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Abstract

This paper is concerned with the direct steady state thermoelastic
problem to determine the temperature, displacement and stress
functions of a thin annular disc occupying the space D :a <r < b,

—h <z < h with the stated boundary conditions. The finite Hankel

transform technique has been used.
1. Introduction

During the second half of the twentieth century, non-isothermal problems
of the theory of elasticity became increasingly important because of their
applications in diverse fields. First, the high velocity of modern aircrafts
gives rise to an aerodynamic heating which produces intense thermal
stresses, reducing the strength of aircraft structure. Second, in the nuclear
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field, the extremely high temperature and temperature gradients originating

inside nuclear reactor influence their design and operation.

Nowacki [6] has determined steady state thermal stresses in a circular
plate subjected to an axisymmetric temperature distribution on the upper face
with zero temperature on the lower face and the circular edge. Further,
Roychoudhari [7] has succeeded in determining the quasi static thermal
stresses in a thin circular plate subjected to transient temperature along the
circumference of a circular plate over the upper face with lower face at zero

temperature and fixed circular edge thermally insulated.

Wankhede [9] has determined the quasi-static thermal stresses in a thin
circular plate subjected to arbitrary initial temperature on the upper face with

lower face at zero temperature.

In Khobragade and Wankhede [3, 4] and Khobragade [5], an inverse
thermoelastic problem of a thin annular disc is considered to determine the

temperature, displacement and thermal stresses.

Hence, in this paper, an attempt has been made to determine the
unknown temperature, displacement and stress functions of a thin annular
disc of thickness 2/ occupying the space D:a <r < b, -h <z < h.

2. Result Required

If f(x) satisfies Dirichlet’s condition in the interval (0, a), then its

finite Hankel transform in that range is defined to be
— a
Fule) = [ () (e, @

where &; is the root of the transcendental equation

J(ag;) = 0. 2.2)
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Then, at any point of (0, a) at which the function f(x) is continuous,

(x5,
[i(ag) P

where the sum is taken over all the positive roots of equation (2.2).

f(x) = qu(&, v, (2.3)

2.1. Properties of Hankel transform

If £(X) satisfies Dirichlet’s conditions in the interval [0, @], then

(1) Finite Hankel transform of % , 1S
ad\_f[ea
H“[@x} = IO xJ“(xé )dx

= ;’-ﬁl[(u — D) Hyp f(x) = (w+ D Hy oy f(3)],
(2)
i [fifgq} &l L 2]

Mo T xox | 2 ox R oy

If f(x) satisfies Dirichlet’s conditions in the range b < x < a and if its

finite Hankel transform in that range is defined to be
H[f ()] = /u(&)
= [ S ()G 08) - J(a) Gy ()l 24

in which, &; is a root of the transcendental equation
[Ju(aib)Gu(&ia) - Ju(&ia)Gp_(&ib)] =0, (2.5)

then at which the function is continuous

LT (ED) 1 (E))
1= Zﬂ( &) - J2<ba,)[J”(xi")("u("m—Ju(aéocu(x&i)l. (2.6)
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Now, property of Hankel transform defined in (2.4),

2
Ib {5_1” ’ lal} [/ (x61) Gy (a&;) = T, (a8;) Gy (x5 ) e

al o2 X Ox
= &7 (&) + alJ, (38, Gy (a&;) = Ty (&) G (x)], -,
+ B[, (x8:) Gy (a8;) = T, (a8;) Gy (3], 2
= & fu(&).
3. Statement of the Problem

Consider a thin circular plate of thickness 2/ occupying the space D :

a <r <b, —h < z < h. The differential equation governing the displacement

function U(r, z) as (Nowacki [6]) is

o’U 1oU
arz +7E = (l+v)a,T (31)

with U, =0 at r =a and r = b, (3.2)

v and a, are the Poisson’s ratio and the linear coefficient of the thermal

expansion of the material of the plate and 7 is the temperature of the plate

satisfying the differential equation,

o’ 1or T _

o2 v T 0 (3.3)
subject to the boundary conditions
[T(r, 2)+ M} ) (3.4)
0z o—h
70, A g, (3.5)
0z z=—h
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T(a, z) = 0, (3.6)
(b, z) = 0. (3.7)

The stress functions o,,. and cgg are given by

10U

Oy = — 75, (38)
*u

Ggp = —2U—>, (3.9)
or

where p is the Lame’s constant, while each of the stress functions o,,, o,

and oy, is zero with in the plate in the plane state of stress.

Equations (3.1) to (3.9) constitute the mathematical formulation of the

problem under consideration.
4. Solution of the Problem

Applying finite Hankel transform stated in [8] to (3.3) to (3.5) and using
(3.6) and (3.7), one obtains

.

T 2T =0, 4.1

dz

[T(xn, z)+%} = (), (4.2)
z=h

T2+ T3] ) @3)
z=—h

where T denotes the finite Hankel transform of 7 and A, is the Hankel

transform parameter.

Equation (4.1) is a second order differential equation whose solution is
given by

T(\,, z) = Ae™n* + Be ’n% (4.4)

where A4 and B are constants.
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Using (4.2) and (4.3) in (4.4), we obtain the values of 4 and B.
Substituting these values in (4.4) and then inversion of finite Hankel
transform lead to

nn9=2§h%ﬂm{ 750 }
n=1

JG(yb) = JG ()

‘ {sinh(%n(z + h)) + A, cosh(h,,(z + h))}
(1 +22)sinh(2),,) + 2, cosh(2A.,h)

’ [JO(r;‘n)GO(bkn) - JO(bkn)GO(ﬁ\'n )]

_ . 2 — J(%O“na)
ZE”W")L&(M@ - Jé(xnaj

' { sinh(L,(z — h)) — A, cosh(L,(z — h))}
(1+22)sinh(21,h) + 21, cosh(2.,h)

’ [JO(rxn)GO(bxn)_ JO(b}\'n)GO(ﬁ\'n)]a (4-5)

where

70 = [ W) Golb) ~ Jo (B )i

80) = [ re() (1) Golby) ~ o) Gl e

and A, are the positive roots of the transcendental equation
[JO(akn)GO(bkn) - JO(bA'n)GO(a}\'n )] =0,
equation (4.5) is the desired solution of the given problem.

5. Determination of Thermoelastic Displacement

Substituting the value of T(r, z) from (4.5) in (3.1) one obtains the
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thermoelastic displacement function U(r, z) as

r,z)=-— v)a S 7 J(%O“na)
U, 2) =201+ )rgf(’“n){Jg(xnb)—J(%(xna)}

. {sinh(kn(z + h))+ A, cosh(h,, (z + h))}
(1+22)sinh(24,k) + 21, cosh(2x,, /)

’ [JO(ﬁ"n)GO(bkn) - JO(bxn)GO(ﬁ“n )]

0 B J2 }\'na
+2(1+ v)at;g(%){]g(x bo)(_ _jg)(l a)}

' { sinh(L,,(z — ) — &, cosh(h,,(z — h))}
(1 + 22 )sinh(21,,/) + 2, cosh(2A.,h)

[Jo (k) Go (B, ) = Jo(bL,, ) Go(rh,,)]- (5.1)
6. Determination of Stress Functions

Using (5.1) in (3.8) and (3.9), the stress functions are obtained as

o Al va S, J5 (1ya)
" r ;M (k”)Loz(xnb)—Jé(xna)}

. {sinh(kn(z + h))+ A, cosh(h,, (z + h))}
(1+22)sinh(24,,k) + 21, cosh(2x,, /)

’ [JO(F}‘*n)GO(b}“n) - JO(bxn)GO(ﬁ"n )]

_dl+vie N, o Jg (A,a)
r ;k”g(l”){Jé(xnb) - J&(xna)}

' { sinh(L,,(z — h)) — &, cosh(A,,(z — h))}
(1 + 22 )sinh(21,,/) + 2, cosh(2A.,h)

'[Jl(ﬁ\‘n)GO(b}\'n)_JO(bkn)Gl(ﬁ\‘n)]’ (61)
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Cpg = v)a N 2 7 Jg(x”a)
0o = 4u(l+v) znz_;k”f(k”){]g(knb)_J(%O“”a)}

‘ {sinh(%n(z + h)) + A, cosh(h,,(z + h))}
(1 +22)sinh(2),,/) + 2A,, cosh(2A., /)

’ [Jl'(ﬁ‘n)GO(bkn) - JO(bkn)Gl'(ﬁ\‘n)]

n 5 (pa
—4u(1 + v)atz_; }LGg(xn)l:Joz(X bo)(_ Jg)(k GJ

. { sinh(L,,(z — h)) — &, cosh(h,,(z — h))}
(1 + 22 )sinh(21,,/) + 2, cosh(2A.,h)

! [Jl,(r}‘*n)GO(bkn)_JO(bkn)Gl,(ﬁ“n)]- (62)
7. Conclusions

In this paper, we discussed completely the direct steady state problem of
thermoelastic deformation of a thin annular disc of thickness 24, with
boundary condition of the third kind is maintained on the lower plane surface
at g(r) while on upper plane surface, it is maintained at f(r) which is a
known function of r and the temperature is maintained at zero on curved

surfaces of the annular disc.

The finite Hankel transform technique is used to obtain the numerical
results. The temperature, displacement and thermal stresses that are obtained
can be applied to the design of useful structures or machines in engineering

applications.
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