−

−=

−

−=

n

jni
migmi

m

kmr
rn xxx  

(ii) 

( ) [ ( ) ( )( )






σ=θ −−−−−− xB
qpqp

x kmjnmnkjmnqgp kj 1,11,1
11  

( ) ( )( )] ( )
2

1
1,11,1

−−−

−−−−−−
φ−σ+

kmjn
kmjngmn

qpxA  

( ( )( ) ( )( )) ( )( )













σ+σ+σ⋅ ∑

−

−=
−−−−−−

1

1,1,1,

n

jni
kmnkmigkmi xxx  

( ) [ ( )( )
( ) ( )

( )

∑
−−

−−−=
−−

−−− σηφ+
mjn

kmjnri
rjn

kmjn xqp
,1

,1,
,10

1  

( )( )] ( )
2,11

kmjn
rjng

qpx
−−

−−
φ+ση+  

( ( )( ) ( )( )) ( )( )
( ) ( )

( )














σ+σ+σ⋅ ∑ ∑

−−

−−=

−

−=

1,1

,,

1

,,,

mn

kmjnri

m

kmr
rnrigri xxx  

( ( )( ) ( )( )) ,1
1

,,






+σ+σ+ ∑
−

−=

n

jni
migmi xx  
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where 

( )
( ) ( )( )

2
111

1,1
pqpA

mn
mn

−+=
−−

−−  

and 

( )
( ) ( )( ) .2

111
1,1

pqpB
mn

mn
−−=

−−

−−  

Proof. The proof follows on similar lines of Theorem 4.2. 

5. Example 

.2,2,2,5,3,11 ====== mnglqp  

Then .0,1,1,0, 001021 ==−=η=η=− BACC  

( ) ( ),14 10882
0 xxxx ++++=θ  

( ) { [ ( )( ) ( )( ) ( )( ) ( )( )]xxxxx 2,122,12,022,011
1642 σ+σ+σ+σ+=θ  

[ ( )( ) ( )( ) ( )( ) ( )( ) ( )( )]},3 1,21,121,11,021,0 xxxxx σ+σ+σ+σ+σ−  

( ) { [ ( )( ) ( )( ) ( )( ) ( )( )xxxxx 2,122,12,022,0311
1242 σ+σ+σ+σ+=θ  

( )( ) ( )( ) ( )( ) ( )( ) ( )( )]xxxxx 1,21,121,11,021,0 σ+σ+σ+σ+σ+  

[ ( )( ) ( )( ) ( )( )]},0,20,020,0 xxx σ+σ+σ−  

( ) {[ ( ( )( ) ( )( ) ( )( ))xxxx 2,121,120,1203
42 σ+σ+ση=θ  

( ( )( ) ( )( ) ( )( ))]},2,11,10,11 xxx σ+σ+ση+  

( ) {[ ( ( )( ) ( )( ) ( )( )) ( ( )( )xxxxx 0,012,021,020,020113
42 ση+σ+σ+ση=θ  

( )( ) ( )( ))]xx 2,01,0 σ+σ+  

( )( ) ( )( ) ( )( ) ( )( )},2,122,11,121,1 xxxx σ+σ+σ+σ+  
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( ) {[ ( ( )( ) ( )( ) ( )( )) ( ( )( )xxxxx 0,002,021,020,0211123
42 ση+σ+σ+ση=θ  

( )( ) ( )( ))]xx 2,01,0 σ+σ+  

( )( ) ( )( ) ( )( ) ( )( )},2,122,11,121,1 xxxx σ+σ+σ+σ+  

( ) {[ ( ( )( ) ( )( ) ( )( ))xxxx 2,121,120,12123
42 σ+σ+ση=θ  

( ( )( ) ( )( ) ( )( ))]},2,11,10,10 xxx σ+σ+ση+  

( ) { ( ) ( )( ) ( ) ( )( )xBxAx 1,121,11,11,11 4 σ+σ=θ  

[ ( )( ) ( )( ) ]},13 2,112,120 +ση+ση+ xx  

( ) { ( ) ( )( ) ( ) ( )( )xAxBx 1,121,11,11,12 4 σ+σ=θ  

[ ( )( ) ( )( ) ]},13 2,102,121 +ση+ση+ xx  

( ) [ ( ) ( )( ) ( ) ( )( ) ( )( )xxBxAx 2,0201,021,11,01,111 34 ση+σ+σ=θ  

( )( ) ( )( ) ( )( ) ],12,122,12,01 +σ+σ+ση+ xxx  

( ) { ( ) ( )( ) ( ) ( )( )xAxBx 1,021,11,01,122 4 σ+σ=θ  

[ ( )( ) ( )( ) ( )( ) ( )( ) ]},13 2,122,12,002,021 +σ+σ+ση+ση+ xxxx  

( ) { [ ( ) ( )( ) ( ) ( )( )]xBxAx 0,121,10,11,13 24 σ+σ=θ  

[ ( )( ) ( )( ) ( )( )]},2,121,1201,11 xxx σ+ση+ση+  

( ) { [ ( ) ( )( ) ( ) ( )( )]xAxBx 0,121,10,11,16 24 σ+σ=θ  

[ ( )( ) ( )( ) ( )( )]},2,121,1211,10 xxx σ+ση+ση+  

( ) { [ ( ) ( )( ) ( ) ( )( )]xBxAx 0,021,10,01,133 24 σ+σ=θ  

[ ( ( )( ) ( )( )) ( ( )( ) ( )( ))]},2 2,021,0202,01,01 xxxx σ+ση+σ+ση+  
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( ) { [ ( ) ( )( ) ( ) ( )( )xAxBx 0,021,10,01,166 24 σ+σ=θ  

[ ( ( )( ) ( )( )) ( ( )( ) ( )( ))]}.2 2,021,0212,01,00 xxxx σ+ση+σ+ση+  
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