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Abstract

We obtain the explicit expressions for the 2mn + m +n+1 primitive
GF()[x]

idempotents in the ring ——
(P -y

, Where p, g are distinct odd

n
primes, multiplicative order of | modulo p" is @ (n>1) and

n
g is primitive root modulo g™ with gcd(@, q)(qm)J =1. We

generalize the results of Pruthi and Arora [6] and, Batra and Arora [3].
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1. Introduction

Let GF(/)(F) be a field of odd prime order / and G be a cyclic group
of order n such that ged(/, n) = 1. By Maschke Theorem [11, p. 143], FG
(group algebra) is semi-simple and due to Wedderburn Theorem [11, p. 53],

every ideal in FG can be written as a direct sum of a finite number of
minimal ideals as each ideal in FG is generated by unique idempotent. The
generating idempotent of the minimal ideal is called Primitive Idempotent.

Let RTI = M Then Rn = FG, therefore it is semi-simple. Thus, to

(x"-1)
describe the complete set of ideals (codes over F) in Ry, it is sufficient to

find its complete set of primitive idempotents. Let o(/ )Tl denote the order of /
modulo 1. For n =2, 4, p", 2p", p is an odd prime and o(l)n = ¢(n), the
complete set of primitive idempotents in R, is obtained by Arora and Pruthi

[1, 6]. For n=2", p" (n21), p is an odd prime and o(l), = _(I)(Zn)’ the

complete set of primitive idempotents in R,, is obtained by Batra and Arora

[3, 4]. For n= p"q (n>1), p and ¢ are distinct odd primes, where / is

MMJ 1, the

primitive root modulo p” and ¢ both with gcd( 3 5

primitive idempotents in R, are obtained by Bakshi and Raka [2]. For

9(m)

n=p"(n>1), pisan odd prime, 0(1)n = , e is a positive integer, the

primitive idempotents in R,, are obtained by Raka et al. [7]. Singh and Pruthi
[10] obtained the primitive idempotents of the quadratic residue codes

n
of length p"q™, p, g are distinct odd primes and 0(l)pn =—¢(12) ),

O(I)qm = d)(qu), gcd[d)(%n), d)(qu)j = 1. Sahni and Sehgal [9] described
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the primitive idempotents of minimal cyclic codes of length p"q, p, g are
n

distinct odd primes and o(/) o= o(p"), o(l)q = d(q), gcd[@, %q)j

= d, p does not divide g — 1.

In this paper, we consider the case when n = p”¢™, where p, g are

distinct odd primes and

o =2 o) = g™ gcd(q’(%'”,¢(qM)J=1.

Then the complete set of 2mn + 2n + m + 1 cyclotomic cosets modulo p"g”

is obtained in Theorem 2.4. Then the corresponding 2mn + 2n+ m +1

primitive idempotents in R,, are given by Theorems 4.2 and 4.3. In Section

5, as an example, we describe an explicit expression for complete set

primitive idempotents of irreducible cyclic codes of length 1089.

2. Cyclotomic Cosets

Let S=1{0,1,2, .. p"q" —1}. For a,be S, say that a ~ b iff a =

bqi (mod p"¢™) for some integer i > 0. Then ‘~’ is an equivalence relation

on set S. The equivalence classes of this relation are called /-cyclotomic

coset modulo p"q™. The [-cyclotomic coset containing s € S is Cg =
{s, s, ..., sl ts_l}, where 7, is the smallest positive integer such that s/’s =
s (mod p"g¢™).

Lemma 2.1. Let p, q, [ be distinct odd primes and n>1, m >1 are

integers,

ot)r = M8 oty = oig™) and gcd(d’%),mqwj:l.
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Then

n—j m—k
o(l) =i - =¢(pfq),forallj,k; 0<j<n-1,0<k<m-1.

Proof. Trivial.
Lemma 2.2. For given distinct odd primes p, q and [, there exists always

a fixed integer ‘g’ satisfying (g, pql) =1, 1< g < pg, g #1' (mod pq),
for OStS@—]. Further, for 0< j<n—-1and 0<k <m-1, the

set

o(p"/q" ) 0" " ") |
AR B g, gl ., gl 2

forms a reduced residue system (mod p"~/¢").

Proof. By Lemma 2.1, the lemma follows.

Remark 2.3. On the similar lines, we can prove that the set

") ")
L4020 2 g gl .., gl 2
forms a reduced residues system modulo p”_j ,for0<j<n-1.

Theorem 2.4. If n=p"q" (n,m=>1), then the 2mn+2n+m+1

cyclotomic cosets modulo p"q™ are given by

(i) Co = {0}

For0<j<m-1,

) : : ome
(i) C = (p"q’, p"q’l, ..., p"g’ 1% )Ny
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For0<i<n-1,

_ . S
(111) Cpiqm = plqm’ plqml, ey plqml 2 5

o(p" )
iv) C _ i m i my i mp2 -1
(iv) wlgm =189 8 8

For0<i<n-1,0<j<m—-1,
¢(pn_iqm_j)_1

(V) Cpiqj = piqja plqjla ooy Pl‘]/l 2 5

o S ")
VM) Copigi = gr'q’, g'd’l, .., gp'q’l 2 :

where g is defined in Lemma 2.2.

Proof. By repeated application of Lemmas 2.1 and 2.2, the proof follows

immediately.

complete set of primitive idempotents in Rp,, m =

3. Some Lemmas

In this section, we first prove Lemmas 3.4, 3.6-3.16 to describe the
GF(1)[x]

(" 1)

Definition 3.1. Let a be a fixed primitive p”¢”'th root of unity in some

extension field of GF(/). For 0<i<n—-1, 0 < j < m -1, define

L= X o

sng
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igJ
= pq’s
2. B =2 o
seCy

op)
2 n—1_m ;s

3= 2, (a7 ¢ )
s=0

op)_,

2 n—1_m K

/

4. M = E (a? 1),
s=0

Note 3.2. Throughout in this paper, we take o as primitive p”¢”'th root

of unity in some extension field of GF(/).

Remark 3.3. Observe that for 0 <i<n—-1, 0< j<m—1,

o(p"g" ) 4
;g n.m 2 .
- grlels - _0p"q") g’
A(Z,J) S;g d)(pn—zqm—]) ;
and
0" ") |

o(p"q™) < s
= g (prign=T) SZ:(:)

Lemma 3.4. For 0< j<n-1, 0<k <m—1, if B is primitive qukth

j k
root of unity in some extension field of GF(l) and 0(1)quk = ¢(P251 )’
then

o(r'd") |
2 S S l l .9 k = 1
pr 0 if j,k=#1.

Proof. By Lemma 2.2, the lemma follows.
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Notation 3.5. For presenting the results in compact, we reserve the
symbol that (x, y) < (s, ) which means that x and y are simultaneously
varying with the bounds 0 < x<s and 0 < y <¢ where s and ¢ are

integers.

Lemma3.6. For 0<i<n-1, 0<j<m-1,
pn_lqm_l lf‘ (la J): (l’l—l, m_l)
0 if (i, j))<(n-=2,m-2).

Proof. By Definition 3.1, Remark 3.3, Lemma 2.2 and Lemma 3.4, the
proof follows.

A,y + B, j) = {

Lemma 3.7. For 0 <k <m-1,

m—k—1

-q ifr+k=m-1
Z aplqrs: 0 if r+k<m-1
S€C gk ") ifr+kzm

r+k n+i
Proof. Let B = af P Then B=1if r+k>m and is primitive

"R ik <m—1.
Case (i). If r + k > m, then the sum equals (I)(qm_k).

Case (ii). If 7+ k <m—1, then p’ = p/" iff I* = I"(mod g™ ") iff

s = r (mod (g™ " ¥)). In view of the above discussion, we get the desired

result.

Lemma 3.8. For 0 < j <n -1,

p”_j_lno fori+j=n-1
ir ir
Z ol 1% = Z ol 15 =10 fori+j<n-1
seC ; seC n=j
p'q" w’q" ") for i+ j=n.

2
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Proof. Trivial.

Lemma 3.9. For 0 < j <n—1,

p”_j_lnl fori+j=n-1
ir ir
Z af 1% = Z ol 15 =20 fori+j<n-—1
seC seC n=j
g g % fori+ j>n.

Proof. Similar as Lemma 3.8.
Lemma 3.10. For 0< j<n—-1land 0 <k <m—1,

ir ir
Z al'4s = Z afP a4

seC seC
p/q* e’ q"

%B(Hj,wrk) if i+j)<n-land (r+k)<m-1
q

Co(p" g !

if i+j)=nand (r+k)=m-1

_Jo ? if (i+j)=nand (r+k)<m-1
P " e if i+ )=n—1and (r+k)=m
0 if i+j)<n-land (r+k)=m
(""" ")

3 if i+j)=nand (r+k)>m.

Proof. By Lemma 3.8 and Remark 3.3, the lemma follows.

Lemma3.11. For 0< j<n-1, 0<r<m-1,

—i-1 - e
. | P TN Ing i (i) =n-1
DU S A 1) if (i+j)<n-1
c ;. c .. n—i _m-r
se Piq’ s€ P % if(i+j)2n.

Proof. The proof follows on the similar lines of Lemma 3.10.
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Lemma3.12. For 0< j<n—-1 0<k<m—1,

ir ir
Z a8l 4s — Z al 45

seC ; seC
p/q* e’ g

%A(Hj,”k) if i+j)<n-land (r+k)<m-1
q

C(p" g !

if i+j)2nand (r+k)=m-1

_J0 ? if i+j)2nand (r+k)<m-1
PG M i i+ j)=n—1and (r+k)2m
0 if i+j)<n—-land (r+k)=m
o(p"7q" ")

3 if i+j)2nand (r+k)>m.

Proof. Trivial.

Lemma3.13. For 0< j<n—-land 0 <k <m-—1,

| P T if ) =0
AT Y S if i+ j)<n—1

C C n—i_m-—r
Tl Sy % if (i+j)=zn

Proof. The proof follows on the similar lines of Lemma 3.12.

Lemma 3.14. For 0 <r <m -1,

—g" " i+ ) =n—1
k
Z a?'s =)o if r+k<m-1
S€Cpngr og"") i rrk=m.

Proof. The proof follows on the similar lines of Lemma 3.7.
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Lemma 3.15. For 0<i<n—-1and 0<r <m-—1,

n—j—1

p Mo fori+j=n-1
)Y a?7s = > a’d’s = 1o Jori+j<n—1
C C - n—i_m-r
Pl Tl dD(pfq) fori+j=n.

Proof. Trivial.

Lemma 3.16. For 0<i<n—-1and 0<r <m-—1,

Py i j=n-l
oo e S w@ s do v j<n-t
sngp,-qm Secpiqm d)(an_l) if i+ j>n.
Proof. Trivial.
4. Main Results

Theorem 4.1. The primitive idempotent O corresponding to the

n_m
pgq -1
cyclotomic coset C, in R , ,, is 05 = z skxk, where g =
pq (=0
1 .
> o fork=0,1,2 .., p"¢" - 1.
P9 jec;

Proof. See Theorem 1 [2].

Recall that to describe 6, it becomes necessary to compute €;. In view

_ _ 1 —jk _ 1 Jk
of the fact that —Cy = Cg, then g = —— Z o/t = —— Z o’*.
P9 jec, P9 jeCy

Apart from this, €; has the same value when k runs through a cyclotomic

coset. Therefore, to avoid confusion, we use si instead of g, whenever k

belongs to C.
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Note. For our further discussion, throughout in this paper, the following

notations will be used frequently:

For 0<i, j<n 0<Zr, k<1,

(@) 6 i r(¥) = o) (x) = CZ x
p'd"

(i1) Ggpiqr (x) = Gg(i,r)(x) = Z X’

seC ;
e'q"

Theorem 4.2. The 2n + m + 1 primitive idempotents corresponding to

cyclotomic cosets Cy, C ,C i ,and C ; ., in R are
Y 0 pnqk plg™ o/ q" g

1 1 n_m_

(1) GO(X)ZW(1+x+x2+...+qu 1)‘

(i) For 0 <k <m —1,

(n-1,m-1)
1 m—k
0, 1 (x)=——10(¢" )1+ D (6(,)x) + 0g(n ()
p p'q (i, )=(0. m—k) ¢
(n,m-1) (n=1,m) ]
> o@D (03 () + o ()
(i,r)=(n,m-k) (i,r)=(0,m) ]
n—1 i
_qm—k—l Z(G(i,m—k—l)(x)+Gg(i,m—k—l)(x)+G(n,m—k—l)(x))
i=0

(iii) For 0 < j <n—1,

equm(x)

1 n—iji— u
= m {p /- Z (nlc(n—j—l,r)(x) + TIOGg(n—j—l,r)(x))
P 4q r=0
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njy w—jy (L)
L) 3 )Zc(n,r)(X) + % D (06X + O, (X))
=0 (i,r)=(n-j,0)
(iv)
1 il N
egqum (x) = pnqm {p i Z(nOG(n—j—l,r)(x) + 1’]IGg(}1—j—1,r)(x))
r=0
n—jy\
+ A2 o)
r=0
n—j (n—l,m)
P TS (o ) + o)
(i’ r):(n—j,O)
where g = # and ny = #

Proof. By repeated application of Lemmas 3.4, 3.6-3.16, the proof
follows.

Theorem 4.3. For 0 < j<n—1and 0 <k <m—1, the 2mn primitive

idempotents corresponding to cyclotomic cosets Cp Jgk and C_;  in

R , . are
P q
(1)
0 1,4 = A= w10 @
p’q pnqm quk n—1,m-1)0(n—j—1, m—k—1)
n—jy, m—k-1
* Bln—t,m-1)O g (n—j—1, m-k-1)(*)] = op %‘]

n—1
[ Z (G(i,m—k—l)(x) + Gg(i,m—k—l)(x)) + O, m—k—1)(X)

i=n—j
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n—j-1 m—k m
+ P 2(q ) li Z (nlﬁ(n_j_l,,,)(x) + NS g(n—j-1, r)(x))i|

k

n—j m—k (n-Lm-1)
N M[ Z (G(l-,,.)(x) + O'g(i,r)(x))

2
(i,r)=(n—j,m—k)
m—1
+ D

r

k

n—1
G(n,r)(x)] + Z (G(i,m)(x) + Gg(i,m)(x)) + 1}-

i=n—j

(i)

1 1
0 = — | B(—1. m— — il m—k—
gquk(x) " {quk[ (n—1,m=1)9(n—j-1,m—k 1)(x)

n—jy, m—k-l
b At motOle i) ()] - AN

n-1
) [ Z (G(i,m—k—l)(x) + Gg(i,m—k—l)(x)) + G(n,mkl)(x)]

i=n—j

. (n—j—l,m)
+ pn—]—l¢(qm—k) Z [nOG(n—j—l,r)(x)
(i,r)=(n—j-1,m-k)

n—j m—k
+ 1110_g(n—j—l,r)()‘7)] + ¢(p 2q )

(n=1,m-1) m—1
[ > (0, ) (X) + O, (N + Y G(n,r)(x)]

(i, r)=(n—j,m-k) r=m—k

n—1
* Z (G(i,'n)(x)*Gg(i,m)(x))Jr1},

i=n—j
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where

_ p" Vg D+ J=p)
A(n—l, m—1) P

and

p" VgtV - J=p)
5 .

By-1,m-1) =
Proof. The proof follows on similar lines of Theorem 4.2.
5. Example
p=1,qg=3,1=5g=2,n=2, m=2.
Then —C; = Cy, 1 = 0, 1y = 1, 4y = 1, By = 0.
0o(x) = 4(1 + x + x% + - + x1088),
0, 2(x) = 4{6[1 + 50, 2)(x) + 6(0,2)(x) + 51, 2)(x) + 521, 2)(x)]
=3[0, 1)(x) + 020, 1)(*) + o1, 1)(X) + S2(1,1)(X) + (2,1)(¥)]},
0,2,(x) = 4{2[1 + (0, 2)(x) + 52(0,2)(x) + 5(1,2)(x) + 51, 2)(x)
+ 0(0,1)(x) + 52(0,1)(x) + G(l,l)(x) + 01, 1)(x) + 0(2,1)(X)]
= [5(0,0)(x) + 62(0,0)(x) + 6(2,0)(*)]},
0,2 (x) = 4{[no(o20,0)(x) + 521, 1)(*) + 02(1,2)(x))
+ Th(G(l,o)(x) + C5(1,1)(76) + 0(1,2)(9‘))]}‘:
0,2,,(x) = 4{[no(02(0,0)(x) + 52(0,1)(x) + 2(0,2)(x)) + M1(0(0, 0) (%)
+ 0(0,1)(x) + cY(o,z)(x))]

+ c5(1,1)(36) + c72(1,1)(36) + c5(1,2)(3C) + 02, 2)(36)}’
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0,,2,,(x) = H{[n1(02(0,0)(x) + 02(0,1)(x) + 52(0,2)(x)) + Mo (S (0, 0)(x)
+0(0,1)(*) + 50, 2)(x))]
+6(1,1)(x) + 02(1,1)(¥) + 6(1,2)(X) + 621 2)(x)},
6,,2(x) = 4{[ni(o2(1,0)(x) + 02(1,1)(x) + 521, 2)(x))
+ no(G(l,o)(x) 0, 1)(X) + 0(1,2)(x))]},
01(x) = {41, 1y001,1)(x) + By, 10201, 1)(*)
+3[Noo2(1,2)(x) + Mo, 2)(x) + 1]},
0,(x) = 4{B(1, 101, 1)(*) + A1, 10201, 1)(*)
+3[M165(1, 2)(X) + Moo (1, 2)(x) + 1]},
011(x) = 4[A41,1)0(0,1)(x) + B(1,1)02(0,1)(*) + 319520, 2)(%)
+M16(0,2)(X) + (1, 2)(x) + 521, 2)(x) + 1],
022(x) = H{B(1,1)0(0,1)(X) + 4(1,1)02(0,1)(*)
+ 3[M162(0,2)(X) + M0S(0,2)(*) + 51, 2)(¥) + T21, 2)(x) + 1]},
03(x) = 4{2[41,1)0(1,0)(¥) + B(1,102(1,0)(*)]
+ [n10(1,1)(x) + ﬂ002(1,1)(x) + 02(1,2)(?6)]}’
06(x) = H2[B1,1)0(1,0)(x) + 41,1021, 0)(*)]
+ [nOG(l,l)(x) + ﬂ102(1,1)(x) + 02(1,2)(?6)]}’
033(x) = H2[4(1,1)0(0,0)(*) + B1,1)52(0,0)(*)]

+2[n1(0(0,1)(x) + o(0,2)(x)) + Mo(02(0,1)(X) + O2(0,2)(X))]}
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B66(x) = 42[B(1,1)5(0,0)(*) + 41, 1)02(0, 0)(¥)

(1]

(2]

(3]

(4]

(7]

(9]

[10]

[11]

+2[No(0(0,1)(x) + 6(0,2)(x)) + M1(S20,1)(¥) + T30, 2)(x))]}-
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