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Abstract 

This note studies Spearman’s ρ and Kendall’s τ under the so-called 
bivariate homogeneous shock (BHS) model. We derive simple 
expressions of ρ and τ, and based on them, we reveal some 
relationships between ρ and τ under BHS model. 

1. Introduction 

Spearman’s ρ and Kendall’s τ are two most commonly used 
nonparametric association measures. The relationship between ρ and τ has 
received considerable attention recently. For example, Hutchinson and                      

Lai [1] conjectured that { }22,23min311 τ−ττ≤ρ≤τ++−  for 

stochastically increasing random variables. Hürlimann [2] has shown that the 
entire Hutchinson and Lai conjecture holds for bivariate extreme value 
distributions. Munroe et al. [3] have shown that part of the Hutchinson        
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and Lai’s conjecture, ( ) ,131 2ρ+≤τ+  does not hold. Denote ( ) =1X  

{ }nXX ...,,min 1  and ( ) { }nn XXX ...,,max 1=  of an i.i.d. sample 

nXX ...,,1  and let ( ( ) ( ) )nn XX ,1ρ=ρ  and ( ( ) ( ) ).,1 nn XXτ=τ  Schmitz 

[4] conjectured that ,23lim =τρ∞→ nnn  and this conjecture was proved 

by Li and Li [5]. Chen [6] established some inequality relationships between 

nρ  and .nτ  Fredricks and Nelsen [7] showed that, under mild regularity 

conditions, the limit of the ratio τρ  is 23  as the joint distribution of the 

random variables approaches to independence. Capéraà and Genest [8] have 
shown that 0≥τ≥ρ  when one variable is simultaneously left-tail 

decreasing and the other right-tail increasing. Fredricks and Nelson [7] 
provided an elegant analytical proof for the Capéraà-Genest inequality. 
Genest and Nešlehová [9] gave a short analytical proof for classical Daniels’ 
inequality ,123 ≤ρ−τ  found by Daniels [10]. 

Marshall and Olkin [11] introduced a bivariate exponential (BVE) 
model, which is one of the few known bivariate models derived from realistic 
events. Wang and Li [12] generalized the BVE model to the so-called 
bivariate homogeneous shock (BHS) model. 

In this note, we study the relationships between ρ and τ under BHS 
model. A prominent feature of the BHS model is its singularity. Simple 
expressions of these measures have been derived, and with these elegant 
expressions, we easily show that most established relationships under usual 
continuous model, such as, the Capéraà-Genest inequality, the Daniels’ 
inequality, will still hold under BHS model. 

2. Main Results 

For any pair of random variables ( ),, YX  let ( )yxH ,  be its bivariate 

cumulative distribution function (c.d.f.) and ( ) ( ) ( )yHxHyxH 211, −−=  

( )yxH ,+  be its joint survival function, where 1H  and 2H  are the marginal 

c.d.f’.s. The classical Spearman’s ρ of ( )YX ,  is defined as 
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( ) ( ) ( )∫∫+−=ρ ,,123 21 yxdHyHxH  

and the Kendall’s τ is defined as 

( ) ( )∫∫ −=τ .1,,4 yxdHyxH  

Consider a two-component series system subjected to some fatal shocks. 
Assume there are three kinds of fatal shocks. Shock A governed by random 
variable U destroys component 1, shock B governed by random variable V 
destroys component 2, and shock C governed by random variable W destroys 
both components simultaneously. As in Wang and Li [12], we refer to such a 
system as bivariate homogeneous shock (BHS) model. Clearly, under this 
model the lifelength of component 1 is ( )WUX ,min=  and that of 

component 2 is ( ).,min WVY =  Especially, if the random variables U, V 

and W are all exponential, the BHS model is just the BVE model proposed by 
Marshall and Olkin [11]. 

A prominent feature of BHS model is its singularity. More specifically, 
even though U, V and W are all continuous random variables, the joint 
distribution of X and Y is usually discontinuous. 

Denote the survival functions of U, V and W as ( ) ( ),pr xUxu >=  

( ) ( )xVxv >= pr  and ( ) ( ),pr xWxw >=  respectively. Under BHS model, 

we find that ρ and τ have simple closed expressions, as stated in the 
following theorem. 

Theorem 1. Let ρ and τ be Spearman’s ρ and Kendall’s τ, respectively. 
Under BHS model, we have 

∫
∞

−=ρ
0

322 dwvu  (1) 

and 

∫
∞

−=τ
0

222 .dwvu  (2) 
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Based on these simple closed expressions of ρ and τ, we then can easily 
prove the results listed in the following theorem. 

Theorem 2. Under BHS model, we have 

  (i) .τ≥ρ  

 (ii) .1230 ≤ρ−τ≤  

(iii) Hutchinson and Lai’s conjecture will not hold. Especially, the 

inequality ( ) ( )2131 ρ+≤τ+  will not hold. 

(iv) The limit of the ratio τρ  is 23  as the joint distribution of the 

random variables approaches to independence. 

3. Proofs 

Proof of Theorem 1. Let ( ){ },:, yxyxA >=  ( ){ }yxyxB <= :,  

and ( ){ }.:, yxyxC ==  We have 

( ) ( ) ( )∫∫+−=ρ yxdHyHxH ,123 21  

( ) ( ) ( )∫∫+−= yxHdyHxH ,123 21  

( ) ( ) ( )⎥⎦
⎤

⎢⎣
⎡ +++−= ∫∫ ∫∫ ∫∫A B C

yxHdyHxH ,123 21  

[ ].123 IIIIII +++−=  

It turns out 

( ) ( ) ( )∫∫=
A

yxHdyHxHI ,21  

( ) ( ){ } ( ) ( ){ } ( ) ( ){ } ( )∫∫ −−=
A

ydvxwxudywyvxwxu 11  

( ) ( ){ } ( ) ( ) ( ){ } ( ) ( ){ }∫ ∫
∞ ∞

−−=
0

11
y

xwxudxwxuydvywyv  
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( ) ( ){ } ( ) ( ) ( ) ( ){ } ( )∫
∞

−−−=
0

212
1 ydvywyuywyuywyv  

( ) ( )∫
∞

−−−=
0

.212
1 dvuwuwvw  

Symmetrically, we have   

( ) ( )∫
∞

−−−=
0

.212
1 duvwvwuwII  

On the line C, we have ( ) ( ) ( ) ( )., xdwxvxuyxHd −=  Hence 

( ) ( ) ( )∫∫=
C

yxHdyHxHIII ,21  

( ) ( ){ } ( ) ( ){ } ( ) ( ) ( )∫
∞

−−−=
0

11 xdwxvxuxwxuxwxv  

( ) ( )∫
∞

−−−=
0

.11 uvdwuwvw  

Therefore, 

   IIIIII ++  

( ) ( ) ( ) ( )∫ ∫
∞ ∞

−−−−−−=
0 0

212
1212

1 duvwvwuwdvuwuwvw  

( ) ( )∫
∞

−−−
0

11 uvdwuwvw  

[( ) ( ) ( ) ( )∫
∞

−−+−−−=
0

21212
1 vwduvwuwuwdvuwvw  

( ) ( ) ]uvdwuwvw −−+ 112  

( ) [ ( )] ( )∫
∞

⎭⎬
⎫

⎩⎨
⎧ +++−−=

0
322322222

6
1

2
122

1 dwvuwvuduvvuwduvwd  
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⎭
⎬
⎫

⎩
⎨
⎧ +−+−−= ∫

∞

0
322

6
1

2
1222

1 dwvu  

∫
∞

−=
0

322 .12
1

4
1 dwvu  

Thus, we get 

∫
∞

−=ρ
0

322 .dwvu  

The expression of τ has been given in Wang and Li [12]. Theorem 1 is thus 
proved. 

Proof for Theorem 2. (i) We have 

( )∫
∞

−=τ−ρ
0

222 .32 dwwwvu  

Since u, v and w all are monotonic decreasing functions, we can regard u, v 

are functions of w. Assume ( ),22 wfvu =  then the function ( )tf  is 

increasing satisfying ( ) 00 =f  and ( ) .11 =f  Therefore, 

( ) ( )∫
∞

−=τ−ρ
0

222 32 xdwwwvu  

( ) ( )∫ −−=
1

0
232 dttttf  

( ) ( ) ( ) ( )∫ ∫ −−−−= 3
2

0

1

3
2

22 3232 dttttfdttttf  

( ) ( ) ( ) ( )∫ ∫ −ξ−−ξ−= 3
2

0

1

3
2

2
2

2
1 3232 dtttfdtttf  

( ) ( )[ ] .027
4

12 ≥ξ−ξ= ff  
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(ii) As in (i), assume ( ),22 wfvu =  then 

( ) ( )∫
∞

−−=τ−ρ
0

222 6623 xdwwwvu  

( ) ( )∫ −=
1

0
16 dttttf  

( )∫ =−≤
1

0
.116 dttt  

Clearly, .023 ≥ρ−τ  Thus, the inequality 1230 ≤τ−ρ≤  holds under 

BHS model. 

(iii) As we easily can see, the inequality ( ) ( )2131 ρ+≤τ+  is equivalent 

to .23 2ρ≤ρ−τ  As in (ii), it becomes 

( ) ( ) ( ( ) )∫ ∫ ⎟
⎠
⎞

⎜
⎝
⎛≤−

1

0

21

0
2 .916 dtttfdttttf  (3) 

Take ( ) ( ) ,11 α−−= ttf  then the value of the left side of (3) is 

( ) ( ) .23
61

+α+α
−  While that on the right side is 

( ) ( ) ( ) .123
61

2
⎟
⎠
⎞⎜

⎝
⎛

+α+α+α
−  Take ,1.0=α  we find the inequality will 

not hold. Thus, we disprove the Hutchinson and Lai’s conjecture, ≤τ+ 31  

( ) ,1 2ρ+  under BHS model. 

(iv) Replace w by ,αw  then 0→α  implies the variables ( )YX ,  

approach to independence. As we can easily see, 

.
2
3

2

3
limlimlim

1222

1322

0222

322

00
=

α

α
==

τ
ρ

∫
∫

∫
∫

−α

−α

→αα

α

→α→α dwwvu

dwwvu

dwvu

dwvu
 

So the ratio τρ  approaches to 23  when the model approaches to 

independence. 
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4. Concluding Comments 

The BHS model is derived from real events, it has clear physical basis. 
Despite its singularity, we find the dependency measures such as ρ and τ are 
of simple forms. Yanagimoto and Okamoto [13] introduced a measure of 
association, denoted as η, the so-called grade correlation coefficient. From 
Wang and Li [12], we find that under BHS model, .ρ=η  As we can see, 

under BHS model, a plain yet reasonable dependency measure could be in 

the form of ∫
∞

−
0

nml dwvu  for some positive constants l, m and n, as long as 

it has sound statistical interpretation. The measures τ and ρ happened to be 
the simplest two of such dependency measures. Due to the simplicity of the 
forms of these measures, the relationship between them can be easily 
established. For instance, we can easily confirm that, the ratio τρ  will lie in 

the interval [ ],23,1  with the two ending points corresponding to the two 

extreme cases of dependency of two random variables. 
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